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Chapter 1

Introduction

The main goal of this thesis is to study wedge product matrices, a particular general-
isation of the determinant over a commutative ring R. To motivate the idea behind
wedge product matrices, we will begin with a brief description of the construction
of the determinant in a commutative ring.

Informally, if R is a commutative ring and A € M, y,(R) (a n x n matrix with ele-
ments in R), then its determinant det(A) is computed by taking the wedge product
of all n columns/rows of A. A natural question which stems from this is: what
happens when one takes the wedge product of only k columns/rows of A, where
ke {l,...,n—1}? By taking all possible wedge products of k columns/rows from
A, one obtains the (Z) X (Z) wedge product matrix A¥(A), a generalisation of the
determinant because A"(A) is the 1 x 1 matrix with the single entry det(A). As

such, wedge product matrices share many of the useful properties of determinants.

It should be emphasised here that wedge product matrices are commonly known
as compound matrices (see [Mul98] for instance). I decided to call them “wedge
product matrices” in order to convey the idea behind its definition.

To start the thesis, is dedicated to defining wedge product matrices and
proving some of their properties. Our first application of wedge product matrices
is the generalisation of familiar linear algebra identities, first exhibited by the ex-
tension of Laplace expansion along a single row/column to Laplace expansion along
multiple rows/columns.

In [chapter 3| we introduce the £k adjugate matrix Y™ *(A) which satisfies the
property AF(A)Y"F(A) = YT *(A)AF(A) = det(A)I(n) where A € M, x,(R),
k
ke {l,...,n — 1} and [(n) is the (Z) X (Z) identity matrix. In this manner,
k
we generalise the construction of the adjugate matrix, which is commonly used to
compute the inverse of invertible matrices (see [Rot03, Page 766-767]). We then

apply adjugate matrices to analyse quasideterminants (see [GR91, Pages 99-101])
and generalise the eigenvector-eigenvalue identity in [DPTZ20, Theorem 1].

When presented with a matrix orbit, one of the fundamental questions is to find a



representative of the matrix orbit. One way of doing this is to look for invariants —
quantities which do not change across the matrix orbit. It turns out that computing
wedge product matrices is an effective way of finding invariants. In this thesis, we
demonstrate this idea with two different matrix orbits. In[chapter 4] we analyse the
two-sided orbit space G Ly, (R)\Mpxn(R)/GL,(R), where R is a commutative ring
and in [chapter F], we investigate the matrix orbit space I's(3)\I'(3), stemming from
the principal congruence subgroups I'(3) and [',,(3). This particular matrix orbit
appeared in a minimal parabolic Eisenstein series defined in [BH86, p. 486].

Our primary method of constructing matrix representatives for the orbits in
iter 4] and [chapter 5|is termed Steinberg reduction. Steinberg used this technique in
[Ste67, §8] to provide an alternative characterisation of the Bruhat decomposition of
a Chevalley group. The specific matrices we use in Steinberg reduction are similar to
those in [Ste67, Lemma 43, Part (c)]. The general purpose of Steinberg reduction in
this thesis is to reduce a matrix A € M,,«,(0) into an upper triangular form where
0 is a PID. This is similar to what Steinberg did to prove the Bruhat decomposition
in [Ste67, Theorem 15].

A particular feature of the thesis is the wealth of examples accompanying the major
theorems. This was intended to make the thesis more accessible to students with
a background in linear algebra. Examples also assist with understanding the main
theorems of the thesis.



Chapter 2

Determinants

2.1 Definition of wedge product matrices

We will begin the thesis with Definition — the definition of a wedge product
matrix.

Definition 2.1.1. Let k,n € Z~( such that £ < n. Then, we define
Ty =A{L S {1,2,...,n} | |L] = k}.
where |L| denotes the cardinality of the set L. The set T(n) has cardinality ]T<n)\ =
k k

(v) = wosmr

Let R be a commutative ring. If n € Z-(, then R" is a free R-module, with
basis {e1,...,e,} where e; € R" is a n x 1 matrix with a 1 in the i"* entry and zeros
elsewhere.

If I ={iy,...,ix} € T(Z) then let e; = €;; A--- Ae;, where A denotes the wedge

product; i.e. if x,y € R", then xt Ay = —(y Ax). This property of the wedge product
is termed anticommutativity. The reference [Rot03], Section 9.8] provides a detailed
discussion of the exterior algebra and the wedge product.

Definition 2.1.2. Let R be a commutative ring, k € Z>o and n € Z~,. Then, the
k' exterior power of R", denoted by A\"(R") is the free R-module with basis

{eil/\--~/\ez~k|1§i1<---<in§n}:{eL|L€T(Z)}.

