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0.1 Purpose

The purpose of this document is to record my own detailed notes for the
introductory course MAG1. MAGI1 consists of eight 1.5 hour lectures,
presented by Dan Murfet and Ken Chan on Metauni. The course serves as
an introduction to algebraic geometry. The main reference used is [CLO15].



Chapter 1

Introduction

1.1 Polynomials

This section is based on [CLO15, Chapter 1 §1]. Throughout this
document, we will use k£ to denote a field — one of Q, R or C. We will
mostly work with C.

Definition 1.1.1. Let x1, 2o, ..., 2, be variables. A monomial in the
variables x1, zs, ..., x, is a product of the form
a1, (04
Ty Xyt ...,

where «; € Z>( for i € {1,2,...,n}.

If o =(a1,00,...,a,) € (Zsp)" then the monomial 2 is defined by
¢ =atwy? . oatr,

The total degree of the monomial % is the sum |a| = a1 + -+ + ay,.

Monomials are the basic building blocks of polynomials, which motivates
the definition of the ring of polynomials.

Definition 1.1.2. Let k be a field and x1, zs, ..., x, be variables. The ring
of polynomials in zy, xs, ..., z, with coefficients in k is defined by the set

klxy, o, ... x,] =1 Z aax® | a, € k}

OZE(ZE())”

where the sum above is a finite sum over (Z>()". The two operations which
make the set k[zq, 2o, ..., 2z,] a commutative ring is the operations of
addition and multiplication of polynomials.
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From the above definition, we infer that polynomials are finite linear
combinations of monomials in x1, xo, ..., x,. Indeed, monomials are the
building blocks of polynomials that most people are familiar with. It is
worth mentioning that Clzy,...,z,] in particular has another basis — the
basis of Macdonald polynomials, which are again indexed by (Z>)". The
theory of Macdonald polynomials is in a sense, parallel to the theory of
monomials and the representation theory of S,, and GL,(C). However, this
digression takes us too far afield for these notes. See [Ram22] for the
definition of Macdonald polynomials.

Another remark we will make here is that k[z, xs, ..., x,] is actually a
Noetherian ring. This means that any ascending chain of ideals in
klxy,...,z,] must terminate/stabilise or equivalently, every ideal in
klxy,...,z,] is finitely generated. This is a consequence of the Hilbert basis
theorem, which we will prove later in these notes.

Next, we will define some more terminology associated with polynomials.

Definition 1.1.3. Let f =)  a,x® be a polynomial in k[z,...,z,]. We
call a,, the coefficient of the monomial z%.

If a, # 0 then we call a,x® a term of f.
The total degree of f # 0, denoted by deg(f), is the quantity

deg(f) = max{|a| [ @ € (Zz0)", aa # 0}.

In other words, the total degree of f # 0 is the largest degree of any
monomial which appears in the monomial expansion of f.

One of the fundamental settings for algebraic geometry is the notion of an
affine space.

Definition 1.1.4. Let k be a field and n € Z~y. The n-dimensional affine
space over k is the set
K" ={(ai,...,a,) | a1,...,a, € k}.

The sets k' = k and k? are usually referred to as the affine line and the
affine plane respectively.

If f=5,a02% € k[zy,...,2,] and B1,..., 5, € k then the following map
defines a ring homomorphism:



evg,,. g, - klr,..o x,] — k
[ = Za Aax Za aa "
where 8% = g7 ... 5%, Thus, every polynomial f € k[zy,...,x,] can be
viewed a function from k™ to k£ by defining the map

pr: k™ — k
B: (517'--7ﬁn) — Zaaaﬁa-
This is a consequence of the universal property satisfied by k[z1,...,x,],

which we state below as a theorem.

Theorem 1.1.1. Let k be a field and A be a commutative k-algebra. Let
Bi,...,0n € A. Then, there exists a unique algebra morphism

evgy,. 8, 1 K[T1, . ] = A
such that

67}517---7%(2 aax) = Z aa 3"
« e
where f* = 1 ... B

Proof. Assume that k is a field and A is a commutative k-algebra. Assume
that 3,..., 3, € A. It is straightforward to verify that evg, . g, is an
algebra morphism.

To see that evg, . g, is unique, assume that we have another algebra
morphism @ : k[zy,...,2,] = A such that if f =) a2 € klx1,...,z,]
then

O(f) = @) aaa®) =Y aaf”

« o

and consequently, ® = evg,, . ,. So, the morphism evg, . g, is unique. [

As stated concisely in [CLOT5| Page 3|, the ability to view a polynomial
fklx, ..., x,] = k as a polynomial function ¢y : k™ — k is the reason
why we can link algebra and geometry together in the study of algebraic
geometry.

First, we would like to know when a polynomial is the zero polynomial. It
turns out that the answer is obvious when k is an infinite field.



Theorem 1.1.2. Let k be an infinite field and f € k[xq,...,x,]. Then,
f =0 as polynomials in k[z1, ..., x,] if and only if the polynomial function
f k™ — k is the zero function (take note of the abuse of notation here!).

Proof. Assume that k is an infinite field and f € k[zy, ..., z,]|. First,
assume that f is the zero polynomial. Then, f(aq,...,a,) =0 for
(v, ...,0p) € k™ and consequently, the function f is the zero function.

We will prove the converse statement by induction on n. For the base case,
assume that n = 1 and that f(a) =0 for a € k. Then, f has infinitely many
roots because k is an infinite field. By the fundamental theorem of algebra,
f must be the zero polynomial. This proves the base case.

Now assume that if g(ay,...,a) =0 for (ay,...,a;) € k' then g is the zero
polynomial. Assume that f € klxy,...,z;41] and that f(aq,...,a;41) =0 as
a function from k! to k. The key idea is that we can rewrite the
polynomial f as a finite sum of powers of x;,1 so that

N

f = Zgi(l'l, RN ,$Z)$§+l

i=0
for some N € Z-o and g; € k[z1,..., 2]

Now let (B4, ..., ) € k!. We obtain the polynomial

f(Bry--o, By xi1) € k[zi41]. From the base case and the assumption on f,
f(B1,- .., B, x41) vanishes as a function from k to k and thus,
f(B1,- .., B, x141) must be the zero polynomial in k[z,].

Hence, the coefficients g; € k[z1, ..., x;] must satisty ¢;(81, B2, ..., 5,) =0
for i € {1,2,..., N}. By the inductive hypothesis, g; must be the zero
polynomial in k[zy,...,2;]. So, f must be the zero polynomial in
klx1,...,z141], which completes the proof. ]

Note that in the above proof, we were able to apply the fundamental
theorem of algebra because k& was an infinite field. The following example
demonstrates that Theorem [[.1.2l does not hold when k is a finite field.

Example 1.1.5. Let p € Z- be a prime number and F, = Z/pZ be a
finite field with p elements. Consider the polynomial f(z) = 2 — z € F,[z].
This polynomial is not the zero polynomial. However, f(0) = 0 and if

a € F, — {0} then a” = a mod p by Fermat’s little theorem and
consequently, f(a) = 0. So, f is the zero function on F,, but is not the zero
polynomial in F,[z].



A consequence of Theorem is that in an infinite field k, two
polynomials f and g are equal in k[zy, ..., xz,| if and only if they define the
same function from k™ to k.

Theorem 1.1.3. Let k be an infinite field and let f, g € klxy, ..., z,)].
Then, f = g in klxy,...,2z,] if and only if f and g are the same function
from k™ to k.

Proof. Assume that k is an infinite field and f, g € k[z1,...,2,]. Then,
f=gin klxy,...,z,] if and only if f — g is the zero polynomial. By
Theorem this holds if and only if f — g is the zero function from k™ to
k. Consequently, f = g in k[z1,...,x,] if and only if f = g as functions
from k™ to k. O

Although we have already used it, the fundamental theorem of algebra
warrants a mention.

Theorem 1.1.4 (Fundamental theorem of algebra). Let f € Clx] be a
non-constant polynomial. Then, f must have a root in C.

The Hilbert Nullstellensatz is a powerful generalisation of the fundamental
theorem of algebra, which we will prove later.

1.2 Affine varieties and the Zariski topology

We will jump into the definition of an affine variety, which is a central
object of study in algebraic topology.

Definition 1.2.1. Let & be a field and S C k[zy,...,x,]. The affine
variety defined by the set S is the set

V(S)={(ay,...,a,) € K" | filas,...,a,) =0 for f € S}.

As an example of an affine variety, consider the polynomial ring R[x, y].
The affine variety V(2% + 3*> — 1) C R? is depicted graphically as the unit
circle in R2.

The first glimpse of the topological structure defined by the affine varieties
is seen by the fact that affine varieties are closed under intersections and
unions.

Theorem 1.2.1. Let k be a field and V,W C k™ be affine varieties. Then,
VUW and V NW are also affine varieties.
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Proof. Assume that k is a field and V, W C k™. Then, there exists subsets
S, T C klxy,...,x,] such that V = V(S) and W = V(7).

To show: (a) VNW =V(SUT).
(b)) VUW =V({fg|feSgeT})

(a) Assume that (a,...,a,) € VNW Ck™ If f € S and g € T then
flay,... a,) =g(a,...,a,) =0 and consequently, (ai,...,a,) € V(SUT).

Now assume that (aq,...,a,) € V(SUT). If f € SUT then
flai,...,a,) =0. So, f € V(S)=V and f € V(T) = W. Subsequently,
fevnWand VnWw =V(SUT).

(b) Assume that (by,...,b,) € V.UW. Then, either f(by,...,b,) =0 or
g(by,...,b,) =0 for some f € SorgeT. If f(by,...,b,) =0 then f¢’ =0
for any ¢’ € T'. Similarly, if g(b,...,b,) = 0 then f'g =0 for any f' € S. In
either case, we find that (by,...,b,) € V({fg| f€ S, g€ T}).

Now assume that (by,...,b,) € V({fg | f € S,g € T}). There are two cases
to consider here.

Case 1: f(by,...,b,) =0 for some f € S.

If f(by,...,b,) =0 for some f € S then (by,...,b,) € V(S) by definition of
an affine variety.

Case 2: If f € S then f(by,...,b,) # 0.

Suppose that f(by,...,b,) # 0 for any f € S. Since
(bla"'abn)ev({fg’f€S>g€T})>

f(bl, NP 7bn)g(b1, ce ,bn) =0

for any g € T' and since k is an integral domain, g(by,...,b,) = 0 for any
g€ T and (by,...,b,) € W=V(T).

By combining these two cases, we find that (by,...,b,) € VUW and
consequently, VUW =V ({fg | f € S,g €T}). O

The affine varieties of k™ are the closed sets of the Zariski topology on k™.
We will formally define the Zariski topology below and prove that it is a
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topology on k.

Definition 1.2.2. Let k be a field. The Zariski topology on k", denoted
by Tz, is defined by setting the closed subsets of k™ to be affine varieties
of the form V'(S), where S is a subset of k[xy, ..., z,)].

Theorem 1.2.2. Let n € Z~q and k be a field. Let 14, denote the Zariski
topology on k™. Then, the pair (K", Tzq,) is a topological space.

Proof. Assume that the 75, is the topology on k™ defined as above.
To show: (a) 0 € 774 and k™ € Tz,

(b) ﬂie] V(Si) € Tzar-

(c) Uiz V(S) € mzar-

(a) In order to see that ) € 774, let S = {1} where 1 is the constant
polynomial. Then, from the definition of V'(S), V(S) = 0. So, 0 € 724,

Now, let S = {0} where 0 is the zero polynomial. Consequently,

V(S)={(\1,...,\n) € K" | 0(Ay, ..., \,) =0} = k™.
SO7 k™ € Tgqr.
(b) Assume that S; C k[z1,...,z,] for i € I.
To show: (ba) (,c; V(Si) = V(U,e; Si)-
(ba) Suppose that (A1,..., ) € e, V(S:). If f € S; then
f(A1,...,An) = 0. This is true if and only if f(Aq,...,\,) = 0 whenever
fe€UierSi- So, (A1, ., ) € V(U,iep Si) and (N, V(Si) = V(U Si)-
(b) From this, it follows that (;c; V(S;) € Tzar-

(c) Assume that S; C k[zy,...,x,] for i € {1,...,n}. Define the set S by

S={[]pi|p €5t}
i=1

To show: (ca) U, V(S;) = V(S).



(ca) To show: (caa) J._, V(S;) C V(S).
(cab) V(S) C U, V(S)).

(caa) Assume that (Ar,..., \,) € U., V(S;). Then, there exists a
j€{l,...,n} such that (A,...,\,) € V(5;). If f €S, then
f(A1,...,\) = 0. Now assume that g € S. Then, g = ¢y ... g, where
¢; € S;. In particular, since ¢; € S;, g;(A1, ..., A,) = 0. Therefore,
g(A1, ..., An) = 0 as well. Hence, (Aq,...,\,) € V(S). So,

UL V(i) € V().

(cab) Assume that (Ay,...,\,) € V(S). Suppose for the sake of
contradiction that (Ar,...,\,) ¢ Ui, V(S:). If i € {1,2,...,n} and f € S,
then f(A1,...,A,) # 0. Now suppose that g € S. Once again, write

g =p1...p, where p; € S;. Consequently, g(A1,...,\,) # 0 because

pi(A1, ..., Ay) # 0 for all p; € S;. This contradicts the assumption that
(A1s.. s An) € V(S). Therefore, (Ar,...,\,) € U, V(S;) and as a result,
V(S) S UL V(S

(c) This means that V(S) = [J;_, V(S;). Subsequently, we deduce that
Ui, V(Si) € Tzar- Hence, (K", 7z4) is a topological space. O

There is one key difference separating the Zariski topology 7z, on k™ from
the more standard Euclidean topology on k™.

Theorem 1.2.3. Let n € Z~q and k be an infinite field. Then, the Zariski
topology Tz4 on k™ is not Hausdorff.

Proof. Assume that n € Z~-,. Assume that k is an infinite field. Let
S C k[, ...,x,]. The open sets in the Zariski topology 7., are of the form

EM\V(S) ={(ai,...,a,) € k" | There exists f € S such that f(ai,...,a,) # 0}.

Notably, the set V/(.S) is finite so that the complement £™\V(S) is a cofinite
set.

We claim that if S, T C k[z1,...,x,] and V(S)¢ = k"\V(S) then
V(S)*NV(T)® # . Assume that S and T are subsets of k[xq,. .., z,].
Since V(S) and V(T') are finite sets, V(S) U V(T") must also be a finite set.
Consequently, V(S) U V(T) # k™ and by taking complements,
V(S)NV(T)¢ # (. Therefore, the Zariski topology on k™ is not

Hausdorft. O
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It is useful to observe that 74, has a basis of open sets given by

V(f) :{(a17-"7an) € k" | f(ala"'7an) 7&0}
where f € klxy,...,xz,)].
In line with the emphasis of [CLO15] on examples, we will end the

introduction to affine varieties by giving an involved example of an affine
variety.

Example 1.2.3. Consider the graph in R? defined by the equation
r = sin 26. This is the four leaved rose.

Figure 1.1: The four leaved rose. Figure is from |[CLO15, Page 12]

Recall that polar coordinates in R? are defined by the equations z = r cos 8
and y = rsinf. We claim that the four leaved rose is the affine variety
V((2? 4+ y?)? — 42%y*) C R2.

First, assume that the point (x,y) € R? lies on the four leaved rose. The
idea is to rewrite the equation r = sin 260 as r = 2sin 6 cos . Squaring both

sides, we find that 72 = 4sin?# cos? §. Now multiply both sides by 7* to find

that

(z° +y*)? = % = 4r* sin® 0 cos® O = 4z’y>.

11



So, (2% + y?)? — 42%y* = 0 and consequently, (z,y) € V((z* + y?)3 — 42%y?).

Now assume that (p,q) € V((2? + y*)® — 42?y?) so that
(p? + ¢*)% — 4p*¢*> = 0 and (p? + ¢*)® = 4p?¢®. Squaring both sides, we
obtain in polar coordinates
% = 4r*sin® 0 cos? 0
where 72 = p? 4+ ¢, p = rcos and ¢ = rsinf. Hence, we have the equation
r? = sin” 20 and
r = |sin 26).

Now, we have two cases to consider.
Case 1: r = sin 26.

In this case, we are done since this is the equation of the four leaved rose.
We conclude that (p, ¢) is a point on the four leaved rose.

Case 2: r = —sin 26.

If we have the equation 7 = — sin 26 then r = — sin 26 = sin(—26). Hence,
(p,q) is a point on the four leaved rose.

By combining both cases, we conclude that the four leaved rose is the affine
variety V ((2? 4+ y?)® — 4z%y?) in R? as required.

1.3 Parametrisation and stereographic
projection

Suppose that fi,..., fs € k[z1,...,x,] are polynomials. Consider the affine
variety

V(fi,..oy fs) ={(ar,...,a,) € K" | filar,...,a,) =0fori e {1,2,...,s}}.

How do we describe the points of V(fi,..., fs)? This amounts to writing
down the solutions of the system of polynomial equations f; =--- = f; = 0.
If there are finitely many solutions then we can simply list them all.
However, when there are infinitely many solutions, the main technique we
use is parametrisation.
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Example 1.3.1. Here is a basic example from linear algebra. We will work
in the field R and describe the points in the affine variety
Vie+y+z—1,x+2y—2-—3).

This amounts to solving the equations x +y+z=1and z+2y — 2 =3
simultaneously. By row reduction, we obtain the equivalent relations
r+32=—1and y — 2z =2. Now let 2 =t, where t € R is some parameter.
Then, the points in the affine variety V(z +y+ 2z — 1,2 + 2y — 2z — 3) are
given by

r=—1-3t, y =2+ 2t, and z=1
for t € R.

In line with [CLO15, §3], we will define two special types of
parametrisations below.

Definition 1.3.2. Let k be a field. The field of rational functions in
T1,...,T,, denoted by k(zy...,x,), is the field of fractions of k[xy, ..., x,].
That is,

k:(xl...,xn):{g|f,g€k:[x1,...,xn],g7é0}.

Definition 1.3.3. Let fi,..., fs € k[z1,...,2,] and

V=V(f1,...,fs) C k"™ be an affine variety. A rational parametric
representation of V' is a set of rational functions rq,...,r, € k(x1,...,2,)
such that the points (yi,...,y,) € k™ given by the equations

yz‘:ﬁ'(al,---,@n)

forie {1,2,...,n} and (ai,...,a,) € k" all lie in V.

A polynomial parametric representation of V is a rational parametric
representation such that ry,...,r, € klxy,...,z,| are polynomials.

The original defining equations f; = --- = f, = 0 of V is called an implicit
representation of V.

As mentioned in [CLOI15, §3], we often work with both parametrisations
and implicit representations, using the one which is more useful for a given
task. For instance, if we wanted to determine if a point is in an affine
variety, it is generally much easier to use the implicit representation rather
than a parametrisation. On the other hand, parametrisations are easier to
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deal with when plotting an affine variety.

Since it is useful to have both a parametrisation and an implicit
representation of an affine variety, there are two main questions one can ask
about them

1. (Parametrisation) Does every affine variety have a rational parametric
representation?

2. (Implicitisation) Given a parametrisation of an affine variety, can we
find an implicit representation?

The answer to the first question is no in general. In fact, it is difficult to
even tell when an affine variety has a rational parametric representation.
On the other hand, the answer to the second question is yes. We will see
this later when we study elimination theory.

Example 1.3.4. We will work in the field R. Define V = V(2% + y* — 1).
Then, the equation 2% + y* = 1 gives an implicit representation of the affine
variety V.

The purpose of this example is to derive the well-known stereographic
projection of the circle S, which is a rational parametric representation of

V.
The idea is to draw a line from the point (0, 1) to (¢,0), where ¢ € R. If the

line is not horizontal then the line intersects the circle S at a unique point,
which we will denote by (z,y) € S'. Note that (z,y) # (0,1).

14



Figure 1.2: Stereographic projection as applied to the unit circle S*

Our goal is to write x and y in terms of ¢. The line connecting the points
(0,1) and (¢,0) is for t # 0
1
=—— 1.
Y /L +

Solving for x, we obtain x = ¢(1 — y). We can substitute this into the
implicit equation x? + y? = 1 in order to obtain the following quadratic
equation:

(1+tH)y? —2t*y + (t* — 1) =0

Now we can solve for y via the quadratic formula

a4t -1) 2 E1
B 2(1 +12) RS
Notice that one of the roots is y = 0. This gives the point (z,y) = (0,1)

again, which is not the point (x,y) we are looking for. So, we set y = _11_:222
and upon substitution into z = ¢t(1 — y), we find that

ot —1+1t2
— 1.1
@)= 1) (L1)

for t # 0. Luckily, setting ¢ = 0 in the above parametric representation
yields the point (z,y) = (0, —1). This corresponds to the intersection of the

15



circle with a vertical line passing through (0, 1) and the origin.

Equation (|1.1)) yields a parametrisation of the affine variety V', with the
exception of the north pole (0,1). Clearly, we can repeat the above
argument, but instead of drawing a line from (0, 1), we can start from the
south pole (0, —1) instead. This time, we obtain the parametrisation

2t 1—1¢2

(x,y) = (m7m

) (1.2)
for t € R.

The reason why stereographic projection is important is because it
generalises to the n-sphere S™ C R™"*!. The n-sphere S™ is a smooth
manifold of dimension n. It has two charts, which are given by
stereographic projection from the north and south poles. Let N, S € S"
denote the north and south poles of S™. Then, the charts of S™ are given
explicitly by

ov: SN} - R"
(l‘l,...,,flfnJrl) — ?171“(.731,...,1'”)

which has inverse

ON R" — S™\{N}
— 14224422
(I’l, . ,iCn) (ﬁ’ RN 1+:E%2+I-T-L-+z%7 1+;%1+m+x5%n)
and
©Ys Sn\{S} — R™
(X1, ooy Tpy1) Hx—l,LH(Ib cey Ty
which has inverse
o5t R" — S™\{S}
1—a2——a?
(xh ce an) = (1+z%2-‘f~1~+a:%’ ) 1+x%2-f?-+$%’ 1+i%+...+z%)

It is straightforward, but tedious to check that @ and ¢g are
diffeomorphisms.

The diffeomorphisms ¢y and g tell us that if we remove a point from S™,
the resulting space is homeomorphic to R™. The point we remove from S
can be arbitrary because the n-sphere possesses rotational symmetry.
Conversely, if we have R" and add a point at infinity then the space is
homeomorphic to S™. As a result, we call S” the one point
compactification of R".
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1.4 Ideals of an affine variety

We begin with a familiar definition.

Definition 1.4.1. Let R be a commutative ring. An ideal I is a subset of
R such that

1.0el
2.t f,gelthen f+gel
3. If feland h € R then hf € 1.

The ideal generated by r,...,7, € R is defined by

(7’1,. e 7rn) = {Zsiri ‘ Si € R}
=1

We will sometimes use (r1,...,r,) to denote the ideal generated by
T1,...,Tn. The set {ry,...,r,} is called a generating set for the ideal
(TI; Ce 77”n).

From every affine variety V' C k™, one can construct an ideal in the
following manner.

Definition 1.4.2. Let k be a field, n € Z-y and V' = V(S) be the affine
variety associated with a subset S C k[xy,...,x,]. The ideal of V', denoted
by I(V), is defined by

I(V)=Af €klr,...,x,] | flar,...,a,) =0 for (ay,...,a,) € V}.
Notably, (V) is an ideal of k[xy,. .., z,].

It follows straight from the definition of an ideal that (V') is an ideal of
klxy, ...,z

Example 1.4.3. We will work in the field R and with the polynomial ring
R[z,y]. Let V = {(0,0)} be the variety consisting of the origin in R?. We
claim that I(V) = (z,v).

Suppose that h(z,y) € (z,y). Then, there exists f,g € R[z,y| such that
h(z,y) = f(z,y)x + g(x,y)y. Since h(0,0) =0, h € I(V) and (z,y) C I(V).

17



Conversely, assume that p(z,y) € I(V). Write p(z,y) = >,  ajjz'y’. Since
p(0,0) = 0, the constant term ago = 0. So,

pley)= > ayr'y € (z,y).

17‘762207(17])7&(070)

Therefore, I(V) = (x,y) as required. Note that this example generalises
easily to the fields C, Q and polynomials in n variables x1, xs, ..., x,.

The rest of this section is dedicated to proving important properties about
ideals of affine varieties.

Theorem 1.4.1. Let f1,..., fs € k[zq,...,x,]. Then,
(flv-"7f8) g[(v(fbafs))

Proof. Assume that fi,..., fs € k[zq,...,2,]. Assume that h € (f1,..., fs).
Ifi € {1,2,..., s} then there exists h; € k[xy,...,z,] such that

h = Z hif;.
i=1

The ideal I(V(f1,..., fs)) is given by

IV(fisoo o fa) = {F € Klan, o] | Flar, . an) =0 for (ar,...,an) € V(fi,...

If (a1,...,a,) € V(f1,..., fs) then fi(ay,...,a,) =0for I €{1,2,...,s}
and consequently, h(ai,...,a,) = 0. Therefore, h € I(V(fi,..., fs)) and
(fh"'?fs)g[(v<f17"'7f5>)' o

In general, I(V(f1,...,fs)) # (f1,..., fs) as ideals of k[zy,...,z,]. This is
demonstrated by the next example.

Example 1.4.4. Consider the ideal (z?,y*) C k[z, y]. From the above
theorem, we have (22, y?) C I(V ( )) However, the affine variety
Vi(z?,y ) ={(0,0)} and I(V(x? )) (x,y). Thus,

I(V(2?,y%) = (z,y) # (2°,9).

The next property tells us what happens to the corresponding ideals when
we have two affine varieties V, W such that V C W.

Theorem 1.4.2. Let k be a field, n € Z~y and V,W C k™ be affine
varieties. Then, V-C W if and only if (W) C I(V).

18
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Proof. Assume that k is a field, n € Z-y and V, W C k™ be affine varieties.

Assume that V' C W. Assume that f € [(W) C k[z1,...,z,] so that f
vanishes on W. Since V' C W, f must vanish on V' and consequently,
fel(V). So, I[W) CI(V).

Conversely, assume that I(W) C I(V) and (a4, ...,a,) € V C k™. If

f e I(V) then f(ay,...,a,) =0. In particular, since I(W) C I(V),
glay,...,a,) =0 for any g € I(W). So, (a,...,a,) € Wand V C W as
required. O]

A consequence of Theorem is that V' = W as affine varieties in k" if
and only if I(V) = I(W) as ideals in k[z,...,z,]. Here are the three main
questions about ideals that the course is concerned with:

1. (Ideal description) Is every ideal I C k[zy,...,x,] finitely generated
(has a finite generating set)? That is, is k[x1, ..., z,] a Noetherian
ring? The answer is yes, as a consequence of the Hilbert basis
theorem we will prove later.

2. (Ideal membership) If fi,..., fs € k[z1,...,x,] then is there a
systematic algorithm to decide whether a given polynomial
f € k[xq,...,x,] lies in the ideal (f1,..., fs)? We will answer this
question in the affirmative for polynomials in a single variable in the
next few sections.

3. (Nullstellensatz) What is the exact relation between (fi,..., fs) and
‘[(V<f17 R fs))?

By definition of an ideal, a polynomial f € k[zy,...,x,] is an element of the
ideal (fi,..., fs) if it can be written as a k[z1,...,x,]-linear combination of
the polynomials fi,..., fs. The point here is that in very particular
circumstances, we can use linear algebra to solve the ideal membership
problem and tell whether two ideals are equal to each other.

Theorem 1.4.3. Let k be a field, n € Z~q and

(fiy-- s fs)s (g1, -, 95) C klxy, ..., 2] be two ideals. Then,

(fi,---s fs) = (g1,-..,9s) if and only if there exists an invertible matrix
A€ GLy(k[xq, ..., xy,]) such that

i g1
A fj2 _ 9'2
s 3s
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Proof. Assume that k is a field, n € Z-¢ and (f1,..., fs), (91,--.,9s) be two
ideals of k[xq, ..., x,).

To show: (a) If there exists A € GLs(k[x1,...,x,]) such that
A[fla"'?fs]T = [917"'798]T then (fla"'afs) = (gla"'ags)-

(b) If (f1,...,fs) = (g1, ..,9s) then there exists A € GLs(k[z1,...,x,])
such that A[fy,..., fJf = [g1,..., 9"

(a) Assume that there exists A = (a;;) € GLs(k[z1, ..., 2,]) such that
Alfts o f)F =lg1, -, 947. Tfie {1,2,...,s} then

Zaikfk =i
k=1
and g; € (f1,.., fs)- S0, (g1,---,9s) C (f1,-- fs)-

Now let B = (b;;) = A™'. If i € {1,2,..., s} then

> bigr = fi
)

and fz € (gla s 798)‘ Therefore, (.f17' . '7.f8) g (gla' . 798) and
(fla--wfs) = (917"'795)'

(b) Assume that (fi,...,fs) = (g1,...,9s). Foreach i € {1,2,..., s}, there
exists polynomials p;1, ..., pis € k[, ..., x,] such that

> pife=gi
=1

Consequently, if P = (p;;) € Msxs(klx1,...,z,]) then

fi g1
Pl:]=1:
[s 9s
Similarly, there exists D = (d;;) € Msxs(k[x1,. .., 2y,]) such that
g fi
Dl :[=1:
9s fs
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From these two equations, it is easy to check that PD = DP = I, where I,
is the s X s identity matrix with elements in k[zy,...,z,|. So, P is
invertible as required. O

We finish with an example of Theorem in action.

Example 1.4.5. This example is taken from [CLO15, §4 Exercise 3c|. We
want to prove the equality

(222 +3y* — 11,2 —y* = 3) = (2* — 4,y* — 1)

of ideals in Q[x, y].
After some inspection, we find that

222 + 3y — 11 =2(2* —4) +3(* - 1)

and

2 —y* —3=(2"—4) - (¥ - 1).

Consequently, we obtain the matrix equation

2 3 2 —4\ (224 3y* - 11
1 —1)\y?*-3) \ 22—9*-3 )~

Now observe that the determinant

‘2 3|_ 5

1 -1
and —5 is an invertible element of Q[z, y]. By Theorem [1.4.3| we find that

(227 +3y* — 11,2° —y* — 3) = (2° — 4,y> — 1).

1.5 Polynomials in one variable

This section is dedicated to answering the ideal membership problem for
the polynomial ring k[z] of one variable. The idea here is that if k is a field
then k[z] is a Euclidean domain. By contrast, the polynomial ring of n
variables k[zy,...,x,] is not even a PID. What does it mean for k[x] to be
a Euclidean domain? It means that we can divide polynomials of one
variable in the same way we divide positive integers. Also, we can perform
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the Euclidean algorithm.

Let k be a field and g € k[z] with g # 0. If f € k[z] then there exists
unique ¢, € k[z] such that either r = 0 or deg(r) < deg(q) and

f=aqg9+r.

The purpose of the polynomial division algorithm is to find ¢ and r from f
and g. We require a quick definition for the purpose of describing the
algorithm.

Definition 1.5.1. Let

f(x)=cox™ + g™+ dem € k|x]

where ¢g # 0 and m € Z~y. We define cox™ to be the leading term of f.
The leading term is written as LT(f) = coz™.

We will now describe the polynomial division algorithm for k[x] below:

1. Suppose that we are given two polynomials f, g € k[x] such that

g #0.

2. First, define ¢y = 0 and ro = f. If either ro = 0 or LT (g) does not
divide LT(rg), set ¢ = qo and r = 1y and terminate the algorithm.
Otherwise, proceed to Step 3.

3. Define

LT(T’())
LT(g)

LT<T0>
LT(g)

g1 =qo+ and rTL=7Tp—

4. If If either r1 = 0 or LT (g) does not divide LT (1), set ¢ = ¢; and
r = r; and terminate the algorithm. Otherwise, go to Step 5.

5. For i € Z>, define

LT(g)

I7(g)”

Qi+1 = ¢; + and Tiy1 =T —

6. If either r;41 = 0 or LT (g) does not divide LT (1;41), set ¢ = ¢;4+1 and
r = r;+1. Terminate the algorithm. Otherwise, repeat Step 5.
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The main sticking point we will have to address is: why does the above
algorithm work? We will break our reasoning up into different parts:

1. Do the polynomials ¢,r € k[z] satisfy f = qg +r?

The answer is yes and we will prove this by induction on i € Zx(. For the
base case, assume that ¢ = 0. Then, qo =0, 7o = f and f = qog + 7.

For the inductive hypothesis, assume that f = ¢,,g + r,,, for some m € Z~,.
Then,

LT(ry, LT (rm
Gm+19 + Tm4+1 = (Qm + LT(’E:(])> )g + (Tm - LT(’E:(])) g)
= qmg +Tm = f

This completes the induction. Hence, at every step of the algorithm,
f=4qg+r;forie€ Zsy. So, f =qg+r because ¢ = ¢; and r = r; for some
j c Zzg.

2. Does r € k[z] satisfy either r = 0 or deg(r) < deg(g)?

The algorithm always terminates when either r; = 0 or LT(g) does not
divide LT(r;) for some j € Zsq. So, either » = 0 or LT(g) does not divide
LT(r). Notice that LT (g) does not divide LT'(r) if and only if

deg(r) < deg(g).

3. Does the algorithm always terminate?

The key observation here is that if ¢ € Z~( then either r; = 0 or
deg(r;) < deg(r;—1). To see why this is the case, fix m € Z~o. Let
Tm—1 = CoZ? +---+ ¢, and g = dpz? + - - - + d,; so that p > £. The leading
terms are LT (rp,—1) = coz? and LT (g) = dpz?. Computing r,, directly, we
obtain

LT(T’m_l) ) Co p—q

—g = )= (= ~dor? + ...

IT(g) g=(coz?+...) (dox 0! +...)

Therefore, deg(r,,) < deg(ry—1) or r,, = 0. Since the degree of a
polynomial is a non-negative integer, the degree can only drop at most
finitely many times. So, the algorithm must terminate.

'm = Tm-1 —
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4. Are the polynomials ¢, r € k[z] unique?

Assume that f = qg +r = ¢'g + ', where deg(r) < deg(g) and

deg(r’) < deg(g). We want to show that ¢ = ¢’ and r = /. Suppose for the
sake of contradiction that r # r’. We know that deg(r’ — r) < deg(g). Now
observe that

(¢—q)g=r"—r
so that ¢ — ¢’ # 0 and consequently,

deg(r' —r) = deg((q — ¢')g) = deg(q — ¢') + deg(g) > deg(g).

This contradicts the previous finding that deg(r’ —r) < deg(g). So, ' =r
and since (¢ — ¢')g =" — r, ¢ = ¢’. This demonstrates that ¢ and r are
unique.

We have finally demonstrates that the polynomial division algorithm works
in the polynomial ring k[z]. We summarise this finding as the following
theorem.

Theorem 1.5.1. Let k be a field. Then, k[z]| is a Euclidean domain.

By Theorem [1.5.1] k[z] is also a PID, UFD and a Noetherian ring. In
particular, the observation that k[z] is a PID is crucial for answering the
ideal membership problem for k[z]. Recall that this means that every ideal
of k[x] is generated by exactly one polynomial in k[z]. Below, we give a
direct proof of the fact that if k is a field then k[z] is a PID.

Theorem 1.5.2. Let k be a field. Then, k[z] is a PID.

Proof. Assume that k is a field. Assume that [ is an ideal in k[z]. If I =0
then I is generated by 0 and is hence, principal. So, suppose that I # 0. Let
g(x) € I be a polynomial of minimal degree amongst all non-zero elements
in I. Since k is a field, we can assume that g(z) is a monic polynomial.

To show: (a) I = (g(z)).

(a) To show: (aa) I C (g(z)).

(ab) (g(x)) C 1.
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(aa) Assume that f(z) € I. From the polynomial division algorithm with
f(z) and g(z), we can deduce the existence of unique ¢q(z),r(x) € k[x] such
that

f(z) = q(z)g(z) +r(x)

where deg(r(x)) < deg(g(z)) or r(z) = 0. Suppose for the sake of
contradiction that r(z) # 0. Then, deg(r(z)) < deg(g(x)). Observe that

r = f(z) — q(x)g(x) € I. However, this contradicts the fact that g(x) is the
polynomial of minimal degree amongst all non-zero elements in I.
Therefore, r(x) = 0 and consequently, f(x) = q(x)g(x). Hence, I C (g(z)).

(ab) Since g(z) € I, (g(z)) C 1.

Thus, I = (g(x)). So, k[z] is a PID. O

Example 1.5.2. We will apply the polynomial division algorithm to the
polynomials f(z) = 2%+ 222 + z + 1 and g(z) = 2z + 1 in Q[z]. We list the
relevant steps of the polynomial division algorithm below:

L. QO:07T0:f

2. qlzémz, r1:%x2+m+1

3. q2:%x2+%x,r2:}lx+l

4. q3:%x2+%x+%, 7“3:%
Since deg(rs) < deg(g), the algorithm terminates with ¢ = ¢3 and r = r3.
One can check directly that

1 3 1 7

3 2 2
2 1= 2 1 .
r”+2r +x+ (2:16—1— x+8)(x—|— )+8

Note that each step in the algorithm corresponds to a step in the classic
polynomial division below:
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Let us return to the observation that k[z] is a PID. This means that there
is a well-defined notion of a greatest common divisor.

Definition 1.5.3. Let k be a field and fi, ..., fs € k[z]. The greatest
common divisor of fi,..., fs, denoted by ged(fi, ..., fs), is a polynomial
in k[z] such that

1. Ifie{1,2,...,s} then ged(fi,..., fs)|fi
2. If h € k[z] divides f; for every i € {1,2,...,s} then h|ged(fi,..., fs).

We will now show that the greatest common divisor of two polynomials
exists and is unique up to multiplication by a non-zero constant in k.

Theorem 1.5.3. Let k be a field and f, g € klx]. Then, ged(f, g) exists and
18 unique up to multiplication by a non-zero constant in k. Moreover,
ged(f, g) is a generator of the ideal (f,g).

Proof. Assume that k is a field and f, g € k[z]. Since k[z] is a PID, there
exists a polynomial h € k[x] such that (k) = (f,g).
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To show: (a) h = ged(f, g).

(a) Since f, g € (h), there exists polynomials py,ps € k[x] such that f = p1h
and g = poh. Therefore, h divides both f and g.

Now assume that there exists a polynomial ¢ € k[z] such that ¢|f and ¢|g.

Then, there exists a, b € k[z] such that f = aq and g = bg. Since h € (f, g),
there exists ¢, d € k[z] such that h = cf + dg = caq + dbq = (ca + db)q. So,
qlh.

So, h satisfies the properties of the greatest common divisor of f and g.
Hence, h = ged(f, g), which means that the greatest common divisor of f
and ¢ exists and is the generator of the ideal (f, g).

It remains to show that ged(f, g) exists and is unique up to multiplication
by a non-zero constant in k. Suppose that h and h’' are both the greatest
common divisors of f and g. Then, h|h' and h'|h. Hence, h and h’ are
associates and consequently, h = h'j for some non-zero constant j € k. So,
ged(f, g) is unique up to multiplication by a non-zero constant in k. O

We emphasise that the proof of Theorem [1.5.3] extends readily to an
arbitrary PID. We can also generalise Theorem [1.5.3| with an almost
identical proof.

Theorem 1.5.4. Let k be a field and fi,..., fs € k[z]. Then,
ged(fi1, fo, ..., fs) exists and is unique up to multiplication by a non-zero
constant in k. Moreover, gcd(f1, fo, ..., fs) is a generator of the ideal

(f17f2>"'7fs)-

There is a simple method of finding the greatest common divisor of more
than two polynomials.

Theorem 1.5.5. Let k be a field and fi,. .., fs € k[z], where s € Z~,.
Then,

ng(fla cee 7fs) = ng(flang(an cee 7fs))'

Proof. Assume that s € Z-, and fi,..., fs € k[z]. Let
h:ng(f27f37"'7fs)'

To show: (a) (f1,h) = (f1, fay- - fs)-
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(a) First assume that g € (f1,h) so that there exists py, ps € k[x] such that
g = p1f1 + pah. Since (h) = (fa, ..., fs), we can write h as a linear
combination of the polynomials f,..., fs. So, g is a linear combination of
polynomials fi,..., fs and consequently, g € (f1, fo, ..., fs)-

Now assume that j € (f1, fa2,..., fs). Then, j is a linear combination of the
polynomials fi, ..., fs. Note that h divides f; for i € {2,3,...,s}. So, jis a
linear combination of f; and h. Hence, j € (fi,h). So,

(fl,h) = (flafzv"-afs)-

The equality of ideals (f1,h) = (f1, f2, ..., fs) reveals that
acd(fi,h) = ged(fu, for- -, f») as required. 0

The Euclidean algorithm is a systematic method for finding the greatest
common divisor of two polynomials f, g € k[x], where g # 0.

1. Suppose that we are given two polynomials f, g € k[x] where g # 0.

2. Use the polynomial division algorithm to write f = ¢ + ry for
unique qp,7 € k[z]. If r; = 0 then ged(f, g) = g and the algorithm
terminates. Otherwise, proceed to Step 3.

3. Use the polynomial division algorithm to write g = gor + 79 for
unique qa, 79 € k[z]. If ro = 0 then ged(f, g) = m and the algorithm
terminates. Otherwise proceed to Step 4.