For k = 0, we define \°(R¥) = R.

Definition is justified by [Rot03l Theorem 9.140], where it is proved that
if M is a R-module of rank n € Z-q and k € Z, then \"(M) is a free R-module
of rank (Z) When k£ > n, /\k(R”) = 0, due to the anticommutativity of the wedge
product.



Definition 2.1.3. Let R be a commutative ring and A € M, ,,(R) so that A = (a;;).
Then, the determinant of A, denoted det(A), is the unique element of R determined
by

(iauei) A (iaﬂ@i) Ao A (i%‘n@) = (det(A))(e1 A--- Aey).

1= 1=

Let A € M,xn(R) and k € Z~y. The k' wedge product matrix A¥(A) is the
(m) X (") matrix determined by the equations

Ak(A) = Ak(A)LJ
( ) IET<7€L) ,JET(Z)

and if J = {j1,...,jk} € T(:) then

Aej = Aej, N--- N Aej, = Z (Ak(A))LJeI-

IGT(T]?)

If k> min(m,n) then A¥(A) is the 1 x 1 matrix (0).

The k' wedge product matrix A¥(A) can be thought of as a generalisation of
the determinant definition in two different ways. Firstly, A¥(A) is defined for non-
square matrices and secondly, A*(A) is constructed from the wedge product of some
(but not all) columns of the matrix A. The rows and columns of A¥(A) are indexed
by sets in T} (m and T(Z) respectively, which are usually arranged with the lexico-

graphical /dictionary order.

We have used the symbol A* to refer to a wedge product matrix and the symbol /\k
to refer to the exterior power of a R-module, despite the fact that definitions
and 2.1.3 use the same functor.

Our first endeavour is to show that the entries of A¥(A) coincide with the deter-
minants of the k x k minors of A. The result we require for this is the complete
expansion of the determinant.

Definition 2.1.4. Let n € Z-y and 0 € S,, be a permutation. Then, the sign of o,
denoted sgn(o), is an element of {—1, 1} which satisfies

eo) N Neomy = sgn(o)(er A -+ Ney).

Lemma 2.1.1. Let R be a commutative ring and A = (a;j) € Myxn(R). Then,

det(A) = Z 5gn(0)as(1),100(2),2 - - - Go(n)n

O'GSn

where sgn(o) is the sign of the permutation o € S,.



Proof. Assume that R is a commutative ring and A = (a;;) € M,x,(R). From
Definition [2.1.3], we have

det(A) = Z ajljlejl FANKIEIRIVAN Z ajmnejn
jl jn

= E 51052 G, (e A Aeg)

Jiyeensdn

= Z A5(1),106(2),2 - - - ao(n),n(eo(l) ARERNA eo(n))

UGSTL

where o € S, is the permutation given by o(k) = ji for k € {1,...,n}. Rearranging
the basis e5(1) A+ A €g(n) gives

det(A) = Z SGN(0)Ao(1),1006(2)2 - - - Gom)n(€1 A+ Aey).
O’ESn

[]

Theorem 2.1.2. Let R be a commutative ring, A = (a;;) € Mpyxn(R) and let
ke {l,...,min(m,n)}. Let J € T(m>, K € T( ) and let Ajx be the k x k matriz

formed fmm the rows indexed by J and the columns indexed by K. Then,

det(ALK) = (Ak(A))J’K

Proof. Assume that A = (a;j) € Myxn(R) and k£ € {1,...,min(m,n)}. Assume

that I = {iy,i9,...,1x} € T(n) Then, the wedge product of columns iy, s, ..., of
k

A is by Definition

Z (Ak(A))LJeL = A@il A A Aeik

LGT(m)
= E e N A E @y i €3y,
J1 Jk

&
= § : Qjy iy Qg ig - - - Ay iy, (ejl ARERRA ejk)'
JlseensJk

Let o0 € S be a permutation which maps the sequence (ji, . . ., jr) t0 (Jo(1), - - - Jo()),
where j,1) < -+ < jJox). Then, rewrite the sum over ji,...,j, as a sum over all
permutations in Sj to get

Aeh ARRERA Aeik = E : Ao 1y,i1 X2yt -+ Vo iy s (ejl ARERRA ejk)'
ocESk

By rearranging e;, A --- Aej,, we find that

Aeil ARERRA Aelk E : sgn ajgu i1 Qo 2y iz s Do) ik <ejo'(1) AR ejcr(k))'
oc€Sk

Applying Lemma to the right hand side reveals that

8



> (NH(A)pseL = Aesy Ao AN Ae;, = Y det(Ap ey (2.1)

L€T<T£) LET(G?)