4. For i € Z~, use the polynomial division algorithm to write
Ti = QiroTit1 + Tire (beginning with ¢ = 1).

5. If 7,49 = 0 then ged(f, g) = ri+1 and the algorithm terminates.
Otherwise, increase ¢ by 1 and repeat step 4.

Let us explain why the Euclidean algorithm gives us the greatest common
divisor. In step 2, we used polynomial division to write f = ¢y g + r1. If
r1 # 0 then in step 3, we used polynomial division to write g = qor1 + 7.
The point here is that in transitioning from step 2 to step 3,

ged(f, 9) = ged(f — q19, 9) = ged(ry, ).

This is true because as ideals, (f,9) = (f — ¢19,9). In step 4 with i = 1, we
write 1 = q372 + r3. When we transition from step 3 to step 4, we find that

ng(Tb 9) = ng(Tb g — Q27“1) = ng(Tlv 7"2)-

28



Therefore,

ged(f,g) = ged(g,r1) = ged(r1,7m2) = - -+ = ged(ry, rip1) = ...

and by the polynomial division algorithm,

deg(g) > deg(r1) > deg(r2) > deg(rs) > ...

Since the degree is a positive integer, the above chain of inequalities tells us
that there exists j € Zx>( such that r; = 0 (we set 79 = ¢). Then, the
algorithm terminates and

rj-1=ged(rj-1,0) = ged(rj_1,7;) = ged(f, g).
Therefore, the Euclidean algorithm must terminate and yields the greatest
common divisor for f and g.

To reiterate, if we want to compute the ged of more than two polynomials,
we can use Theorem [1.5.5| multiple times, in tandem with the Euclidean
algorithm.

Finally, we will describe an algorithm for answering the ideal membership
problem for k[z]. Let fi,..., fs, g € k[z]. Can we determine if

ge (f17~~-7fs)?
1. Let f1,..., fs,g € k[z].

2. Use Theorem and the Euclidean algorithm to compute

ged(fi, ..., fs). By Theorem [1.5.4] (ged(f1,-..,fs)) = (f1,...,[s) as
ideals of k[z].

3. Now use the polynomial division algorithm to write
g=qegcd(fi,..., fs) +r for unique ¢, € k[z]. If r = 0 then
ged(fr, ..., fs) divides g and g € (f1,..., fs). If r # 0 then
g g (f17~--7fs)'

We will now apply the ideal membership algorithm to a concrete example.

Example 1.5.4. We will work in the polynomial ring Q[z]. We want to
determine whether 22 — 4 is an element of the ideal

I=@"+2°—do—4,2° —2* —do +4,2° — 22 — 2+ 2).

The first step is to compute the ged of the polynomials which generate I.
We find that
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ged(2® + 2% — 4o —4,2° — 2% —do +4,2° — 227 — 2+ 2)
= ged(ged(2® + 22 — 4o — 4,2 — 2% — 4w +4), 2% — 227 — 1 +2)
=ged(22? — 8,2 — 22 — 2 + 2)
= 3z — 6.

So, I = (3x — 6) = (x — 2). The equality (3z —6) = (x — 2) follows from the
fact that the ged is unique up to multiplication by a non-zero constant in k.
Hence, 22 —4 = (z + 2)(z — 2) € I.

In the next chapter, we will tackle the ideal membership problem for the
polynomial ring klxy, ..., z,].
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Chapter 2

Grobner bases

2.1 Orderings on the monomials in
klxy, ..., x,

Before we dive into the ideal membership problem for k[xy, ..., z,], we
want to highlight a particular feature of polynomial division in k[z]|. The
observation that interests us the most is the fact that polynomial division
in k[x] relies on an ordering of the terms in the polynomial. In particular,
the polynomials we begin with are generally written as a sum of terms with
decreasing degree. We begin with the leading term and end with the
constant term.

For division in k[z|, we are dealing with the degree ordering on the
monomials

sl s em s s 22 s > 1

In fact, the success of the polynomial division algorithm in k[x| hinges on
working with the leading terms of both polynomials, rather than using
arbitrary terms from both polynomials.

Another example where an ordering of the variables plays a subtle, but
important role is the row reduction algorithm, used to convert a matrix into
its row echelon form. Generally, the algorithm begins with the leftmost
column with non-zero entries.

These examples, as outlined in [CLO15], tell us that if we want to extend

polynomial division to k[xy, ..., x,] for the purposes of handling the ideal
membership problem then one must place a particular order on the terms
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comprising a polynomial in k[z1,...,x,]. In this section, we will discuss
some of these orderings.

First, we want an idea of the desirable properties an ordering on monomials
in k[xy,...,z,] should satisfy.

Definition 2.1.1. Let k be a field. A monomial ordering > on
klxy,...,x,) is a relation > on (Zx()™ or equivalently, a relation on the set
of monomials {z | a € (Z>0)"} such that

1. > is a total/linear ordering on (Z>o)" (and not a partial ordering; we
want to be able to compare every pair of n-tuples)

2. f @ > B and v € (Z3o)" then ao+ v > [ + 7, where addition on
(Zp)™ is defined componentwise.

3. > is a well-ordering on (Zs)". This means that if a subset
A C (Z>o)™ is non-empty then there exists o € A such that if
g e A—{a} then 5 > a.

The well-ordering property of a monomial ordering will play a crucial role
in showing that various algorithms terminate. To see why this is the case,
we will provide an equivalent formulation of the well-ordering property.

Theorem 2.1.1. Let n € Z~y. An order > on (Zso)" is a well-ordering if
and only if every strictly decreasing sequence in (Z>q)"

a(l) > a(2) > a(3) > ...
terminates.

Proof. Assume that n € Z-y and > is an order on (Z()".

To show: (a) If > is not a well-ordering then there exists an infinite strictly
decreasing sequence in (Zxg)".

(b) If there exists an infinite strictly decreasing sequence in (Zs()" then >
is not a well-ordering.

(a) Assume that > is not a well-ordering. Then, there exists a non-empty
subset B C (Z>()" such that B does not contain a minimal element with
respect to the ordering >. Now pick an element (1) € B. It is not minimal
with respect to >. Next, pick an element §(2) € B such that 5(1) > 5(2).
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The element £(2) is not minimal with respect to >.

Continuing in this fashion, we obtain an strictly decreasing infinite sequence

B(1) > 5(2) > ...
in B and hence, in (Z>o)".
(b) Suppose that there exists an infinite strictly decreasing sequence in

(Z>p)™ with respect to >. From the definition of well-ordering, we deduce
that > is not a well-ordering. O]

If we have an algorithm which uses a well-ordering and we construct a
strictly decreasing sequence (1) > 3(2) > ... at each step of the algorithm
then Theorem tells us that the algorithm must terminate.

Example 2.1.2. The usual order on Z>

ce>m4+1>m>-->2>1>0

is a monomial ordering. Equivalently, the degree ordering on monomials of
kla]

m+1

e > >z > o>t >sat>a0=1

is a monomial ordering.

We will now provide a first example of a monomial ordering on (Z()",
where n € Z.

Definition 2.1.3. Let a = (aq,...,a,) and 8 = (B, ..., B,) be elements of
(Z>o)™. We say that a >, [ if the leftmost non-zero entry of the difference
a — [ € Z" is positive.

We write 2 >, 27 in k[z1, ..., 2,] if @ >, 8. The order >, is called the
lexicographical order.

Lexicographical order is sometimes called a dictionary order because it is
the same order used to organise a dictionary. For instance, the word
“bread” appears before “brioche” in the dictionary.

Notice that in lexicographical ordering,

(1,0,...,0) >z (0,1,...,0) >jex -+ >pex (0,0,...,1)
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so that o1 >jee T2 >ier =+ >z 2" Now we will show that the
lexicographical ordering on (Zx()" is a monomial ordering.

Theorem 2.1.2. The lexicographical ordering >, ts a monomial ordering.

Proof. The fact that (Z>o)" is a total ordering follows from the fact that
the usual order > on Z is a total ordering and from the definition of the
lexicographical ordering (which uses the order >).

Assume that o >, 0 so that there exists ¢ € Z~q such that ¢ is minimal
and «o; — B; > 0. Assume that v € (Z>o)". Since o; +v; > B; + Vi,
O+ e B+

Finally, suppose for the sake of contradiction that >;., is not a
well-ordering. By Theorem [2.1.1] there exists an infinite strictly decreasing
series

Oé(l) >lex 05(2) >lex Oé(3) Slex - - -

Consider the first entry of each «(i) in the above sequence. Due to the
definition of >, the first entries of each «(i) form a non-increasing
sequence in Zxsq. So, there exists ¢ € Z>( such that if 7, j > £ then the first
entry of a(i) is equal to the first entry of a(j).

Now consider the infinite strictly descending sequence

a(l) >1ex (€ + 1) >0y ... The lexicographical order is determined by the
second entry of each member of the sequence. The second entries of
a(l),a(f+1),... form a non-increasing sequence. By repeating the same
reasoning, we deduce that the second entries of the sequence eventually
stabilises.

Continuing in the same way, we deduce eventually that there exists

m € Zsg such that if 4, j > m then (i) = a(j). This contradicts the fact
that a(m) > a(m + 1). Therefore, >, is a well-ordering and hence, a
monomial ordering. O

Example 2.1.4. Here is a practical use of lexicographical order. Let R be
a commutative ring and A € M,,.,(R). Let k € {1,2,...,n — 1}. Then,
A*(A) is the (}) x (}) matrix whose elements are the determinants of k x k
minors of A.

The point is that the rows and columns of A*(A) are indexed by the (})
subsets of {1,2,...,n} with cardinality k. The order in which the rows and
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columns are indexed does not matter, as long as the rows and columns are
indexed in the same manner.

The lexicographical order on the (Z) subsets of {1,2,...,n} with
cardinality £ provides us with a systematic way of indexing the rows and

columns of A¥(A). Let R=7Z,n=4, k=2 and

1 2 5 =2

0 4 2 6
A= 5 =3 9 7
-8 -2 -1 2

With lexicographical ordering, we have

{172} <lex {173} <lex {174} <lex {273} <lex {274} <lex {374}
and the matrix A%(A) is

{1,2} {1,3} {1,4} {2,3} {2,4} {3,4}

4 2 6 —16 20 34 \ {1,2}

13 —-16 17 33 8 53 | {1,3}

A Ay =] 14 39 148 0 8 | {14}
20 —10 —30 42 46  —40 [{2,3}

32 16 48 0 20 10 |{2,4}

—34 67 66 21 8 25 / {3,4}

with rows and columns indexed in lexicographical order. For instance,
(A*(A))f1,23,11,3y is the determinant of the 2 x 2 minor of A formed from the
first and second rows of A and the first and third columns of A. So,

1 5
(A2<A)){172}7{173} = ‘O 2’ = 2

This example is from |[Cha22, Example 2.3.2].

So far, we observe that the lexicographic order is defined so that

T1 >lex T2 Slex *** >lex Tn- Lhe point is that given any ordering of the
variables x1, ..., x,, there is a corresponding lexicographic order. There are
n! such lexicographic orders.

One of the features of lexicographic order is that a variable dominates any

monomial containing smaller variables. For instance (1,0,0) >, (0, 10,2),
which means that as monomials, 2 >, y'°22. As evidenced by polynomial
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division in k[z], we sometimes want to order based on total degree. This is
where our next ordering comes into play.

Definition 2.1.5. Let «, 8 € (Z>o)". We say that a >, 5 if

n n
|a|:Zai> |5|:z:5Z or la| =8| and a >, B.
i=1 i=1

The order >, is called the graded lexicographic order.

As examples, we have (1,0,0) <guer (0,10,2) and (3,2,1) > (2,3,1).
The graded lexicographic order orders by total degree first and then
“breaks ties” with the lexicographic order. As with lexicographic order,
there are n! different graded lexicographic orders stemming from the order
imposed on the variables zq, ..., x,.

The graded lexicographic order is a monomial ordering. The key reason is
because the usual order > on Zsy and >, on (Z>()" are all monomial
orderings.

The final monomial ordering we will state is similar to the lexicographic

order, but it breaks ties in a different way.

Definition 2.1.6. Let o, 8 € (Z>()". We say that a >gepes 0 if

la| = Zai > (8] = Zﬁz‘
=1 1=1

or

la| = |8] and the rightmost non-zero entry of « — € Z" is negative.
The order > gcyie, is called the graded reverse lexicographic order.

The grevlex ordering is indeed a monomial ordering (see [CLOI5, Chapter
2 §2, Exercise 12]). Here are a few examples for the purpose of
understanding grevlex ordering.

Example 2.1.7. As our first example, (4,7,1) >grepies (4,2, 3) because the
total degree of (4,7,1) is 12, while the total degree of (4,2,3) is 9.

As a second example, we claim that (1,5,2) >geuer (4,1,3). The 3-tuples
(1,5,2) and (4, 1, 3) have the same total degree. However,

(1,5,2) — (4,1,3) = (3,4, —1). By the grevlex ordering, we have

(1,5,2) >grevtes (4,1,3) as required.
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Just like the lex and grlex orderings, we have

xy >grevlez T2 >g7"evlex e >g7"evleac L.

Also, there are n! such grevlex orderings, corresponding to the orderings of
T1yeeoy Ty

Finally, we will show how monomial ordering can be applied to
polynomials. If f =" a,z® € k[z1,...,x,| and we have a monomial
ordering on k[xy,...,x,] then (ignoring constant coefficients) we can
rearrange the sum so that the terms appear in decreasing order, with
respect to the monomial order.

Example 2.1.8. Let f = 4zy?z + 422 — 523 + Ta?2? € k[z,y, z]. Then, f
with respect to the lexicographical order is

= =52+ 7222% + dwy’z + 4%
The polynomial f with respect to grlex order is
[ =712 + dwy’z — 52’ + 422
Finally, the polynomial f with respect to grevlex order is
f=day?s + 72*2% — 5% + 422
Now we will establish specific terminology for monomial ordering.

Definition 2.1.9. Let f = )" a,2® be a non-zero polynomial in
klxy,...,2,) and let > be a monomial order.

The multidegree of f is defined by

multideg(f) = max{a € (Z>o)" | an # 0}.
The leading coefficient of f is

LC(f) = Qmultideg(f) €k.

The leading monomial of f is

LM(f) — Imultideg(f)‘
The leading term of f is LT(f) = LC(f) - LM(f).

We will now state a useful property of the multidegree.
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Theorem 2.1.3. Let f,g € k[xq,...,x,] be non-zero polynomials. Then,

multideg(fg) = multideg(f) + multideg(g).
Moreover, if f + g # 0 then

multideg(f + g) < max(multideg(f), multideg(g)).
If, in addition, multideg(f) # multideg(g) then equality occurs.

It is straightforward to prove the above theorem from the definition of the
monomial ordering. For instance, the first statement follows from the
second property of monomial orderings — if o, 8,7 € (Z>o)" and a >
then ao+v > 8 + . In the second statement, if LT(f) = —LT(g) then
inequality occurs.

2.2 The division algorithm in k[z,...,z,)

In this section, we would like to generalise the polynomial division
algorithm for k[z] to the polynomial ring of several variables k[zq,. .., z,].
Our goal is to divide some f € k[z1,...,x,] by f1,..., fs € klx1, ..., z,],
which amounts to expressing f in the form

f=afit+ - +qfs+r

where qq,...,¢qs, 7 € k[z1,...,2,]. Expecting a polynomial division
algorithm on k[xy, ..., z,] to have the same nice properties as the
polynomial division algorithm on k[z] is rather naive, as the following
example demonstrates.

Example 2.2.1. Consider the polynomial ring R[z,y]. We will prove that
Rz, y] is not a PID by showing that the ideal (z,y) is not principal.

Suppose for the sake of contradiction that the ideal (z,y) € R[z,y]| is
principal. Then, there exists a polynomial p(z,y) € R[z,y] such that
(p(x,y)) = (x,y). So, it must be the case that

p(x,y) = qlz,y)r +r(z,y)y

where ¢(x,y),r(x,y) € R[z,y]. It is important to note from this that p(x,y)
cannot be a constant polynomial.
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To show: (a) ged(z,y) = p(z, y).

(a) To show: (aa) (x) C (p(,y))-

(ab) (y) € (p(,¥))-

(aa) Since (p(z,y)) = (z,y), (z) C (z,y) = (p(z,y)).

(ab) Since (p(z,y)) = (z,y), (v) C (z,y) = (p(z,y)).

(a) So, p(x,y) must divide both 2 and y.

To show: (ac) If s(z,y) divides both z and y then (p(z,y)) C (s(z,y)).

(ac) Assume s(z,y) € Rz, y] divides both x and y. Then,

r = si(x,y)s(x,y) and y = sa(x, y)s(z,y) for some

s1(x,y), sa(z,y) € Rlz,y]. Assume a(z,y) € (p(x,y)). Since
0)

(p(z,y)) = (x,y), a(z,y) = r1(z,y)z + ra(x, y)y for some
ri(@,9),72(2,y) € Rlz,y). But,

a(zx,y) =ri(z,y)z +ro(z,y)y
= ri(z,y)s1(x,y)s(x,y) + ra(x, y)s2(x, y)s(z, y)
= (ri(z,y)s1(z,y) + ra(z, y)sa2(x, y))s(z, y).

Hence, a(z,y) € (s(z,y)) and so, (p(x,y)) C (s(z,y)).

(a) Consequently, ged(x,y) = p(x,y), where p(z,y) is not a constant
polynomial. However, this contradicts the fact that ged(z,y) =1 (x and y
are relatively prime). Hence, the ideal (x,y) is not principal.

The above example can be easily adapted to show that k[xy, ..., z,] is not
a PID and thus, not a Fuclidean domain. Hence, any remainders we obtain
from a division algorithm on k[z,...,z,] cannot be expected to be unique.

As stated in [CLO15], the basic idea of division in k[zy, ..., z,] is to cancel
the leading term of f by multiplying f; by a monomial and subtracting.
Then, the multiple of f; becomes a term in the corresponding ¢;. Before we
state the division algorithm on k[zy,...,x,], we will work through the
example [CLO15, Chapter 2 §3 Example 2] in detail so that we have a
better idea of what to expect.
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Example 2.2.2. We will work in the polynomial ring k[z,y|. Our goal is
to divide f = x%y + xy® + y? by the two polynomials f; = zy — 1 and

f2 =y* — 1. We impose the lexicographic order on k[z,y| with z >., y.
The terms in the polynomials f, f; and f5 are already arranged in
lexicographic order. Hence, we do not have to worry about first arranging
the terms in the polynomials involved by lexicographic order.

This time, we have two divisors and two quotients ¢; and ¢y, which we
depict graphically by

The leading term LT (zy — 1) = zy divides LT (z%y + 23 + y?) = 2%y. We
multiply zy — 1 by  and then subtract from 2%y + zy? + .

Now LT(zy — 1) and LT (y* — 1) both divide zy*. We will choose the first
polynomial zy — 1, multiply it by v and then subtract from xy? + x + 3%
The result is
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This time, neither LT (xy — 1) nor LT (y*> — 1) divide LT (z + y* + y) = =.
Here, the remainder makes it entrance into the algorithm. We could declare
r + y? + y as the remainder and terminate the algorithm here. However,
LT(y? — 1) does divide LT (y* + y) = y*. So, we can shove the x term into
the remainder r and then proceed with the division by dividing y? + y by
y* — 1. Our working out now becomes

Again LT (xy — 1) and LT (y* — 1) do not divide LT(y + 1) = y. But this
time, LT (zxy — 1) and LT (y* — 1) do not divide any of y or 1. Hence, we
can bring the entire expression y + 1 into the remainder column and add it
to the remainder. We are left with no polynomial. So, the algorithm
terminates and our final working is
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One can check that

f=ah+aef+r=@+y)(ay—1)+1 -+ (@ +y+1).

Keeping this example in mind, we will now describe the polynomial division
algorithm for k[zy,zo, ..., x,).

Step 1: Suppose that we want to divide a polynomial f € k[xq,...,z,] by
some polynomials fi,..., fs € k[zy,...,x,]. Suppose that we have a
monomial ordering < on k[zy,...,x,]. We first apply the monomial
ordering to arrange the terms of the polynomials f, fi,..., fs in decreasing
order. Set the polynomials ¢ =---=¢, =0, p= f and r = 0.

Step 2a: If there exists a j € {1,2,...,s} such that LT(f;) divides LT'(p)
then compute

k=min{j € {1,2,...,s} | LT(f;)|LT(p)}.

LT (p)
LT(fx)

fr from p and add f:,:f((ﬁ)) to qg.

Then, subtract the quantity

Step 2b: If there does not exist j € {1,2,...,s} such that LT(f;) divides
LT (p) then subtract LT (p) from p. Add LT (p) to r.
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Step 3: If p # 0 then repeat steps 2a and 2b. Otherwise, the algorithm
terminates and the resulting polynomials ¢y, ..., qs, r satisfy

fZQ1f1+"'+QS.fs+T7

where the polynomials f, f1,..., fs are the ones we started with. Once
again, we have to justify why the above algorithm works. Similarly to the
polynomial division algorithm in k[z], we will break down our reasoning
into different parts.

1. Does f=q1f1 4+ -+ qsfs + p+ r at every step of the algorithm?

The answer is yes. Suppose that we have just commenced the
algorithm and we are on step 1. Since ¢; =---=¢, =0, p= f and
r =0, we can check directly that f = ¢ f1 + -+ qsfs +p+ 1.

To complete this argument, we need to show that steps 2a and 2b
preserve the equality f = q1f1 + -+ qsfs + p+r. To see that step 2a
preserves this equality, we compute directly that if 7 € {1,2,...,s}
then

LT (p)
LT(f;)

LT (p)
LT(f;)

f=afit-+(g+ )i+ +asfs+ (- fi)+r.

To see that step 2b preserves the equality, note that

f=afi+af+(@—LT(p)+ (r+ LT (p)).

Therefore, f = qi1f1 + -+ qsfs + p+ 1 at every step of the algorithm
given above.

2. Do we actually obtain f = ¢ f1 + -+ ¢sfs + r when the algorithm
terminates?

If p = 0 then the algorithm terminates. Since

f=qfi+ - +qsfs +p+r at every step of the algorithm, we find
that f = q1fi + -+ qsfs + r once the algorithm is terminated
(because p = 0).

43



3. Do the terms of the remainder r divide any of the leading terms
LT(fy),..., LT(f,)?

The answer is no. Notice that in step 2b, we add terms to r which are
divisible by none of the leading terms LT(f1), LT(f2),..., LT (fs)-
Therefore, the terms of r cannot divide any leading terms.

4. Does the algorithm always terminate?
This question is where the properties of a monomial ordering on
klxy,...,x,) come into play. We claim that in steps 2a and 2b, the

multidegree of p decreases. In step 2b, this is obvious because we
always subtract the leading term LT'(p) from p.

In step 2a, we subtract the quantity

LT (p) ,
LT(f;)"
from p. We know that
LT(p) LT(p)
LT fi) = —=5LT(f;) = LT (p
oy = Tyt = M)
Since ff((}?) fi has the same leading term as p, the mutlidegree of p

must be strictly smaller after step 2a is executed.

Suppose for the sake of contradiction that the division algorithm
never terminates. By repeated applications of steps 2a and 2b, we
obtain an infinite decreasing sequence of multidegrees; decreasing
with respect to the monomial ordering < on k[z1,...,z,]. However,
this contradicts Theorem [2.1.1] Thus, the algorithm must terminate.

5. How does multideg(q; f;) compare to multideg(f)?
By step 2a, every term of ¢; is of the form LT(p)/LT(f;) for some
p € kl[z1,...,x,]. We know that in steps 2a and 2b, the multidegree

of p always decreases. So, multideg(p) < multideg(f) and
consequently, if g; f; # 0 then by Theorem [2.1.3]
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LT(p)

multideg(q; fi) < multideg( LT(f)

fi) = multideg(p) < multideg(f).

The polynomial division algorithm on k[z1, ..., x,] constitutes a proof of
the following generalisation of Theorem [1.5.1}

Theorem 2.2.1. Let > be a monomial order on (Z)" and
fi, o fs €klxy, ...,z If f € klxy, ... x| then there exists
Qs qs, T € k[T1,...,2,] such that

f=af+ - +qgfs+r

FEither r =0 or r is a k-linear combination of monomials, none of which
are divisible by any of the leading terms LT (f1), LT(f2), ..., LT(fs).
Moreover, if q; f; # 0 then multideg(q; f;) < multideg(f).

Observe that in Theorem [2.2.1} the polynomials qq,...,¢qs, 7 € k[z1,. .., 2]
are not unique.

Example 2.2.3. Recall that in the previous example, we imposed the
lexicographic order on k[z,y| with >, y. We used the polynomial
division algorithm on k[z,y] to divide f = 2%y + xy* + y?* by fi = 2y — 1
and fo = 3> — 1. We found that

f=afitaeftr=@+y(ey—1)+11 1)+ (z+y+1).

For clarity, gy = x4y, go =1 and r =z +y + 1. We will repeat the
polynomial division algorithm for this particular scenario, but instead we
will reverse the order of the two polynomials f; and fo. Let f] = fo and
f4 = fi. The resulting division is displayed below:
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9. o+l
o 5 r

oyt xy* 1y’
o’y - X

Yt
xy-|

xy*Fxty®
Xy - x

Dechys | Rl

Y|

So,

f=afi+af+r =@+ =1) +a(zy —1)+ 2z +1).
It is clear that ¢ # ¢}, ¢2 # ¢4 and r # 1.

To top this section off, let us briefly discuss how the polynomial division

algorithm addresses the ideal membership problem for k[zy, ..., z,].
Suppose that we have an ideal (fi,..., fs) in k[zy,...,z,] and are given a
polynomial f € k[xy,...,z,]. We want to determine whether

f € (fla'“)fs)'

Just like in the single variable case, we use Theorem to find
Q-5 qs, T € k1, ..., 2,] such that

f=af+ - +qgfs+r

If r=0then f € (f1,...,fs). Thus, we have shown that if we apply the
polynomial division algorithm to divide f by fi,..., fs and we obtain a
remainder of r = 0 then f € (f,..., fs).

One might ask if the converse statement holds. That is, if f € (f1,..., fs)
then is it the case that the remainder » = 0 if we use the division algorithm
to divide f by fi,..., fs? In the one variable case, the answer is yes, but for
the general case, the answer is no, as demonstrated by the following
example.
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Example 2.2.4. We work in the polynomial ring k[z,y| and impose the
lexicographic order on k[x,y]. Let f = zy* —z, fi = zy — 1 and
fo = y? — 1. Notice that f € (fi, fo) because

f=z(y* = 1)+ 0(zy —1).

But, if we apply the polynomial division algorithm to divide f by f; and fs,
we obtain

The remainder we obtain is —z + y # 0.

So, unlike in the single variable case, the polynomial division algorithm in
k[xq,...,z,] provides a partial and imperfect answer to the ideal
membership problem. How do we improve on this? The idea we will pursue
lies with Theorem If we have an ideal (f,..., fs) in k[xy, ..., z,)
then we could potentially find a nicer generating set for (f1,..., fs), nicer in
the sense that if we divide a polynomial f by the new generators then the
remainder r is unique and the condition » = 0 is equivalent to being an
element of (f1,..., fs). Later on, we will see that this idea can be realised
by the use of a Grobner basis for the ideal.

2.3 Dickson’s lemma

In this section, we will put aside the ideal membership problem for now and
turn our attention to the ideal description problem — is every ideal

I C k[xy, ..., x,)] finitely generated? We will take a big leap towards
proving this statement in the affirmative by proving a result known as
Dickson’s lemma.
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The approach towards the ideal description problem is to solve the problem
first for monomial ideals, which we will define below.

Definition 2.3.1. Let k£ be a field. An ideal I C k[xy,...,2,] is a
monomial ideal if there exists a subset A C (Zx()" such that
I=(x%aeA).

That is, there exists a subset A C (Zx()" such that I is generated by
monomials z for a € A.

Let us prove some properties satisfied by monomial ideals. Firstly, we
observe that it is easy to tell whether a given monomial is an element of a
monomial ideal.

Lemma 2.3.1. Let I = (z* | a € A) be a monomial ideal in k[z1, ..., z,).
Let B € (Zso)". Then, 2° € I if and only if there exists a € A such that x”
1s divisible by x®.

Proof. Assume that I = (2| o € A) is a monomial ideal in k[zy, ..., x,].
Assume that 8 € (Z>o)".

To show: (a) If 2” € I then there exists a € A such that 2” is divisible by

xOé

(b) If there exists a € A such that 2# is divisible by 2® then z° € I.

(a) Assume that 2° € I. Then,

2P = i: himo‘(i)
i=1

where h; € k[xy,...,x,] and a(i) € A fori € {1,2,...,s}. The idea is to
expand each h; so that h; = ¢;;j2709) and

8 = Z hyx®®) = Z ¢; ;a0 o)
i=1 i,j

If we collect the terms of Y7, - ¢; ;2709 z*® with the same multidegree then

every term on the RHS of the above equation is divisible by some z*®. So,
z? must be divisible by z*®).

(b) Assume that there exists o € A such that 27 is divisible by 2. Then,
there exists f € k[zy,...,x,] such that 2% = f - 2% So, 2% € I. O
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The next lemma tells us that whether a given polynomial f lies is a
monomial ideal can be determined by looking at the monomials of f.

Lemma 2.3.2. Let I C k[xq,...,x,] be a monomial ideal and
f € k[xq,...,x,]. Then, the following are equivalent:

1. fel.
2. FEvery term of f is an element of I.

3. f is a k-linear combination of the monomials in 1.

Proof. Assume that I is a monomial ideal and f € k[xy, ..., x,]. Directly
from the definitions of a monomial ideal, the implications 3 — 2 — 1
and 2 = 3 are trivial.

To see that 1 = 2, assume that f € I. Since [ is a monomial ideal, there
exists a subset A C (Z>o)" such that I = (z* | a € A).

So, we can write f as

f= i fix®
i=1

where f; € k[x1,...,2,] and ai) € Afori € {1,2,...,s}. Since 2% € I,
fi € x*@_ So, every term of f is contained in I. O

One consequence of the third statement in Lemma is that a monomial
ideal is uniquely determined by its monomials. That is, two monomial
ideals are the same if and only if they contain the same monomials.

We have now arrived at Dickson’s lemma, which states that every
monomial ideal of k[z1, ..., x,] is finitely generated. Due to the importance
of Dickson’s lemma, we will state it as a theorem.

Theorem 2.3.3 (Dickson’s lemma). Let [ = (x| a € A) be a monomial
ideal in k[zy,...,2,]. Then, I = (x°M, ... 2®)) where a(1),...,a(s) € A
and s € Z~q 1S finite.

Proof. We will Dickson’s lemma by induction on n, the number of variables
in our polynomial ring k[z, ..., x,].

For the base case, assume that n = 1 so that [ = (2 | « € A), where
A C Zso. Let B =min{a | o € A}. If a € A then 2 divides z¢ and
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consequently, I = (). This proves the base case.

For the inductive hypothesis, assume that n > 1 and that Dickson’s lemma
holds for n. Let I C k[zy,...,x,,y] be a monomial ideal. Then,

I=(u"|a€AC (L))

where u® =zt .. g0y 1 If A C (Zso)™ ™! contains a least element p —
that is, if & € A then u#|u® — then I = (u*) and we are done. However,
such a least element does not always exist. See [Mur22, Figure 3.1] for an
example.

We will call a monomial u“ minimal if there does not exist g € A distinct
from « such that v?|u®. Define

min(A) = {a € A | u® is minimal}.
We claim that [ = (u® | o € A) = (v’ | B € min(A)). Since these are both

monomial ideals, it suffices to show that they contain the same monomials.

Assume that u” € (u” | 8 € min(A)). Since min(A4) C A, if 8 € min(A)
then u” € I and consequently, u” € I.

Now assume that u” € I. If v € min(A) then u” € (v’ | B € min(A)) by
definition. If on the other hand v € A — min(A) then there exists § € A
such that § # v and w’|u”. If § € A — min(A) then there exists d, € A such
that & # &, and u%|u®.

Continuing in this fashion, we obtain a decreasing sequence

v > 4§ >0y > 03 > ... This sequence must eventually terminate. So, there

exists € € min(A) such that u¢|u” and u” € (v? | § € min(A)).

We conclude that I = (v’ | B € min(A)). We now have to show that the set
min(A) C A is finite.

To show: (a) min(A) is finite.
(a) Define the ideal
J = (2 | 2Py™ € I for some m € Zx).

and the set
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B={pB € (Z=o)" | (B,m) € A for some m € Z>¢}

For clarity, J is an ideal of k[x,...,z,]. Consider the subset min(B) of B,
defined similarly to min(A).

To show: (aa) If § € min(B) then there exists a unique m € Zsq such that
a = (B, m) € min(A).

(aa) Assume that § € min(B) C B. Then, there exists m € Z>( such that
2Py™ € I and (8, m) € A. Suppose for the sake of contradiction that
(3,m) & min(A). Then, there exists (5, m’) € A such that 2% y™ |z%y™.
So, #%'|2?, which contradicts the assumption that 3 € min(B). So,

(B,m) € min(A).

To see that m is unique, suppose that (5, m), (5, m') € min(A). Suppose for
the sake of contradiction that m # m/. Let £ = max{m,m'} and

¢ = min{m, m'}. Then, 2%y*|2%y*, which contradicts the fact that
(B,m),(B,m') € min(A). So, m = m’ and m is unique.

By part (aa), we obtain an injective map ®p 4 from min(B) to min(A),
which sends f € min(B) to a = (8, m) € min(A). By the inductive
hypothesis, J is generated by a finite subset By C B. Since min(B) C By,
min(B) must also be finite.

Now let min(B) = {f,..., 5.} and (B1,m1),..., (B, m,) € min(A). Define
M = max{my,...,m,}. We claim that if (v, k) € min(A) then k£ < M.

To see why this is the case, assume that (v, k) € min(A). Then, there exists
B € min(B) such that v > . Let « = &5 4(5) = (8, m) € min(A). Suppose
for the sake of contradiction that k > m. Then, 2°y™|z7y*. This
contradicts the assumption that (v, k) € min(A). Therefore, £ < m.

The above argument inspires us to define for k € {0,1,..., M — 1} the set

By ={p € (Z>0)" | (B,k) € A}
and the ideal of k[z1, ..., x,]

Jk:<Iﬁ|BEBk).

By the same argument as before, min(By,) is a finite set. Furthermore, if
[ € min(By) then there exists a unique n € Zs( such that
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a = (B,n) € min(A) and consequently, an injective map ®p, 4 from By to
A, which sends 8 € min(By) to (8,n) € min(A). Note that it is possible
that n < k.

Now assume that (7, k) € min(A). Let 5 € min(By) such that 8 < .
Suppose for the sake of contradiction that 3 # ~. Then 2°y* € I and
2Py¥|z7y*. This contradicts the assumption that (v, k) € min(A). Hence,
f =+~ € min(Byg) and (7, k) € im P, 4.

Since every element in min(A) belongs to the image of one of

®p A, Ppya,...,Pp,, . 4 and each of the sets

min(B), min(By), ..., min(By,_1) are finite, we deduce that min(A) is also
finite, which completes the proof. O

Before we proceed, we remark that Dickson’s lemma has a few
consequences in the context of monomial orderings on (Zs¢)".

Theorem 2.3.4. Let > be a relation on (Z>o)"™ satisfying

1. > is a total/linear ordering on (Zso)" (and not a partial ordering; we
want to be able to compare every pair of n-tuples)

2. If a > B and v € (Zxo)" then a+ v > [+, where addition on
(Zso)" is defined componentwise.

Then, > is a well-ordering if and only if for o € (Z>o)", o > 0.

Proof. Assume that > is a relation on (Zx()™ which satisfies the two
properties outlined above.

To show: (a) If > is a well-ordering then for a € (Z>0)", a > 0.

(b) If for @ € (Z>0)", a > 0 then > is a well-ordering.

(a) Assume that > is a well-ordering. Then, there exists o € (Z>o)" such
that if 8 € (Z>o)™ then 8 > ay. Since > satisfies the second property stated
above, it suffices to show that ag > 0.

Suppose for the sake of contradiction that ay < 0. By adding o to both

sides (componentwise), we find that 2ag < ag. However, this contradicts
the assumption that «aq is the minimal element in (Zs()".
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So, ap > 0 and if 5 € (Z>()" then § > 0.

(b) Assume that if & € (Z>o)" then o > 0. Assume that A C (Zx¢)" is
non-empty.

To show: (ba) The subset A has a minimal element with respect to the
relation >.

(ba) The ideal (z* | @ € A) is a monomial ideal in k[z1,...,z,]. By
Dickson’s lemma (see Theorem [2.3.3)),
(% | v € A) = (%W 0@ gom)

for some m € Z~(. By relabelling if necessary, we can assume that
a(l) < a(2) <--- < a(m). We claim that «(1) is the minimal element of A.

Assume that o € A. Then, z® is an element of the ideal (z* | @ € A) and
by Lemma [2.3.1} there exists i € {1,2,...,m} such that %) divides 2.
So, a = «(i) + v for some v € (Z>()" and because v > 0,

a=oa(i)+v>a()+0=ai) > al).

(b) From part (ba), we found that a(1) is the minimal element of A.
Therefore, > is a well-ordering as required. O

The utility of Theorem is that it makes it much easier to verify
whether an ordering on (Zs()" is a monomial ordering.

In light of Theorem [2.3.4] one might wonder whether Dickson’s lemma itself
can be reformulated as a statement about monomial orderings. In the next
theorem, we will reformulate Dickson’s lemma so that it applies to
monomial orderings.

Theorem 2.3.5. Dickson’s lemma is equivalent to the following statement:

If n € Zsoy and A C (Z>o)"™ is a non-empty subset then there exists finitely
many elements «(1),...,a(s) € A such that if « € A then there exists
i€{1,2,...,s} and v € (Z>o)" such that o = (i) + 7.

Proof. Assume that n € Z>¢ and A C (Z>()" is a non-empty set.

To show: (a) If Theorem is satisfied then there exists finitely many
elements «(1),...,a(s) € A such that if @ € A then there exists
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i€{1,2,...,s} and v € (Z>o)" such that o = (i) + 7.

(b) If there exists finitely many elements a(1),...,a(s) € A such that if
a € A then there exists i € {1,2,...,s} and v € (Z>()" such that
«a = (i) + v then Theorem holds.

(a) Assume that Dickson’s lemma holds (see Theorem [2.3.3). Then, the

monomial ideal I = (z* | & € A) must be finitely generated. So,

I = (z*M ... 2*¢)) for some finite s € Z-y. Now assume that o € A.
Then, z® € I. By Lemma[2.3.1] there exists i € {1,2,..., s} such that
@]z, Consequently, there exists v € (Zso)" such that o = a(i) + 7.

(b) Assume that there exists a(1),...,a(s) € A such that if @ € A then
there exists ¢ € {1,2,...,s} and v € (Z>o)" such that a = «a(i) + . We will
show that [ = (2% | a € A) = (x*M) ... %)), Since 2% € [ for

i€ {1,2,...,s}, (x*M . 2o C T

Now assume that f = >""_, a;2"9) € I, where 5(p) € (Zxo)". By
assumption, for j € {1,2,...,p}, there exists i; € {1,2,...,s} and
vj € (Zso)"™ such that 5(j) = a(i;) + ;. So,

p p
F= S a3 gt
j=1 J=1
Since %) € (% | a € A), the terms of f

a;xz0) € (2 | o € A).

By Lemma 2.3.2) f € (z* | a € A). Therefore, I C (z*M, ... 2*®)) and the
monomial ideal I must be finitely generated, which in turn gives Dickson’s
lemma in Theorem [2.3.3 O

Finally, we will single out a particular basis for a monomial ideal.

Theorem 2.3.6. Let k be a field and I C k[zy,...,x,] be a monomial
ideal. Then, there exists a unique finite basis ™0, ... ™) of I such that
I=(z*W . . 220)) and ifi,j € {1,2,...,5} are distinct then % does
not divide x*U).

Proof. Assume that k is a field and I C k[zy,...,x,] is a monomial ideal.
By Dickson’s lemma (see Theorem [2.3.3)), I is finitely generated so that
I = (M .. 2*®) for some t € Zsy.
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If 22 divides 2@ for some p,q € {1,2,...,t} then we can discard z*(@
from the basis and the resulting set still generates I. By doing this, we
obtain a basis 2*M), ..., %) such that if 4,5 € {1,2,...,s} are distinct
then 2*® does not divide 20,

To see that the basis 1, ..., 2*®) is unique, assume that %M . 2F® ig
another basis for I such that if 7,5 € {1,2,...,u} are distinct then 2°®
does not divide 2°Y). By Lemma , there exists j; € {1,2,...,t} such
that 2700 |z*M) But since 2°01) € I, there exists £, € {1,2,...,s} such
that xa(’fl)]mﬁ(jl). Consequently, :Ua(fl)]xo‘(l), but due to the construction of
the basis for I, ¢, = 1 and 2?01 = g,

By repeating this argument, we find that if i € {1,2,..., s} then there
exists j; € {1,2,...,t} such that 2%V = 22 So,

{a(1), ... a(s)} C{B®A),.... B(u)}.

By interchanging the roles of the two bases for I and repeating the above
argument, we also have {3(1),...,8(u)} C{a(l),...,a(s)}. Hence,
{B(1),...,Bw)} = {a(l),...,a(s)} and so, the basis z1) ... 2°() of I is
unique. L]

The unique basis of a monomial ideal in Theorem is called a minimal
basis.

2.4 The Hilbert basis theorem and Grobner
bases

Recall that Dickson’s lemma (see Theorem is a special case of the
Hilbert basis theorem, which states that k[xy,...,z,] is a Noetherian ring
— every ideal of k[xy, ..., z,] is finitely generated. We will begin this
section by using Dickson’s lemma to prove the Hilbert basis theorem. The
idea is to use the fact that with a monomial ordering on k[z1,. .., x,], every
polynomial f € k[xy,...,z,]| has a unique leading term LT'(f).

Definition 2.4.1. Let I C k[zy,...,x,] be a non-zero ideal and fix a
monomial ordering on k[z1, ..., x,]. Define

LT(I) = {cx® | There exists f € I — {0} such that LT(f) = cz®}
We denote by (LT(I)) the ideal generated by the elements of LT'(1).
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It is tempting to claim that if I = (f1,..., fs) then

(LT(I)) = (LT(f1),...,LT(fs)). Since LT(f;) € LT(I) where
i€{1,2,....s}, LT(f;) € LT(I) C (LT(I)). So,

(LT(f1),...,LT(fs)) € (LT(I)). But, the ideal (LT(I)) can be strictly
larger than (LT(fy),...,LT(fs)), as the following example demonstrates.

Example 2.4.2. We work in the polynomial ring k[z,y]. Let
I = (2° — 2xy, 2%y — 2y* + x). We impose the grlex ordering on k[x,y], with
z >grlem Y. Then7

rv(2*y — 2% + x) —y(a® — 22y) = 2% € L.
So, #? = LT (x*) € (LT(I)). However, x* is not divisible by either
LT (23 — 2xy) = 23 or LT (2%y — 2y* + ) = 2%y. By Lemma [2.3.1]
2? & (LT (2® — 2xy), LT (2*y — 2y* + x)). Therefore,
(LT(1)) # (LT(:* — 2y), LT(a — 27 + 1),

The point of defining the ideal (LT'(I)) from an ideal I C k[xq, ..., z,] is
that (LT(I)) is a monomial ideal, providing the perfect setup for Theorem
2.9.9)

Lemma 2.4.1. Let I C k[xy,...,x,] be a non-zero ideal. Then, (LT(I)) is
a monomial ideal and there exists g1, ...,9: € I such that

(LT(I)) = (LT(g1), -, LT (g:))

Proof. Assume that I C k[zy,...,x,] is a non-zero ideal.

To show: (a) The ideal (LT(I)) is a monomial ideal.

(b) There exists g, ..., g: € I such that (LT(I)) = (LT (g1),...,LT(g¢)).
(a) For arbitrary g € I — {0}, the leading monomials LM (g) generate the

monomial ideal (LM (g) | g € I —{0}). Since LM (g) and LT(g) differ by
multiplication by a constant, we find that

(LM(g) [ g € I ={0}) = (LT(g) [ g € I = {0}) = (LT(1)).

Hence, (LT'(I)) is a monomial ideal.
(b) From part (a), (LT(I)) is a monomial ideal generated by the monomials

LM(g) for g € I — {0}. By Dickson’s lemma (see Theorem [2.3.3]), there
exists gi1,...,9: € I — {0} such that (LT(I)) = (LM (g1),...,LM(g:)).
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Again, since LM (g) and LT'(g) differ by multiplication by a constant, we
find that

(LT(I)) = (LM(g1), ..., LM(gr)) = (LT(g1), - ., LT(g¢)).
[l

Lemma and Theorem are the key ingredients to the proof of the
Hilbert basis theorem, which we finally prove below.

Theorem 2.4.2 (Hilbert basis theorem). Let n € Z~o and
I Cklxy,...,xz,) be an ideal of klxy, ..., x,]. Then, I is finitely generated.

Proof. Assume that n € Z-o and I C k[xq,...,z,] is an ideal of
klxi,...,z,]. Suppose that we have a monomial ordering > on klxy, ..., z,].
If I is the zero ideal then I is generated by the single element 0 € k.

So, assume that [ # 0. Since we have a monomial ordering on k[xy, ..., z,],
we can construct an ideal of leading terms (LT'(I)). Using Lemma 2.4.1]
there exists g1,...,g: € I such that (LT(I)) = (LT (g1),...,LT(g:)). Notice
that we have the containment of ideal (gy,...,g;) C I by construction.

To show: (a) I C (g1,...,9:).

(a) Assume that f € I. By Theorem [2.2.1] there exists
Qs e, € k[z1, ..., 2,] such that

f=qan+ - +qg+r

To show: (aa) r = 0.

(aa) Suppose for the sake of contradiction that r # 0. By Theorem [2.2.1] r
is a k-linear combination of monomials, none of which are divisible by any
of the leading terms LT (g1), ..., LT (g;). Observe that

r=f—qog—-—qg <l

This means that LT (r) € (LT(I)) = (LT (g1),...,LT(g:)). By Lemma
there exists j € {1,2,...,t} such that LT(g;)|LT(r). But this
contradicts the assumption that r is a k-linear combination of monomials,
none of which are divisible by any of the leading terms LT (g1), ..., LT (g:).
So, r = 0.
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(a) Since r =0, f € (g1,...,9:) and I C (g1,...,G1)-

Consequently, I = (g1, ..., g;) and the ideal [ is finitely generated. O]

With Theorem [2.4.2] we have completely solved the ideal description
problem for k[xy, ..., z,]. The proof of Theorem hinged on the fact
that there exists gi,...,¢: € I such that (LT(1)) = (LT(¢1),...,LT(g:)).

The generating set {g1, ..., ¢:} is clearly special and deserves its own
definition.
Definition 2.4.3. Let k[zy,...,x,] be equipped with a monomial order.

Let I C k[zy,...,x,] be a non-zero ideal. We say that a finite subset
G={q,...,q:} of I is a Grobner basis if

(LT (1)) = (LT (1), - - -, LT(g1)).

Note that we define the empty set () to be the Grobner basis of the zero
ideal 0.

By Lemma [2.3.1] a finite subset G = {g¢1,...,¢:} of I is a Grébner basis if
and only if the leading term of any non-zero element of I is divisible by
some LT'(g;).

A consequence of Theorem is that every ideal I C k[xq,...,z,] has a
Grobner basis and any Grobner basis is a basis (generating set) for /. What
is not clear at the moment is how to construct a Grobner basis. This will be
discussed in the next section where we investigate Buchberger’s algorithm.

As mentioned previously, Theorem [2.4.2] can be reformulated to the
statement that k[xy,...,z,] is a Noetherian ring. Let us make this
translation precise.

Definition 2.4.4. Let R be a commutative ring. We say that R is
Noetherian if for any ascending chain of ideals in R

LChLCchBC---CI,C...
there exists k € Z~( such that if ¢ € Z>y, then I, = Ij.

Theorem 2.4.3. Let R be a ring. Then, the following are equivalent:
(a) R is a Noetherian ring.
(b) Every ideal of R is finitely generated.
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Proof. First, assume that R is a Noetherian ring so that R satisfies the
ascending chain condition. We will prove this by contrapositive. So,
suppose that there exists an ideal J of R which is not finitely generated.
Pick r, € J. Since J is not finitely generated, r R # J as ideals in R and
subsequently, there exists ro € J\r;R. Since J is not finitely generated,
r1R+ ryR # J and so, there exists r3 € J\(r R + mR).

By continuing this argument, we create an infinite ascending chain of ideals

MRCrHR+mRC--CY rRC...
i=1
where each inclusion is strict. This demonstrates that R is not Noetherian.

Conversely, assume that every ideal of R is finitely generated. Suppose that
we have the following ascending chain of ideals

LCLC---CLC... (2.1)

Observe that the set (J,~, [; is an ideal of R. This is because if

J1:J2 € Ujsq Li then there exists k € Zsq such that ji, j» € I, due to
equation . Hence, by assumption, |J,~, /; must be finitely generated.
Suppose that 71,79, ...,7, € R such that

rMR+rR+ - +raR =1

i>1

as ideals. Since ry,719,...,7,, € Uizl I;, there exists t € Z~ as a result of
equation (2.1 such that ry, 7y, ...,y € I;. Hence, ;5 I; C I;. But by
definition, I; C (J;, I; and consequently, I; = {5, I;- So, for all s > t,

LeLc|Jh=1

i>1
Therefore, I; = I and the ascending chain in equation ([2.1)) terminates. [
By Theorem [2.4.3| and the Hilbert basis theorem in Theorem [2.4.2

klxy,...,x,] is a Noetherian ring as required. We will now give an example
of a Grobner basis.

Example 2.4.5. Here is a well-known example of a Grobner basis. Let
A = (a;;) € Mpxn(R) be a matrix in row echelon form and
J C R[xy,...,x,] be an ideal generated by the polynomials
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n
E aijwj
j=1

for i € {1,2,...,m}. We claim that the generators form a Grobner basis for
J, with respect to a specific lexicographic order on R[xq, ..., 2,].

Supose that the j” column of A corresponds to the variable z; for
j€{1,2,...,n}. On the polynomial ring R[zy,...,x,], we impose the
lexicographic order with x1 >.; o >jer ++ >1ex Tn. The leading term of a
generator 22:1 a;jz; is therefore,

LT(Z a;;x;) = min }{[L’g | a;p # 0}.

- e{1,2,....n
Jj=1

Now suppose that f € J — {0}. Then, there exists polynomials
D1y, Pn € Rlxy, ..., 2,] such that

f =p1(2auxj) +"'+pn(2@m‘l‘j)~
=1 =1

Since A is in row echelon form, if k£, ¢ € {1,2,...,n} are distinct then
LT (Y25, arjry) > LT(30_, agj). So, the leading term of f is

LT(f) = LT(p1)LT() _ ayjx;)

Jj=1

which is divisible by LT'(3_7_, a;x;). Hence, the generators for .J

O agzi [ Le{1,2,... ,n}}
j=1

form a Grobner basis for J.

Before we investigate the properties of Grobner bases further, we will
discuss a second, geometric consequence of Theorem We are able to
talk about the affine variety defined by an ideal I C klxy, ..., z,].

Definition 2.4.6. Let n € Z- and I C k[xy,...,z,] be an ideal. Define
V(I) to be the set

V(I)={(a,...,a,) € K" |If f €I then f(ay,...,a,) =0}.
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Generally a non-zero ideal I C k[zy, ..., z,| contains infinitely many
polynomials. However, Theorem tells us that the set V(I) can still be
defined by a finite set of polynomial equations because [ is finitely
generated.

Lemma 2.4.4. Let n € Z~y and I C klzy,...,x,] be an ideal. Then the set
V(I) is an affine variety. In particular, if I = (f1,..., fs) then

V) =V(f1,- - fs)-

Proof. Assume that n € Z-o and I C k[xq,...,z,] is an ideal. Assume that

V(I)={(a,...,an) € K" | If f €I then f(ay,...,a,) =0}.

By Theorem [2.4.2] there exists a finite set of polynomials {fi,..., fs} in
klxi,...,z,] such that I = (fy,..., fs). We claim that V(I) = V(f1,..., fs)

To show: (a) V(fi,...,fs) CV(I).

(b) VI) S V(fi,- s fs)

(a) Assume that (by,...,b,) € V(f1,..., fs) so that if i € {1,2,...,s} then
fi(b1, ..., b,) = 0. Now, assume that g € I. Then, there exists polynomials
Pi,-..,Ds € k1, ..., 2, such that g = p1f1 + - - + psfs. Note that by
assumption,

g(br,. - bn) = > pi(b,...,b,)(0) = 0.
Therefore, (by,...,b,) € V(I) and_V(fl, o fs) C V(D).

(b) Assume that (cy,...,¢,) € V(I). If h € I then h(cy,...,c,) = 0. Since
fi,-. o, fs €1, filer,...,cn) =0 fori e {1,2,...,s}. Therefore,
(Cl, c. ,Cn) € V(fla' . -afs) and V(I) g V(fl?' . .,fs).

Combining parts (a) and (b) together, we find that V(I) =V (fi,..., fs) as
required. O
2.5 Properties of Grobner bases

In order to reinforce why Grobner bases are important and useful, we will
prove some important properties Grobner bases satisfy. Firstly, if we divide
a polynomial f € k[z1,...,x,] by a set of polynomials {f1,..., fs} which
form a Grobner basis then the remainder we obtain is unique.
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Theorem 2.5.1. Let I C k[xq,...,x,] be an ideal and G = {g1,...,q:} be
a Grébner basis for 1. If f € k[xq,...,x,] then there ezists a unique

r € k[zy,...,x,] such that no term of r is divisible by any of
LT(g1),...,LT(g:) and there exists g € I such that f =g+ .

Proof. Assume that I C k[zy,...,x,] is an ideal and G = {g1,...,¢:} is a
Grobner basis for I. Assume that f € k[zy, ..., z,]. By Theorem [2.2.1]
there exists polynomials ¢, ..., q,r € k[z1,...,x,] such that

f=qan+ - +aqg+r

where either » = 0 or no term of r divides LT(gy), ..., LT (g:). Note that
G191 + -+ qg: € 1. Hence, it remains to show that r € klzy, ..., z,] is
unique.

To show: (a) r € k[zy,...,x,] is unique.

(a) Assume that f =g+r=¢ + ', where g,¢ € I and r,7" € k[xq,...,2,]
are polynomial with no terms dividing LT(¢),..., LT (g;). Suppose for the
sake of contradiction that r # r’. Then, r — 1’ = g — ¢’ € I and the leading
term

LT(r—7r")e (LT()) = (LT(q1),---,LT(g1)).

By Lemma [2.3.1] there exists i € {1,2,...,t} such that LT (g;)|LT(r —1').
This contradicts the assumption that the terms of r and " are divisible by
none of the LT(gy),...,LT(g;). So, r = 1’ and the remainder r must be
unique. ]

Note that as a consequence of Theorem [2.5.1} the remainder

r € k[zy,...,x,] we obtain after dividing a polynomial f by a Grébner
basis {g1, ..., ¢:} remains unique even if we switch the order of the
generators gi, ..., g;.

Note that the uniqueness in Theorem [2.5.1] only applies to the remainder.
The quotient polynomials ¢, ..., ¢ in the division algorithm can still
change if we switch the order of the generators gy, ..., g;. Let us peruse an
example of this observation.

Example 2.5.1. We will work in the polynomial ring k[z,y, z]. We impose
the lexicographic order on k[x,y, z|, declaring that & >, ¥ >jer 2. The set
G ={z+ z,y — z} forms a Grobner basis. We will divide xy by z + z and
y — z in two different ways. Firstly, we have
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Next, we switch the order of the generators for G and then divide zy again.
We obtain

Observe that the remainder stays the same, in accordance with Theorem
However, the polynomials ¢;, ¢; in both computations differ.

As a consequence of Theorem [2.5.1], we have

Theorem 2.5.2. Let I C k[xy,...,x,] be an ideal and G = {g1,...,g:} be
a Grébner basis for I. Let f € k[xq,...,x,]. Then, f € I if and only if
when we divide f by g1, ..., g using the polynomial division algorithm, the
remainder r is zero.

Proof. Assume that I C k[zy,...,x,] is an ideal and G = {g1,...,¢:} is a
Grobner basis for 1.

63



To show: (a) If f € I then the remainder is zero when f is divided by
gi,---, 3¢

(b) If the remainder is zero when f is divided by g1, ..., ¢g; then f € I.

(a) Assume that f € I. Then, there exists polynomials

Q-5 € kl[z1,...,2,] such that f = qg1 + -+ - + qg;- Note that f €T
satisfies f = f 4+ 0. By Theorem we find that if we divide f by
J1,- -, g¢ then 0 must be the remainder.

(b) Assume that if we divide f by g1,...,g; then the remainder is zero.
Then, there exists ¢, ...,q € k[z1,...,x,] such that f = ¢ g1 + -+ + @G-

Consequently, f € I. m
Theorem actually provides us with a solution to the ideal membership
problem in k[zy,...,xz,]|, but this is under the assumption that given an
ideal I C k[zy,...,x,], we can construct a Grobner basis for I using an

algorithm. As we have mentioned before, this will be dealt with in a
separate section.

Definition 2.5.2. Let f € k[xy,...,2,] and F = (f1,..., fs) be an ordered

s-tuple consisting of polynomials f; € k[z1,...,x,]. Define fF to be the
remainder when we divide f by the polynomials in F' (beginning from left
to right).

If F' happens to be a Grobner basis then we can regard F' as a set since
changing the order of the elements in a Grobner basis does not affect the
remainder by Theorem [2.5.1

Suppose that I = (fi,..., fs) € k[z1,...,z,]. The main obstruction to
{f1,--., fs} being a Grobner basis is that there could be polynomial
combinations of fi, ..., fs whose leading terms are not in (LT(I)). One way
this can occur is if the leading terms in a suitable combination cancel,
leaving the smaller terms behind (with respect to a monomial ordering on
klxi,...,2,]). The purpose of S-polynomials is to study this type of
cancellation.

Definition 2.5.3. Let f,g € k[z1,...,x,] be non-zero polynomials.
Suppose that multideg(f) = a and multideg(g) = (. Let
v= 1,y ) € (Z>p)" where for i € {1,2,...,n},

Vi = max(ai, 51')-
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The monomial z7 is called the least common multiple of LM (f) and
LM(g). It is denoted by

&7 = lem(LM(f), LM(g)).
The S-polynomial of f and g is the combination

x7 x7

(! T Irg)”

As explained in [CLO15], a S-polynomial is designed to produce
cancellation of the leading terms. The next important lemma demonstrates
that every cancellation of leading terms arising from polynomials of the
same multidegree originates from the cancellation which is artificially
produced by S-polynomials.

S(f.g9) =

Lemma 2.5.3. Let s € Z~o and suppose that we have a monomial ordering
on klxy, ..., x,). Forie{1,2,... s}, let p; € klzy, ..., x,] with
multideg(p;) = 8. If multideg(};_, pi) < 6 then Y ;_, p; is a k-linear
combination of the S-polynomials S(p;,p) for j,l € {1,2,...,s}. Also,
multideg(S(pj, pi)) < 9.

Proof. Assume that for i € {1,2,...,s}, we have p; € k[z1,...,x,] where
multideg(p;) = §. Assume that multideg(d;_, pi) < 6.

For i € {1,2,...,s}, let d; = LC(p;) so that LT(p;) = d;z°. Since
multideg(d> "7 p;) <0, Y ;_; d; = 0. By definition, the S-polynomial of p;
and p; is

20 x° 1 1

S(pipj) = wpi - ij = d—ipi - d_jpj-

Using the S-polynomials, we compute directly that
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s—1 s—1 1 1
> diS(pi,ps) = Zdz(d_pz - d—ps)
i=1 i=1 ¢ s
s—1
d;
dy+ -+ dy
= (p1+ - +ps1) — — g “ps

d
= (p1+"'+psfl)+_sps

ds
= Zpi-
i=1

Hence )7, p; can be expressed as a k-linear combination of S-polynomials
S(pi, ps). It is obvious from the expression that S(p;, ps) has multidegree
less than ¢, which completes the proof. n

Buchberger’s criterion uses S-polynomials to tell us when a basis is a
Grobner basis.

Theorem 2.5.4 (Buchberger’s criterion). Let I C k[xq,...,x,]. Let
G=A{q,...,q:} be a basis for I so that I = (g1,...,9:). Then, G is a
Grébner basis of I if and only if for distinct pairs i,j € {1,2,...,t}, the
remainder on division of S(g;, g;) by G (listed in some order) is zero.

Proof. Assume that I C k[zq,...,x,] is an ideal. Assume that
G ={q1,...,q:} is a basis for I so that I = (g1,...,9).

To show: (a) If G is a Grobner basis for I then for distinct pairs
i,j €{1,2,...,t}, the remainder on division of S(g;, g;) by G (listed in
some order) is zero.

(b) If for distinct pairs 4,j € {1,2,...,t}, the remainder on division of
S(9i,9;) by G (listed in some order) is zero then G is a Grébner basis for I.

(a) Assume that G is a Grobner basis for I. Assume that i,j € {1,2,...,t}
are distinct. Then, the S-polynomial S(g;, g;) € I. By Theorem [2.5.2] we
find that if we divide S(g;,9;) by g1,...,¢: (in any order) then the
remainder is zero.
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(b) Assume that 4,5 € {1,2,...,t} are distinct and that if S(g;, g;) is
divided by gy, ..., g; in some order then the remainder is zero. Assume that

fel—{0}
To show: (ba) LT(f) € (LT(g1),-..,LT(g:))-

(ba) Since f € I — {0}, there exists polynomials h; € k[zy,...,x,] (with not
all of them zero) such that

[ =higr +haga+ -+ huge.
We know that the multidegree satisfies

multideg(f) < max{multideg(h;g;) | hig; # 0}.

The idea of the proof is that there are multiple representations of f as a
sum 22:1 h;g;. We pick a representation such that the quantity

d = max{multideg(h;g;) | hig; # 0}

is minimal. Since any monomial ordering on k[zy,...,z,] has the
well-ordering property, the minimum ¢ does exist. Of course, we still have
multideg(f) < d. We now divide the proof into two cases:

Case 1: multideg(f) = 9.

If multideg(f) = ¢ then multideg(f) = multideg(h;g;) for some
ie{l,2,...,t}. So, LT(g;)|LT(f). Consequently,

LT(f) € (LT(g1), - .-, LT(g¢)). So, (LT(I)) = (LT(g1), - .., LT(g:)) and
consequently, G is a Grobner basis for 1.

Case 2: multideg(f) < 9

Suppose for the sake of contradiction that multideg(f) < 6. Write
f= Zle h;g;, where the quantity ¢ is minimal. The idea is to break up
this sum so that

f= Z higi + Z higi.

multideg(h;g;)=0 multideg(h;g;)<0

By breaking up the first sum even further, we have
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f= > LT(hi)gi+ Y, (hi=LT(hi)gi+ Y higi-

multideg(h;g;)=9 multideg(hig;)=9 multideg(h;g;)<d

Note that the monomials appearing in the second and third sums above all
have multidegree less than 6. Since multideg(f) < 0, the first sum must
also have multidegree less than ¢.

We recognise that the first sum

Z LT (h;)g:

multideg(h;g;)=0

is a sum of polynomials p; = LT'(h;)g; with multidegree § and the
multidegree of the sum is less than §. By Lemma the sum is a
k-linear combination of the S-polynomials S(p;,p;). By a direct
computation, we have

S(Pi,pj) = S(LT(hi)gs, LT(hj)gj)
56’6 I(s
= IT(h)g — ———LT(h;)g;
x5 J

- ml’,‘r(m)gi B LT(hj)LT(gj)
= xé( !

LT (hy)g;

1
ITg)" ~ T7(g)"

— 1-5_’71']'(

x%‘j $%‘j )
gi — gj
LT(g:) LT(g;)™
= 277 5(g, g5)

where 27 = lem (LM (g;), LM(g;)). Now take one of the S-polynomials
S(¢9i,9;). By assumption, we can apply the polynomial division algorithm
to divide S(g;,95) by g1, .., g: to obtain

t
S(9i95) = ZAlgl
=1
where A; € klzy,...,z,] and if A;g; # 0 then

multideg(Aig;) < multideg(S(g;, g;)). Multiply both sides of the equation
by 277 to obtain
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t
S(pip;) = 2" 8(gi,9;) = Y _ Bugi
=1
where B; = 2977 A;. If B;g; # 0 then

multideg(Byg;) < multideg(x‘s_%fS(gi,gj)) <0
because LT(S(gi,95)) < lem(LM(g;), LM (g;)) = z7%.

It follows that the first sum in the expansion of f can be written as

t
Z LT<hi)gi = Z Blgl
=1

multideg(h;g;)=0

where if B,g, # 0 then multideg(Blgl) < 6. So,

t
f=> B + > (hi—LT(hi)gi + > higi-
=1 multideg(hig;)=9 multideg(h;g;) <0
is a linear combination of ¢y, ..., g; where all the terms have multidegree
less than §. However, this contradicts the assumption that o was minimal
amongst all representations of f as a linear combination of ¢1,..., g;.

Therefore multideg(f) = 6 and the second case can never occur. This
completes the proof. n

Unsurprisingly, Buchberger’s criterion in Theorem forms the basis for
the Buchberger algorithm in the next section. Buchberger’s algorithm is
sometimes called the S-pair criterion.

Example 2.5.4. In this example, we will use Buchberger’s criterion. We
will work in the polynomial ring R[z,y, z|. Let I = (y — 2%,z — 2*). We
claim that G = {y — 2%, 2 — 2®} is a Grobner basis, where we impose
lexicographic order on Rz, y, z] with y > z > x.

To see that the claim is true, note that there is only one S-polynomial to
consider by Theorem [2.5.4]. Tt is
Sly—a*z—1°) = %(y — %) — %(z — %) = —z2® + y2®.
y z

By applying the polynomial division algorithm, we obtain
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Sy — 2%,z —1°) = —z2® + y2* = 2°(y — 2*) + (—2%)(z — 2%) + 0.
Since the remainder is zero, Theorem tells us that GG is a Grobner

basis for 1.

We now claim that G is not a Grobner basis for [ if we impose lexicographic
order on R[z,y, z] with > y > z. We compute the S-polynomial as

3 3
S(y—a* z—12°) = _x—ﬁ(y—xQ)—_x—xg(z—m?’) = —gy+ri+2—2 = —zy+2.

But this time, if we apply the division algorithm, we obtain

—xy+2=0(y —2%) +0(z — 2°) + (—zy + 2).

The remainder is not zero. So, GG is not a Grobner basis with respect to the
lexicographic order with z >y > z.

2.6 Buchberger’s algorithm

Suppose that I = (fi,..., fs) is an ideal in the polynomial ring
klxy,...,xz,]. Buchberger’s algorithm provides us with a method of
converting the basis F' = {fi,..., fs} to a Grobner basis. The idea behind
this is that by Theorem , we compute the S-polynomials S(f;, f;) for
distinet 4,5 € {1,2,...s}. Then, we divide them by fi,..., fs, using the
polynomial division algorithm. If the remainder

- F
S(fi, f;) =0
then we add S(f;, f]) to F' and repeat the process. In other words, we keep
adding S-polynomials to F' until it becomes a Grobner basis for 1.

We describe Buchberger’s algorithm in detail below:

1. Suppose that I = (fi,..., f) is an ideal in the polynomial ring
klxy,...,2,). Suppose that F' = {fi,..., fs}. Set FF =G.

2. For distinct 7,5 € {1,2,...,s} where ¢ < j, compute the
S-polynomials S(f;, f;)-

3. Use the polynomial division algorithm to divide S(f;, f;) by the
polynomials in G.
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4. If there exists a distinct pair (¢, 7) with ¢ < j such that S(f;, fj)G =0,
add the S-polynomial S(f;, f;) to G and repeat the algorithm from
step 1. Otherwise, G is a Grobner basis by Theorem and the

algorithm terminates.

As with the other algorithms described in these notes, we must justify why
Buchberger’s algorithm works.

1. Does G C I hold at every step of the algorithm?

In step 1 of Buchberger’s algorithm, G = F C I. In step 4, we enlarge
G by adding the remainder S(f;, fj)G to G. If G C I then

S(fi, f;) € I and by the division algorithm, S(f;, fj)G € I. Therefore,

GU{S(f;, fj)G} C I. So, G C I at every step of Buchberger’s
algorithm.

2. Does (G remain a basis for 1?7

Since F' C [ is a basis for I and F' C G C [ at every step of
Buchberger’s algorithm, we deduce that G must be a basis for I.

3. Does Buchberger’s algorithm terminate?

Suppose that G’ is the basis we started with in step 1 and G is the
union of G' with the non-zero remainders of S-polynomials of
elements of G'. Since G’ C G, the ideals

(LT(G") € (LT(G)).

Moreover, if G’ # G then (LT(G")) C (LT(G)). To see why this is the

case, suppose that r = S(f;, fj)G # 0 is a remainder which is adjoined
to G. By Theorem [2.2.1] the leading term LT'(r) cannot be divisible
by any of the leading terms of elements in G’. By Lemma [2.3.1}
LT(r) & (LT(G")). But by assumption, LT (r) € (LT(G)). Hence,
(LT(G'))  (LT(G)).

Consequently, as we loop through the algorithm, we create a strictly
ascending chain of ideals:
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(LT(G") C (LT(Gy)) C --- C (LT(Gy)) C ...

By Theorem [2.4.2] k[x1,...,z,] is a Noetherian ring. Thus, there
exists k € Z such that if m € Zsy, then (LT(G,,)) = (LT(Gg)). By
the contrapositive of the previous claim, we deduce that

G, = G = G. Thus, Buchberger’s algorithm must terminate.

It is mentioned in [CLO15, §7] that Buchberger’s algorithm given above is
not a practical method of doing the computation. There are several
refinements of the algorithm given in [CLO15| §10], but we will not discuss

/

them here. Observe that once a remainder S(p,q) = 0, the remainder will
stay zero even if we add extra elements to G'. Hence, if we add new
generators f; to G’ one at a time, the only remainders that need to be

checked are S(fi,fj)Gl forie {1,2,...,5 —1}.

Often, we find that with Buchberger’s algorithm, the Grébner bases
constructed have unnecessary generators. We can eliminate them with the
following lemma:

Lemma 2.6.1. Let G be a Grébner basis of an ideal I C k[xq, ..., x,]. Let
p € G be a polynomial such that LT (p) € (LT(G — {p})). Then, G — {p} is

also a Grobner basis for I.

Proof. Assume that G is a Grébner basis for the ideal I C k[xq, ..., z,)].
Assume that p € G is a polynomial such that LT (p) € (LT(G — {p})).
Since G is a Grobner basis for I, (LT(G)) = (LT(I)). Since

LT(p) € (LT(G —{p})), (LT(G —{p})) = (LT(G)) = (LT(I)), which
means that G — {p} is a Grobner basis for I. O

Definition 2.6.1. Let I be an ideal of k[z1,...,z,]) and G = {¢1,...,9:}
be a Grobner basis for 1.

We say that G is a minimal Grébner basis if for ¢ € {1,2,...,t}, the
leading constants LC(g;) = 1 and LT(g;) & (LT (G — {g:}))-

We say that G is a reduced Grobner basis if for ¢ € {1,2,...,t}, the
leading constants LC(g;) = 1 and no monomial in the expression for ¢g; € G
lies in (LT(G —{g:}))-

By definition, a reduced Grobner basis is a minimal Grobner basis. The
point of reduced Grébner bases is that they are unique.
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Theorem 2.6.2. Let I C k[xq,...,x,] be a non-zero ideal. For a given
monomial ordering on klxy,...,xz,|, I has a reduced Gréobner basis.
Moreover, the reduced Grobner basis is unique.

Proof. Assume that I C k[xq,...,x,] is a non-zero ideal. Assume that we
have a monomial ordering on k[xy,...,z,|. By definition of a Grébner
basis, all minimal Grébner bases for I must have the same leading terms.

Let G be a minimal Grobner basis for 1. We say that g € G is fully reduced
for G if no monomial in the expression for g lies in (LT(G —{g})). If g € G
is fully reduced for G then g must be fully reduced for any other minimal
Grobner basis G’ such that g € G’ because the leading terms of G and G’
are the same.

Now let h € G be arbitrary and set h' = M Let ¢ = (G—{h})uU{n'}.
To show: (a) G’ is a minimal Grobner basis for 1.

(a) First, we observe that LT'(h') = LT'(h). To see why this is the case, if
we divide h by the polynomials in G — {h} then the remainder h' = pet

must have LT'(h) as one of its terms because LT'(h) ¢ (LT (G — {h})) and
thus, LT'(h) is not divisible by any of the leading terms of G — {h}.

Subsequently, LT (h) = LT(h') and (LT (G")) = (LT(G)).

Notice that by construction, GG’ is a minimal Grobner basis for I and
n=n"" fully reduced for G’ by construction of G’ and Theorem m

By repeating the above process for every h € G, we obtain a minimal
Grobner basis G* for I such that every element of G* is fully reduced for
G*. Despite the fact that the Grobner basis changes every time we apply
the process, a fully reduced element stays fully reduced because the leading
terms never change throughout the entire process. Hence, G* is a reduced
Grobner basis.

We will now prove uniqueness. Suppose that G' and G* are both reduced
Grobner bases for I. Then, G and G* are both minimal Grébner bases and
hence, LT(G) = LT(G") as sets of leading terms. This means that if g € G
then there exists ¢' € G’ such that LT (g) = LT(¢').
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To show: (b) g =4’

(b) Consider the difference g — ¢’. Then, g — ¢’ € I and since G is a

Grobner basis, the remainder g — ¢’ “ =0 by Theorem . Since
LT(g) = LT(g'), these terms must cancel each other out in the difference

g — ¢'. The remaining terms in g — ¢’ are divisible by none of the leading
terms LT(G) = LT(G') because G and G’ are reduced Grobner bases.

S0, g — g’G = g — ¢’ and consequently, g — ¢’ = 0.

Therefore, a reduced Grobner basis for I must be unique. n

A major consequence of Theorem [2.6.2] is that we can now tell when two
sets of polynomials generate the same ideal. Suppose that F' = {f1,..., fs}
and G = {g1,...,q:} are two different sets of polynomials in k[xy, ..., z,].
Then, we compute reduced Grobner bases for the ideals (f1,. .., fs) and
(g1,--.,gt). If the reduced Grobner bases for both ideals are the same then
by the uniqueness of a reduced Groébner basis in Theorem [2.6.2]

(fla---7fs) = (gla'-'7gt)‘

We will end with an involved example on how to use Buchberger’s
algorithm to compute a Groébner basis and then, we will convert it to a
reduced Grobner basis.

Example 2.6.2. Let [ = (22 — y, 2% — 2) C Q[z,y]. We will compute a
Grobner basis for I using Buchberger’s algorithm. We will use the
lexicographic order on Q[x,y] with = >, v.

Let G = {z* — y, 2> — x}. We commence by computing the S-polynomial

S(a® —y,2° —x) =a(2* —y) — (2° —2) = —wy + 2.
Notice that the leading term LT (—zy + x) cannot be divided by either
LT(z2 —y) = 22 or LT(z* — ) = 2®. Therefore, —zy + z° = —xy + z and
consequently, we add the polynomial —zy + x to G.

Now we have two more S-polynomials to compute. These are

S —y,—zy+ ) =y(a® —y) + x(—ay +2) = 2> —y°

and
S(x* —x,—ay+2) =y —2) +2*(—vy +2) = 2° — 29.
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3 2

—a
Note that 22 — zy~ = 0 because z° — zy = z(z* — y). So, we can discard
the polynomial 23 — xy from our computations. On the other hand,

——G
2 — 2 =yt +y.
So, we add 2% — y? to the set G and then repeat Buchberger’s algorithm.

Continuing in this fashion, we find that a Grébner basis for [ is

G={a*—y,2’ —z,—zy +z,2° —y*,y" —y,—zy +y°}.
Let us now find a reduced Grobner basis for I. First, we want all the

leading coefficients of each generator to be 1. So, we multiply each
generator in G by an appropriate constant so that

G={2"—y,2* -,y — 22> -y’ > —y, 2y — y*}.

Next, we remove any redundant generators, in accordance with Lemma
For instance, 2% — y? is redundant because

LT(2* —y?) = 2% € (LT(G — {2* — 3*})) = (2%, 2%, 2y, 9°, 2y).

Hence, we remove 22 — y? from G so that

G={2"—y,2°—z,0y — 2,9 —y, 2y — y*}

The other redundant generators in G are z° — z and zy — y3. We are left

with G = {2? — y,zy — x,y* — y}. Straight from the definition, we check
that G is a reduced Grobner basis for 1.

As a quick check, we can use Theorem to show that
2?2 —y,x° —x € (2 —y,zy — x,y* — y). We already know that
2> —y € (22 —y, vy — x,y*> — y). By the polynomial division algorithm, we

find that

2? —x = x(2® —y) + 1(zy — ).

Since the remainder is zero, we deduce that z° —x € (22 —y, 2y — z,y*> — y).
So, I C (2* —y,zy — x,y* — y) as expected.
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Chapter 3

An introduction to elimination
theory

3.1 The elimination and extension theorems

Similarly to [CLO15, Chapter 3, §1], we will commence with an example in
order to establish what elimination theory is all about.

Example 3.1.1. Suppose that we want to solve the system of equations

2?+y+z = 1,
Ty +z
r+y+22 = 1

I
—_

The idea is to consider the ideal

I=@+y+z—lo+y’+z—Lz+y+2>—1)

generated by these equations. We impose lexicographic order on k[z,y, 2|
with © >, ¥y > 2. By using Buchberger’s algorithm, we find that a
Grobner basis for 1 is

G={oty+22—1,9°—y—22+2 222 +2* — 22,25 —42* +42° - 22}

Hence, the original equations are satisfied if and only if the generators of G
are equal to zero. In particular, we have the equation

A4t 4P - = (- 1) (P 422 -1) =0

which has solutions z = 0, 1, —1 + v/2. If we substitute these values into the
equations
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2yt + 2t —22=0 and v —y—22+z2=0
then we can solve for the values of y. Once we obtain the values of y, we

substitute them into the equation = + y + 2% — 1 in order to obtain the
values of . The five solutions turn out to be

(z,y,2) = (1,0,0),(0,1,0),(0,0,1), (=1 £ v2, =1 £ V2, -1 £ V/2).

In the above example, we accentuate two key steps which allowed us to solve
the system of equations. Firstly, we have the elimination step. We were
able to obtain an equation where the LHS was a polynomial in z and the
RHS was 0. This allowed us to isolate the variable z and solve for it first.

Secondly, we have the extension step. Once we solved for z, we were able to
extend the solutions to solve for y and then solve for x. The key concept
behind elimination theory is that these two steps can be generally executed.

We will first explain why the elimination step works. We require the
following definition.

Definition 3.1.2. Let I C k[zy,...,x,] be an ideal. For ¢ € {1,2,...,n},
the /" elimination ideal, denoted by I, is defined as the ideal of
kX, ..., 2]

]g =1IN k‘[(L’g_H, . ,ZEn].

If I =(f1,...,fs) then the elimination ideal I, consists of all consequence of
fi=---=fs =0 which eliminate the variables x1,...,x,. It is easy to
check that I, is an ideal of k[zyi1,...,2,]. We define Iy = I as the zeroth
elimination ideal.

So, if we want to solve the simultaneous equations f; = --- = f; = 0 then
eliminating the variables x1, ..., x, is the same as computing non-zero
polynomials in the ¢/** elimination ideal. The elimination theorem tells us
that with a Grobner basis, this is very easy to do.

Theorem 3.1.1 (Elimination theorem). Let I C k[z1,...,x,] be an ideal
and let G be a Grobner basis of I. Impose the lexicographic order on
klxy,...,z,) where x1 > x9 > -+ > x,. If £ € {0,1,...,n} then the set

Gy =GNklre,. ..,z

is a Grobner basis for the (" elimination ideal I,.
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Proof. Assume that I C k[xq,...,x,] is an ideal and that G is a Grobner
basis for I. Assume that ¢ € {0,1,...,n} and that G, = GNk[zeq, ..., 2]
We claim that (LT (Gy)) = (LT(1;)). Since Gy C I, (LT(Gy)) € (LT(1y)).

To show: (a) (LT (L)) € (LT(Gy)).

(a) Assume that f € I,. We want to show that there exists g € G, such
that LT (g)|LT(f). Since f € I, there exists ¢’ € G such that
LT(¢")|LT(f). Recall that we imposed lexicographic order on k[xq,. .., 2]
with &1 >ep ++* >z Tn. Since LT(f) € k[zos1, ..., z,], the lexicographic
order ensures that LT(¢’) € k[xpy1,. .., x,] and subsequently, that

g € k[zesq, ..., x,]. Therefore, ¢’ € Gy satisfies LT'(¢")|LT(f). So,

f e (LT(G,)) and (LT(Ly)) € (LT(Gy)).

So, (LT'(Iy)) = (LT(Gy)), which means that Gy = G N k[zs4q, ..., 2, is a
Grobner basis for the elimination ideal I,. O

By Theorem [3.1.1] the elimination step can be carried out easily, provided
that we have a Grobner basis (with the lexicographic order). Even with
Buchberger’s algorithm, constructing such a Grobner basis is easier said
than done. Sometimes, the Grobner bases can be quite unwieldy to work
with (see [CLO15, Chapter 2, §10, Exercise 13]). Versions of the
elimination theorem exist which use more efficient monomial orderings than
the lexicographic order.

Next, we will discuss the extension step. Let I C k[xy,...,x,] be an ideal
and

V(I)=A{(a1,...,a,) € K" | If f €I then f(ay,...,a,) =0}

be the affine variety associated to I. The idea behind the extension step is
to build a solution to our system of equations by considering one variable at
a time. Let £ € {1,2,...,n}. A point (apy1,...,a,) € V() is called a
partial solution to the original system of equations.

To extend (agy1,--.,a,) to a complete solution, we must add an extra
variable to the solution, which amounts to finding a; such that

((lg, Qpt1y--- 7an) S V(Ié—l)'

I, 1="(g1,---,9) in kl[zy,...,x,] then we want to find solutions x, = a,
of the equations
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g1(Ie,ae+17 cee 7%) == gr(l‘baub e ,an) = 0.

Here, we run into a few problems. It might be the case that the
polynomials gy, ..., g, do not have a common root, which means that some
partial solutions might not extend to complete solutions.

Example 3.1.3. Here is a simple example from [CLOT5]. Suppose that we
want to solve the system of equations

ry = 1,
rxz = 1.

Let I = (zy — 1,2z — 1) € k[x,y, z]. A Grobner basis for the first
elimination ideal Iy is G; = {y — z}. Hence, the partial solutions to the
system of equations are given by (a,a) for a € k. These partial solutions
extend to a complete solution (z,y,2) = (a™', a,a), except for the partial

solution (y, z) = (0,0).

The extension of partial solutions is also sensitive to the field we are
working over.

Example 3.1.4. Here is another example from [CLO15]. Suppose that we
have the equations

2 _
r- =Y,
2 = =z

The partial solutions are (y, z) = (a,a) for a € k. These partial solutions
extend to complete solutions, provided that £ = C. However, if £k = R then
only the solutions with a > 0 extend to complete solutions.

The above example suggests that the extension theorem should, at the very
least, be stated for an algebraically closed field.

Let us provide the necessary context for the extension theorem. Suppose
that we eliminate just the first variable z;. We want to know if a partial

solution (ag, ...,a,) € V(I;) can be extended to a complete solution
(ay,aq,...,a,) € V(I). The extension theorem tells us when this can be
done.

Theorem 3.1.2 (Extension theorem). Let I = (fi,..., fs) € Clzy, ..., z,)
be an ideal and let Iy be the first elimination ideal of I. Ifi € {1,2,...,s}
then write f; in the form
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fi=ci(za,. .. ,xn)xf[l + (terms where x1 has degree less than N;).

Here N; € Z~qo and ¢; € Clxg, ..., x,]| are non-zero polynomials. Let
(ag,...,a,) € V(1) be a partial solution. If (as, ..., a,) & V(cy,. .., cs)
then there ezists a; € C such that (a1, as, ..., a,) € V(I).

We will defer the proof of Theorem to a later, separate section. The
proof we will give uses Grébner bases. For now, we will address the
conditions of Theorem and demonstrate how it can be applied to solve
systems of equations.

We have already established from Example why Theorem [3.1.2] is
stated for the algebraically closed field C, rather than R or Q. Next, we will
talk about why we insist that (as,...,a,) & V(ci,...,cs) in Theorem [3.1.2,

The point is that in Theorem if i € {1,2,...,s} then ¢; is the leading
coefficient of the polynomial f; with respect to the variable z;. So, the
condition (ag,...,a,) & V(cy,...,cs) tells us that if we substitute

(9, ...,T,) = (ag,...,a,) into the polynomials ¢, ..., ¢cs € k[xa, ..., z,)
then cy, ..., cs cannot vanish simultaneously.

To illustrate this point, let us return to Example [3.1.3] The only partial
solution we could not extend to a complete solution was (y, z) = (0,0). If
we substitute (y, z) = (0,0) into the leading coefficients y and z (with
respect to the variable x) then they both vanish. This establishes that if
the leading coefficients ¢y, . .., ¢y vanish simultaneously on a partial solution
then Theorem [3.1.2] may fail.

Finally, let us explain why the extension theorem can be used when
eliminating any number of variables.

Theorem 3.1.3. Let I C klxy,...,x,] be an ideal and ¢ € {1,2,...,n}.
Let Iy C klwgyq, ..., x,) be the (' elimination ideal. Then, Iy, is the first
elimination ideal of 1.

Proof. Assume that I C k[zy,...,x,] is an ideal and ¢ € {1,2,...,n}.
Recall that the ¢*" elimination ideal satisfies

][ =1IN k’[l’g_H, ce ,xn].
Then,
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Iy =10 k[, ..., 7,
= (INklxe1, ..., xn)) NE[Tesa, ..., 20
:Igﬂk}[l‘g+2,...,$n].

Hence, Iy, is the first elimination ideal of I,. O

We will see how Theorem [B.1.3] allows us to use the extension theorem to
extend partial solutions for any number of variables by considering an
example.

Example 3.1.5. We will work in the polynomial ring Clz,y, z]. Suppose
that we want to solve the system of equations

TYZ = 1.

Let I = (2* + 9% + 2% — 1,2yz — 1). A Grobner basis for I with respect to
the lexicographic order on C[z,y, 2| (with x >y > z) is

G={y'"2?+ 92" — 22+ 1,0+l 4y — g2l
Let gy = y*2? + %2 — 9?22 + 1 and go = v + y32 + y2* — y2z. By Theorem
the elimination ideals I; and I5 are
Il = (91) and [2 =0.

Note that V(Iy) = V(0) = C. So, every ¢ € C is a partial solution to the
above system of equations.

By Theorem |3.1.3] I is the first elimination ideal of I;. We write g; in the
prescribed form of Theorem (3.1.2;

g1 =2"(y") + (2" — "7 + 1),
The leading coefficient of ¢g; with respect to the variable v is 22, which only
vanishes if z = 0. By Theorem [3.1.2} if ¢ € C — {0} then there exists b € C
such that (b,¢) € V(1) and (y, z) = (b, ¢) is a partial solution to our
original system of equations.

Now, [, is the first elimination ideal of I. Let us again verify that Theorem
applies here. First, we write 22 + y? + 22 — 1 and 2yz — 1 in the forms

required by Theorem [3.1.2}
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42— 1=1)+ (P + 22— 1)

and

ryz — 1 =yz(z) — 1.

The leading coefficients of 22 + 3? + 2% — 1 and xyz — 1 with respect to the
variable x are 1 and yz respectively. Note that V(1,yz) = 0 since the first
leading coefficient is constant. Since the partial solution

(b,c) € C x (C—{0}), (b,c) € V(1,yz) = 0. By Theorem there exists
a € C such that (a,b,c) € V().

Therefore, all partial solutions z = ¢ € C — {0} extend to complete
solutions (z,y, z) = (a, b, ¢) of the original system of equations, which are
points in the affine variety V(I).

Example |3.1.5| also tells us that it is particularly easy to use the extension
theorem when one of the leading coefficients involved is a constant. We
state this as a corollary.

Corollary 3.1.4. Let I = (f1,...,fs) € Clxy,...,z,] be an ideal and let I
be the first elimination ideal of 1. Suppose that there exists i € {1,2,...,n}
such that

fi = c;xdi + (terms where x, has degree less than N;)

where N; € Zwg and ¢; € C. Let (ag, ..., a,) € V(I1) be a partial solution.
Then, there exists a; € C such that (ay,as,...,a,) € V(I).

Together, the elimination and extension theorems (Theorem and
Theorem respectively) show that if we have a system of equations and
we work in polynomial ring Clz, ..., z,| with lexicographic order (and

x1 > xe > -+ > 1,) then we can prove that under specific circumstances,
partial solutions extend to complete solutions. Of course, constructing the
complete solutions is an entirely different question to demonstrating the
existence of complete solutions. Most of time, numerical approximation
methods (Newton-Rhapson for instance) are needed to compute the
necessary roots required for the method to work.

3.2 Geometric interpretation of elimination

We will work over the field C. In this section, we will highlight geometric
interpretations of the elimination theorem (Theorem [3.1.1)) and the
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extension theorem (Theorem [3.1.2)). Geometrically, the elimination theorem
corresponds to projecting an affine variety to a lower dimensional subspace.

In order to make this precise, assume that V =V (f1,..., fs) C C" is an
affine variety. For £ € {1,2,...,n — 1}, define the projection map

Ty cr — Ccr¢
(a1,...,a,) = (@p1,...,0p)
We want to relate the image (V) to the £*" elimination ideal I,.
Lemma 3.2.1. Let I = (f1,..., fs) C Clzy,...,z,) be an ideal. Let

V =V(fi,...,fs) be the affine variety associated with I. Let
(e€{1,2,...,n—1}. Then, in C"*,

m(V) CV(1y).

Proof. Assume that I = (f1,..., fs) C Clzy,...,x,] is an ideal and
V =V (f1,...,fs) is the affine variety associated with /. Assume that
re{1,2,....n—1}.

Assume that (a1, ..., a,) € m(V). Then, there exists (ay,...,a,) € C"
such that if i € {1,2,...,s} then

filay,aq,...,a,) =0

and my(ay,...,a,) = (a1, ..,a,). Now assume that
p€ ly=INk[xyq,...,x,). Sincep € I = (f1,..., fs), there exist
polynomials ¢, . ..,qs € k[z1,...,x,] such that

p(xf—i-la s 7xn) = ZQi(xh s 7xn)fi<xla s 7xn)-
=1

Substituting (z1, za, ..., x,) = (a1, a9, ... ,a,) into the above equation, we
find that

s

P, .-y an) = Z%‘(@h coan) filag, ... a,) = 0.

i=1
Therefore, (agi1,...,a,) € V(1) and consequently, m (V') C V (I,). O

Similarly to the previous section, points of the affine variety V' (I,) are
called partial solutions. By [3.2.1] we can write the image m,(V') as
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There exists ay,...,a € C} (3.1)

(V) = {(agﬂ, coan) € V(L) ‘ such that (a1,...,a,) €V

The points of m,(V') are partial solutions which extend to complete
solutions. To illustrate this point, let us use Example |3.1.3| again.

Recall that in Example [3.1.3] we want to solve the system of equations
zy = 1,
rz = 1.

Again, let I = (zy — 1,xz — 1). The partial solutions are given by the affine
variety

V(L) ={(y,2) €C* |y = z}.
The image of the affine variety V =V (zy — 1,2z — 1) under the projection
map m; : C> — C? which projects to the latter two coordinates is

(V) = {(a,a) € C* | a # 0}.

Notice that m; (V) cannot be an affine variety because (0,0) & (V). This

leads us to the geometric interpretation of the extension theorem, which in
this context, tells us how close the set of extendable partial solutions (V')
is to being an affine variety.

Theorem 3.2.2 (Geometric extension theorem). Let

I=(f1,...,fs) CClxy,...,x,] be an ideal. Let V =V (f1,...,fs) CC" be

the affine variety associated to I. Fori € {1,2,...,s}, let ¢; € Clxg, ..., x,]
be the leading coefficient of f; with respect to the variable x1 (see Theorem

. Let I, be the first elimination ideal of I. Then, in C*1,

V(L) =m(V)UV(e,...,cs) NV (1))

where m; : C* — C"~! is the projection map onto the last n — 1 coordinates.

Proof. Assume that I C C[zy,...,x,], V C C" and I; are defined as above.
To show: (a) V() Cm(V)U (V(cy,...,cs) NV (1L)).

() m(VYU (V(cr, ... cs) N V(L)) € V().
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(a) Recall that the points in V'(I;) are partial solutions to the system of
equations f; = --- = f, = 0. Pick any point a € V(I;). Then, a either
extends to a complete solution or it does not. Hence, there are two cases to
consider.

Case 1: Suppose that a € V(I;) such that a extends to a complete solution
to the system of equations f; = --- = f; = 0. By equation (3.1f), this means
that a € m (V).

Case 2: On the contrary, suppose that a € V(I;) does not extend to a
complete solution. By the contrapositive statement of Theorem [3.1.2] this
means that a € V(I;) NV (cy, ..., cs5).

By combining the two cases together, we find that
V(L) Cm(V)U(V(c,...,cs) NV (L)).

(b) Observe that V(I;) NV (cy,...,c) € V(I;) and by Lemma [3.2.1]
7T1(V) Q V(Il) Therefore, 7r1(V) U (V(Cl, c. ,CS) N V([l)) Q V(Il>

By combining parts (a) and (b), we deduce that

T (VYU (V(er,...,c) N V(L)) = V()

as required. O

As stated in [CLO15], Theorem tells us that 71 (V) fills up the affine
variety V' (1), except possibly for a part which lies in V(¢y, ..., cs). What is
not clear in Theorem is how big V(ey, ..., cs) is. If we take Example
again, the affine variety V(cy,...,c;) is in this case, {(0,0)}, which is
quite small.
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The closure theorem gives us more information about the size of (V)
relative to V(1).

Theorem 3.2.3 (Closure theorem). Let I = (f1,...,fs) C Clzy,...,x,] be
an ideal. Let V =V (f1,..., fs) € C" be the affine variety associated to I.
Let £ € {1,2,...,n — 1} and I, be the (" elimination ideal of I. Let m;
denote the projection map

Ty - Ccn — crt
(a1,...,a,) = (Qpg1y--.,0n)
Then, V(1;) is the smallest affine variety containing m,(V")

ccC
Moreover, if V # () then there exists an affine variety W C V(I) such that
V(I)\W C (V).

The proof of Theorem is provided in [CLO15, §4]. The closure
theorem gives us a precise structure for the image (V). There exists affine
varieties Z; C W; C C** for i € {1,2,...,m} such that

m

m(V) =W\ 2).

i=1
The closure theorem is stated for the field C, but just like the extension
theorem, it holds over any algebraically closed field.

3.3 A proof of the extension theorem

We begin with the necessary terminology.
Definition 3.3.1. Let f € k[xy,...,x,] be non-zero. Write f in the form

f=cs(ra,...,2,)2Y + (terms where x; has degree less than N).

where N € Z>q and ¢y € k[x, ..., z,] is non-zero. Define deg(f, 1) = N. If
f = 0 then we define ¢y = 0.

Definition 3.3.2. Fix a monomial order on k[xy,...,z,]. Let
G=A{q,....,q} Cklxy,...,z,]. We say that f has a standard
representation with respect to G if there exists polynomials
Ay, ... Ay € k[xq, ..., x,] such that

=410+ + Ag.

In the standard representation above if A;g; # 0 then we must have
multideg(f) > multideg(A;g;).
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We require the following lemma regarding the quantity deg(f, z;) and the
polynomial cy.

Lemma 3.3.1. Suppose that we impose lexicographic order on k[xq,. .., x,]
with x1 > -++ > x,. Let f = 22:1 Ajg; be a standard representation.

1. .[f Ajgj 7é 0 then deg(f, Il) Z deg(Ajgj,xl).
2. If N = deg(f,x1) then

f = E : €A;Cy;-

deg(Ajgj,x1)=N

Proof. Assume that f = 22:1 A,g; is a standard representation and that
we have the lexicographic order on k[xy, ..., x,]. First, observe that if
A,g; # 0 for some j € {1,2,...,¢} then

deg(AJgijl) S 'E{IIHZaX }deg<AJg]7xl> = deg(f,$1)-
j 2,...,n

Next, assume that N = deg(f,x1). The polynomial ¢y € k[xs, ..., x,]
satisfies

f=cp(zg,...,x,)z) + (terms where z; has degree less than N).

Since f = Zle A;gi, we collect all the terms on the RHS which has degree
N with respect to ;. The result is

§ : Cajg; = § : €A;Cy;-
deg(Ajgj,a:1):N deg(Ajgj,xl):N

Therefore, by comparing terms with degree N (with respect to z;), we find
that

f= Z €A;Cy;-

deg(Ajgj,x1)=N
UJ

The proof of the extension theorem hinges on the following theorem, which
tells us how Grobner bases with the lexicographic order interact with
certain partial solutions.
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Theorem 3.3.2. Let I C k[xy,...,x,|, where we impose the lexicographic
order on kl[zy,...,x,] with xy > -+ > x,. Let G={g1,...,q:} be a
Grébner basis for I. For j € {1,2,...,t}, let ¢j € k[za,...,x,| and

N; € Z>o be such that

gj = cj(xa, ... )21 + (terms where xy has degree less than N;).

Assume that a = (ag,...,a,) € V(1) is a partial solution such that
ag Ve, ...,c;). Then, there exists g, € G such that

1. The leading coefficient ¢, € k[za, ..., x,] satisfies c,(a) # 0,

2. go has minimal degree (with respect to x1) among all elements g; € G
with ¢;(a) # 0,

5. deg(go(z1, a)) > 0,
4. If go(ay, @) = 0 for some a; € k then (a1, a) € V(I),
5. {f(x1,a)| f €I} =(go(x1,a)) as ideals in k[z,].

Proof. Assume that I C k[zy,...,x,] is an ideal and G = {g1,...,¢:} is a
Grobner basis for I. Consider the set

{9; € Gl ¢j(a) #0}
where ¢; € k[xs, ..., x,] is the leading coefficient of g; with respect to the
variable z1, a = (ag,...,a,) € V([;) and a & V(cy, ..., ).

Since the set {g; € G | ¢j(a) # 0} is finite, we can always choose a
polynomial g, € G from this set such that deg(g,,x1) is minimal amongst
all the polynomials in the set {g; € G | ¢;(a) # 0}. By construction, the
leading coefficient ¢, must satisfy ¢,(a) # 0.

To show: (a) deg(g,(z1,a)) > 0.

(b) {f(z1,2) | f € I} = (go(21, 2)).

(c) If go(as,a) = 0 for some a; € k then (a;,a) € V(I).

(a) Suppose for the sake of contradiction that deg(g,(z1,a)) = 0. Since
co(a) # 0, deg(go, 1) = 0. Hence, g, € I and ¢, = g,. Since a € V(I3),



which contradicts the assumption that c,(a) # 0. So, deg(g,(x1,a)) > 0.

(b) Consider the evaulation map

eva s klry,...,x,] — k[x]
flz1,29,...,2,) +—  f(x1,a).

This is a ring homomorphism. The image of I under ev, is the ideal

€Ua<]) = <91<I17a)7 s ,gt<l’1,a)) C k[‘rl]

Notice that eva(I) = {f(x1,a) | f € I'}. Hence, it suffices to show that if
Jj€{1,2,...,t} then g;(x1,a) € (go(z1,)).

To show: (ba) If j € {1,2,...,t} then g;(z1,a) € (g,(x1,a)).

(ba) Assume that j € {1,2,...,t}. We proceed by induction on the degree
deg(g;,z1). For the base case, assume that deg(g;,z1) < deg(go,z1). By
construction of g,, this means that either ¢;(a) = 0, which means that g;
drops x;-degree when evaluated at a, or g; vanishes identically when
evaluated at a.

Let d, = deg(g,,a). Suppose for the sake of contradiction that there exists
g; € G such that deg(g;,z1) < d, and gj(x1,a) # 0. Among all the g;, pick
a polynomial g, € G which minimises the decrease in x;-degree when
evaluated at a. Set 0 = deg(gp, z1) — deg(gs(z1,a)) so that the x;-degree of
gy drops by § when we evaluate at a.

For clarity, we will introduce even more notation. Set d, = deg(gy, x1) so
that deg(gy(x1,a)) = dp — 0. Define the polynomial S € I by

do—d do—d d d
S = coxl® gy — bgo = o1 P(ep® +...) —aplcxi + ).

Since the leading terms in coxilofd” and ¢g, cancel in the subtraction above,

deg(S,z1) < d,. We aim to derive a contradiction by computing
deg(S(z1,a)) in two different ways:

Method 1: We first proceed via the direct route — evaluate S(z1, ..., x,)
at a and then compute the degree. We obtain

S(zy,a) = co(a)xil"*d do—d

"gy(71,a) — cp(a)go(T1, @) = co(@)zy” “gp(w1,a).
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This is because ¢y(a) = 0 (the degree of g, drops when evaluated at a).
Recall that by definition of g,, ¢,(a) # 0 and

deg(5<x17 a)) = do - db + deg(gb(xh a)) = dO - db + db —0= do — 0.

Method 2: Consider a standard representation S = Z;zl Bjg;. Such a
standard representation exists because S € I and {g1,...,g:} is a Grobner
basis for /. By the first part of Lemma [3.3.1, we have for B; # 0,

deg(Bj, z1) + deg(g;, x1) = deg(Bjg;,x1) < deg(S,z1) < do.
Notice that by the inequality above, the g; which appear satisfy

deg(g;, 1) < d, = deg(go, ¥1). Therefore, either g;(z1,a) = 0 or the
x1-degree of g; drops by at least 6 upon evaluation at a. Therefore,

deg(Bj(x1,a)) + deg(g;(z1,a)) < deg(Bj, x1) + deg(g;, 1) — 0 < dy — 0.

Here we implicitly used the fact that a € V(ey, ..., ¢) so that at the very
least, one of the g; must drop in x;-degree by at least ¢.

Consequently,

deg(S(z1,a)) < max(deg(Bj(x1,a)) + deg(g;(z1,a)) < dy — 9.

However, in Method 1 we proved that deg(S(z1,a)) = d, — §. This gives
our desired contradiction. Hence, if g; € G then either d(g;,z1) > d, or
gj(x1,a) = 0. The first case will be addressed in the inductive step. The
second case tells us that g;(z1,a) € (¢go(21,a)), which proves the base case.

For the inductive hypothesis, fix d > d, and assume that
gj(x1,a) € (go(z1,a)) for g; € G with deg(g;,z1) < d. Now assume that
g1 € G with deg(g;, 1) = d. Define the polynomial 7" € I by

d—d d d—d d
T =cogi — ax] “go = colcjaf +...) — cjx “(cox® +...).

Note that deg(T,x;) < d. Since T' € I, we can write it as a standard
representation 7' = 22:1 Crgr. Arguing as in the base case, we deduce that
if Bx # 0 then deg(gx, 1) < d. By the inductive hypothesis, this means
that if By # 0 then gx(z1,a) € (go(21,a)). Now write

t
cogi =T + i ™%g, = cx{ %g, + Z Cr -
=1
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Then,

t
co(a)gi(w1,a) = ci(a)af " gy(21,a) + Z By(z1,a)gr(z1,a)
k=1

The RHS is an element of the ideal (g,(z1,a)). Since ¢,(a) # 0 by
construction, we find that ¢;(z1,a) € (¢go(x1,a)). This finally completes the
induction step.

By mathematical induction, we deduce that if g; € G then
gj(xla a) € (go('rla a)) SO7

(9o(z1,2)) = (91(z1,0),..., ge(z1,2)) = {f(z1,0) | f € I}.
(c) Assume that there exists a; € k such that g,(ay,a) = 0. By part (b),

(9o(21,2)) = {f(z1,a) | f € I}.
Therefore, if g,(a,a) = 0 then f(a;,a) =0 and (ay,a) € V() as
required. O

Now we are ready to prove the extension theorem. We will do it over an
algebraically closed field k£ rather than just C. We restate the extension
theorem below for clarity.

Theorem 3.3.3 (Extension theorem V2). Let k be an algebraically closed
field and I = (f1,..., fs) C klxy,..., 2z, be an ideal and let I be the first
elimination ideal of I. Ifi € {1,2,...,s} then write f; in the form

fi = cilxa, ..., xp) 2l + (terms where 2, has degree less than Ny).

Here N; € Zq and ¢; € klza, ..., x,| are non-zero polynomials. Let
(ag,...,an) € V(I1) be a partial solution. If (ag, ... ,a,) € V(ci, ..., cs)
then there exists ay € k such that (ay,as, ..., a,) € V(I).

Proof. Assume that I C k[zy,...,x,] is an ideal and G = {g1,...,¢:} is a
Grobner basis for I with respect to the lexicographic order on klzy, ..., z,]
with 1 > «-- > x,. Set a = (ag,...,ay).

To show: (a) There exists g; € G such that ¢, (a) # 0.

(a) Since a € V(cq, ..., cs), there exists i € {1,2,...,t} such that ¢;(a) # 0.
Write the polynomial f; € I with its standard representation
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t
fi= Z Ajg;.
j=1

Since ¢; = ¢4, and N; = deg(fi, 1), we can invoke the second part of

Lemma [3.3.1] to deduce that
¢ = Z CA,Cq, -
deg(A;g;,21)=N;
Since ¢;(a) # 0, there exists a c,, appearing in the LHS such that ¢y, (a) # 0.
Now we can apply Theorem to obtain g, € G with deg(g,(x1,a)) > 0.
Since k is algebraically closed, there exists a; € k such that g,(a;,a) = 0.

As yet another consequence of Theorem m, (ay,a) € V(I). This proves
the extension theorem for an algebraically closed field. O]
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Chapter 4

The Hilbert Nullstellensatz

4.1 The weak Nullstellensatz

Recall that if V' C k™ is an affine variety then we can construct the ideal

I(V)={f €k[zy,...,x,]) | If a € V then f(a) = 0}.

Conversely, if I C k[zy,...,x,] then we can define the set

V(I)={aek™|1If f €l then f(a)=0}.

By the Hilbert basis theorem (see Theorem [2.4.2)), there exists
fi,-., fs € klxy, ..., z,) such that I = (f1,..., fs). Consequently,

V(I)={ack"|Ifie{1,2,...,s} then f;(a) =0}

is an affine variety. Thus, we have a map

{Ideals} <> {Affine varieties}
I = V(1)
V) <« V

We know that the above map is not one-to-one. For instance, if
I = (1+ 2% and I, = (1 + 2* + 2?) are ideals in R[z] then
V(L) =V(l)=0.

The above example shows that it is possible to have different ideals
represent the empty variety. However, if we work in an algebraically closed
field then this problem goes away for the single variable case. To see why
this is the case, recall that k[z] is a PID. So, if I C k[z] is an ideal then
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I = (f) for some f € k[z].

The affine variety V' (I) is the set of roots of f. Assuming that k is
algebraically closed, we deduce that every non-constant polynomial in k[z]
has a root. Therefore, if V(I) = () then f € k — {0}. Consequently,
I'=(f)= (1) =k[z]. So, I = k[z] is the only ideal of k[z| such that

V(I) = 0.

The weak Nullstellensatz asserts that this also happens in the multivariable
case. Note that in the proof we give, we will use a particular result in
[CLO15] without proof.

Theorem 4.1.1 (Weak Nullstellensatz). Let k be an algebraically closed
field and let I C k[xq,...,x,] be an ideal such that V(I) = 0. Then,
I =Fklzy,... 2,

Proof. We will prove the contrapositive of the statement. Assume that
I C k[xy,...,x,) is an ideal of k[z1,...,x,] which is not equal to
klxy,...,xz,] itself. Assume that k is an algebraically closed field.

Before we proceed, let us establish some terminology. Given a € k and
feklxy,. ...z, let f= f(xr,...,20-1,a) € k[xy,...,2,-1]. Define the
ideal

Li—a={f|f €T}

For clarity, I,,—, is an ideal of the polynomial ring k[z1, ..., 2z, 1].

Now we claim that there exists a € k such that I, —, C k[z1,...,2,_1]
Before we prove the claim, note that if we prove the claim then we can
iteratively use the claim to generate elements aq, ..., a, € k such that the

ideal

[xnzan ~~~~~ z1=a; C k.

Since k is a field, I, —4, .. 21—a; = 0 and consequently, (ai,...,a,) € V(I).
So, V(I) # 0, which is the statement we want to prove.

To show: (a) There exists a € k such that I, —, C k[z1,...,2,1].

(a) There are two cases to consider.
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Case 1: I Nklz,] # {0}.

If I Nk[z,) # {0} then let f € I N k[z,] be non-zero. Note that f must be
non-constant as otherwise, 1 € I N k[x,] C I which contradicts the
assumption that I # k[zy,...,z,).

Now since k is algebraically closed, we can write

f= CH(% —b;)"™

where ¢, by,...,b. € k and ¢ # 0. Suppose for the sake of contradiction that
L —p, = k[zy,...,¢pq] for i€ {1,2,...,r}. If i € {1,2,...,r} then there
exists B; € I such that B;(z1,...,2,-1,b;) = 1. A quick computation
reveals that

1= Bi(.iljl, Ce 7xn—17bi) = Bi(l'l, ey 1, Ty — (.CEn — bz)) = Bl +AZ(£En — bl)

for some A; € k[xy,...,xz,]. Since this holds for i € {1,2,...,r}, we deduce
that

r

1= [(Ai(zn =)+ B)™ = A [(zn — b)™ + B
=1 =1

where A = [[/_, A™ and B € I. But,

1=A]J(@n—b)™+B=Ac"f+Bel
=1

So, I = k[zy,...,z,]|, which contradicts the assumption that
I # k[xq,...,x,]. Therefore, there exists b; € k such that
I, —p, # k[z1,...,2,_1]. This proves the claim in this particular case.

Case 2: I Nklx,] = {0}.
Assume that I N k[z,] = {0}. Let G ={g1,...,9:} be a Grobner basis for [
where we impose lexicographic order on k[zy, ..., x,] with 2y > -+ > x,.

Write

gi = ci(xy)x* 4 (Terms with degree less than %)

where ¢;(z,) € k[z,] is non-zero and z® is a monomial in z1,...,Z,_1.
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Next, pick a € k such that if ¢ € {1,2,...,t} then ¢;(a) # 0. This is
possible because algebraically closed fields such as k are infinite. The ideal

I, —o C k[xq,...,2,_1] has basis given by
{517527 cee 7§t}
where g; = gi(z1,...,2,_1,a). If we substitute x,, = a into our previous

expression for g;, we find that LT(g;) = ¢;(a)z® because ¢;(a) # 0.

We claim that if i € {1,2,...,t} then LT(g;) is non-constant. Suppose for
the sake of contradiction that LT(g;) = ¢;(a)x® is constant. Then, % =1
and ¢g; = ¢; € I Nk[z,] = 0. This contradicts the fact that ¢;(x,) # 0. So,
LT(g;) is non-constant.

To show: (aa) {gy,...,g,} forms a Grébner basis for I,, .

(aa) Assume that g;, g; € G and compute the S-polynomial

S(i, 95) = cj(@n)x"™ Y g; — ci(w,) " Y g
In the above expression, the subtraction v — «; is done entrywise. Also,
27 = lem(z®, 2%). By construction of S(g;, g;), ¥ > LT(S). This can be
seen clearly once we write

S(gi,9;) = ¢j(zn) "% (ci(@n)x® + ... ) — ci(@n)x" ™% (¢j(xy)z™ 4+ ...).

Since S(g;, ;) € I, we can express it using the standard representation

t
S(gi,95) = Z Aigr-
=1

By substituting x,, = a, we find that

t

¢j(a)z?™g; — ci(a)x”"g; = S(gi, 9;) = Z Aig;.
=1

Now LT(g;) = c¢i(a)x™ which means that S(g;, g;) is the S-polynomial
S(9:,9;); up to the non-zero constant c;(a)c;(a). If Ayg; # 0 then

7 > LT(S) > LT(Algl)
Therefore, if A;g, # 0 then
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27 > LT(Ag).

Since 27 = lem(LM(g;), LM (g;)), S(g;,7;) has a lcm representation for
i,7 €{1,2,...,t} (see [CLO15, Chapter 3, §9, Definition 5]). So,
{G1,--.,0,} is a Grobner basis for I, —,. This uses [CLO15, Chapter 2, §9,
Theorem 6.

(a) Since {gy,...,7,} is a Grobner basis for I, —,, 1 € I, _, because 1 is
not divisible by any of the non-constant leading terms LT(g;). Therefore,
I, —o # k[z1,...,2,-1], which proves the claim in part (a) and gives the
desired result. O

In the statement of the weak Nullstellensatz in Theorem [£.1.1] set k = C.
In this sense, the weak Nullstellensatz can be thought of as a generalisation
of the fundamental theorem of algebra to multivariable polynomials
because it (informally) states that every system of polynomials which
generates an ideal strictly smaller than C[zy,...,z,] must have a
common zero in C".

Before we proceed to Hilbert’s Nullstellensatz, let us describe an
application of Theorem [4.1.1l The consistency problem asks whether a
system of polynomial equations f; = --- = f; = 0, where

fi,--, fs € Clxy, ..., x,], has a common solution in C".

By Theorem [4.1.1], the polynomials do not have a common root in C" if and
only if V(f1,...,fs) =0ifand only if 1 € (f1,..., fs). It is easy to verify
that {1} is the unique reduced basis of the ideal (1) = k[x1, ..., z,]. Thus,
we devise the following algorithm to solve the consistency problem.

1. Suppose that fi,..., fs € C[xq,...,2,] and we want to determine if
the equations f; = fo = --- = f;, = 0 have a common solution in C".

2. Let I = (f1,...,fs). Compute the reduced Grobner basis G for I.
3. If G = {1} then there is no common solution in C". If G # {1} then
there exists (ay,...,a,) € V(f1,..., fs) such that
filay,...,a,) == fs(ay,...,a,) = 0.
Actually, the above algorithm is valid over any algebraically closed field

because Theorem holds for an algebraically closed field.
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Example 4.1.1. Let J = (2 + y* — 1,y — 1) C Clx, y] be an ideal. We
impose lexicographic order on Clz, y] with & >, y. We want to use the
algorithm described previous to determine whether the equations
2., .2 _ _
r4+y"—1=0 and y—1=0
have a common solution in C?. The first step is to compute a reduced

Grobner basis for J. Let G = {22 +4*> — 1,y — 1}

We begin with Buchberger’s algorithm. We compute the S-polynomial

S@+y—lLy—1)=y@*+y’" - 1)—2*(y—-1) =2>+¢° —y.

If we divide 22 + 3 — y by the polynomials in G, we obtain the remainder

e
?+yi—y =0.

Thus, Buchberger’s algorithm terminates and we deduce that
G = {2? + y* — 1,y — 1} is a Grobner basis for J. In particular, it is a
minimal Grobner basis.

However, GG is not a reduced Grobner basis because the term
y> € (LT(y — 1)) = (y). Following the proof of Theorem [2.6.2) we compute
the remainder

x4+ y? — i3

By Theorem [2.6.2) G’ = {z? y — 1} is a minimal Grobner basis for J. We
can check directly from the definition that G’ is the desired reduced
Grobner basis for J.

Now since G’ = {z%,y — 1} # {1}, the weak Nullstellensatz (see Theorem
4.1.1)) tells us that the equations

2 +yP—-1=0 and y—1=0
have a common solution, which is (z,y) = (0,1) € C%
With this information, we will now answer the question in [CLO15,
Chapter 4, §1, Exercise 2] by finding a polynomial f € I(V(J)) such that
f & J. First, we have

V(J)={(z,y) €C*|2® +y* —1=0,y - 1 =0} = {(0, 1)}
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and

I(V(J)) ={f € Clz,y] | f(0,1) = 0}.

Observe that the polynomial zy € I(V(J)). We claim that zy ¢ J. If we
divide zy by the polynomials in the reduced Grobner basis G’ = {22,y — 1},
we obtain the remainder

!
7Y = .

Since 7% # 0, we can invoke Theorem to deduce that zy & J as
required.

4.2 A proof of Hilbert’s Nullstellensatz

Even though we have the weak Nullstellensatz in Theorem [4.1.1] the
correspondence between ideals and affine variety is still not one-to-one,
even if we work over an algebraically closed field such as C. For instance,
the affine varieties V(z) = V(2%) = {0} C C. As a multivariable example,
V(z? y) = V(z,y) = {(0,0)} C C2. The issue here is that a power of a
polynomial vanishes on the same set as the original polynomial. That is, if
f€klxy,...,x,] and m € Zsq then V(f) = V(f™).

The Hilbert Nullstellensatz states that over an algebraically closed field £,
the above reason is the only reason why different ideals can give the same
variety.

Theorem 4.2.1 (Hilbert’s Nullstellensatz). Let k be an algebraically closed

field and f, f1,..., fs € klxy, ..., x,]. Then, f € I(V(f1,...,fs)) if and only
if there exists m € Z~qo such that

fme(f17-~~7fs>'

Proof. Assume that k is an algebraically closed field and
fafl:"'afs € k'[xla'--:mn]'

To show: (a) If there exists m € Z-( such that f™ € (f1,..., fs) then
f € I(V(flv .- 'afs))‘

(b) If f € I(V(fi1,...,fs)) then there exists m € Z-, such that
fme <f17"'7f8)'
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(a) Assume that there exists m € Z such that f™ € (fi,..., fs). Then,
/™ must vanish on V'(fi,..., fs). Consequently, f must also vanish on

V(fla"~7f8) and f S I(V(fhafs))

(b) Assume that f € I(V(fi,..., fs)). Consider the ideal

I'=(fi,.... fo 1= yf) Cklzi, ..., z0,y).
To show: (ba) V(I") = 0.

(ba) Let (ay,...,a,41) € k"™, There are two cases to consider here.

Case 1: Suppose that (aq,...,a,) € k™ is a common zero of fi,..., fs. Since

fellV(fi,...,fs), fla,...,a,) = 0. So,

l—yf=1—ap1f(ar,...,a,) =1%#0.
Consequently, (aq,...,an,11) & V(I').

Case 2: Now suppose that (aq,...,a,) is not a common zero of fi, ..., fs.
Then, there exists i € {1,2,...,s} such that f;(ai,...,a,) # 0. By
considering f; as a polynomial in x4,...,z,,y, we have

fi(ah e O, anJrl) 7& 0. Therefore? (ah cee 7an+1) ¢ V(I/>

We combine the two cases above to show that if (aq,...,a,41) € k™t then
(a1,...,an11) € V(I'). Therefore, V(I') = 0 as claimed.

(b) Since V(I') = (), the weak Nullstellensatz (see Theorem [4.1.1)) tells us
that 1 € I'. There exists p1,...,ps,q € k[z1,...,z,,y] such that

1= (sz(mb s 7xnay)fl) + q(xl? s 7$nay)(1 - yf)
i=1

Let y =1/f(z1,...,2,). Then,

1= Zpi(mb <oy Iy, 1/f)fz
=1

Think of the RHS as a rational function, whose denominators involve
powers of f. Choose m € Z- sufficiently large so that multiplying both
sides by f™ clears denominators on the RHS. So,
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=0 A
i=1

for some polynomials A; € klzy,...,z,|. Therefore, f™ € (f1,..., fs) as
required. O]

4.3 Radical ideals and the strong
Nullstellensatz

One question remains unanswered by the Hilbert Nullstellensatz in
Theorem — what type(s) of ideals are ideals of an affine variety? The
key observation lies with the following lemma.

Lemma 4.3.1. Let V C k™ be an affine variety and m € Z~gy. 1If
fmrel(V) then f e I(V).

Proof. Assume that V' C k™ is an affine variety and m € Z~(. Assume that
frelI(V). If ae€ V then (f(a))™ = 0, which holds if and only if f(a) = 0.
Hence, f € I(V). O

The property of an ideal of an affine variety given in Lemma [4.3.1] is
important enough to warrant its own definition.

Definition 4.3.1. Let R be a commutative ring and I C R be an ideal.
We say that [ is radical if the following statement is satisfied: If m € Z+,
fe€Rand f" €1 then f € 1.

Lemma tells us that the ideal of an affine variety (V) is a radical
ideal. Theorem tells us that an arbitrary ideal J fails to equal
I(V(J)) if J contains integer powers f™ of a polynomial f ¢ I — that is, if
J fails to be a radical ideal. This statement hints at a strong connection
between affine varieties and radical ideals. To elucidate this, we require the
following definition.

Definition 4.3.2. Let I C k[z1,...,x,] be an ideal. The radical of I,
denoted by VI, is the set

VI ={feklxy,..., x| There exists m € Zsq such that f™ e I'}.

The radical of ideals is still an ideal, as the following lemma suggests.
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Lemma 4.3.2. Let I C k[xy,...,x,]. Then, VI is an ideal in k[x1, ..., x,]
such that I C \/I. Moreover, \/I is a radical ideal.

Proof. Assume that I C k[zy,...,z,] is an ideal and /T is the radical of 1.
To show: (a) I C /1.

(b) VT is an ideal of k[z1, ..., x,].

(¢) VT is a radical ideal.

(a) Assume that f € I. Then, f € v/I because f = f' € I. Therefore,
ICVI

(b) First, assume that f, g € V/I. Then, there exists m,n € Z-q such that
f™e I and g™ € 1. Consider the polynomial

(f+gmmt= > .

m+n—1 (m +n— 1
/=0

) ffgm—i—n— 1—¢ ]

If ¢ € {1,2,...,m — 1} then ffg™*~1=¢ € [ because g" € I. If
(e{mm+1,...,m+n—1} then ffgm+"~1=¢ € [ because f™ € I. Hence,
(f +g)™t" ' € I and consequently, f 4+ g € V1.

Now assume that h € k[zy,...,x,]. Since f™ € I, (hf)™ =h"f™ € I.
Therefore, hf € VI. So, VI is an ideal of klxy, ..., 2y,

(c) Assume that p € k[z1, ..., x,], m € Zsg and p™ € v/I. We want to show
that p € v/I. Since p™ € VI, there exists n € Z, such that

(p™)* = p™ € I. Since mn € Z satisfies p"" € I, we deduce that p € v/T.
So, VT must be a radical ideal. O

Now we can restate Theorem in terms of ideals. The following
theorem is often referred to as the strong Nullstellensatz.

Theorem 4.3.3 (Strong Nullstellensatz). Let k be an algebraically closed
field and J C k[zy,...,x,] be an ideal. Then,

I(V(J) =VJ.

Proof. Assume that k is an algebraically closed field and J C k[xq,. .., x,]
is an ideal.
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To show: (a) v/J C I(V(J)).
(b) I(V(J)) € VJ.

(a) Assume that f € v/J. Then, there exists m € Z~ such that f™ € J.
So, f™ € I(V(J)) and by Lemma4.3.1, f € I(V(J)). So, VJ C I(V(J)).

(b) Assume that g € I(V(J)). By Theorem [4.2.1} there exists m € Z~ such
that g™ € .J. Therefore, g € v/J and I(V(J)) C V/J.

By combining parts (a) and (b), we deduce that

V() =VJ

as required. O
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