Comparing the coefficients of ey, on both sides of equation (2.1)) gives det(AL ) =
(A*(A) 1. O
Example 2.1.5. Let R = 7Z and

2 -1 1
A=|(0 3 —4
7 6 -3
We want to take the wedge product of the first two columns of A. In Definition

AR

1. I is the set {1,2} (Select columns 1 and 2)

2. L represents all possible selections of two rows from the available three rows:
{1,2},{1,3} and {2.3}.

3. The possible values of e are therefore: ef; 2y = €1 A ey, eq13y = e1 Aeg and
6{273} = €9 VAN €3.

We find from Theorem 2.1.2] that

A61 VAN A€2 = Z (A2(A))L716L = Z (A2<A>>L,{1,2}€L
LET 4 LET 4
(3) (3)
= (AQ(A)){1,2},{1,2}€{1,2} + (AQ(A)){1,3},{1,2}€{1,3} + (AQ(A)){2,3},{1,2}€{2,3}
= det(A{172},{1,2}>(61 VAN 62) + det(A{173}7{1,2})(61 VAN 63) + det(A{2,3}7{172})(62 N 63)

P ne s P

o 3 [T 6

= 6(61 N 62) + 19(61 A 63) — 21(62 A 63).

0 3
(61/\63)+ 7 6 (62/\63)

We can verify this calculation by doing the wedge product calculation directly:

A€1 A A€2 = (261 + 763) N (—161 + 362 + 663)
(6—0)(eg Aeg) 4+ (12— (=T7))(ex Aez) + (0 —21)(es A e3)
6(61 N 62) -+ 19(61 N 63) — 21(62 A 63).

Aeq N\ Aey comprises the first column of

6 -8 1 (A2 (A))ponner A2(A))panas (A%(A) 228
19 =13 =3 | = [ (A’ (A))psnnz A2(A)psnas (A%(A) s e
-21 28 15 (A*(A)) sy (M2 (A))sys (A(A)) 28023



2.2 Properties of wedge product matrices

As with any newly defined mathematical object, we will now analyse some of the
basic properties of wedge product matrices.

Proposition 2.2.1. Let R be a commutative ring, A € My,«n(R) and B € M xn(R).
Let I, € My«n(R) denote the n x n identity matriz. Then,

(a) A"(B) = (det(B)) (a 1 x 1 matriz).
(b) AY(B) = B (an x n matriz).

(¢) Ifk € {1,.....n} then N*(I,) = I(,y.
(d) If k € {1,... ,min(m,n)} then A*(AT) = (AF(A))T.

Proof. Assume that R is a commutative ring, A € My,yn(R) and B € My,,(R).

(a): If £ = n in Definition [2.1.3[ then the only element of T(n) is {1,2,...,n} and

Begi,..ny = Bey N Bea A--- A Be,, = det(B)(eg A -+ Aey).
Therefore, if B € M, «,(R), then A"(B) = (det(B)).

(b): If £ = 1 in Definition [2.1.3| then T(n) ={{i} | i€ {1,...,n}}. We will treat
1
each of these sets in T(n) as integers. Fix i € {1,...,n}. Then,

1

n

Be, = Z (AI(B))L,ieL = Z(AI(B))MGJ'
LeT(TlL) Jj=1

The LHS is the i column of B, whereas the RHS is the i column of A'(B). So,
A(B) = B.

(¢): Fix I = {iy,...,ix} € T(n) Then
k

er=¢ey, N Ne;, = Z (A*(L,).rer.
LET(Z)

Equality holds when (A*(I,,))zr = 01, where ¢ denotes the Kronecker delta. Thus,
if k¥ <n then A*(I,) = I< ):

n
k

(d): Assume that L € T(?) and M € T(Z)' Using Theorem [2.1.2 we have

((AR(ANT) = (A (A)) Lt

So, AF(AT) = (AF(A))T O



The most critical property of wedge product matrices is that just like the deter-
minant, wedge product matrices are multiplicative.

Theorem 2.2.2 (Generalised Cauchy-Binet Formula). Let R be a commutative ring.
Let A € Myxn(R) and B € M,y,(R). Let k € {1,2,...,min(m,n,p)}. Then,
A*(AB) = A (A)A5(B).

Proof. Assume that R is a commutative ring. Assume that A € M,,.,(R) and
B € M,x,(R). Assume that £ < min(m,n,p). Fix aset I = {iy,... i} € T(p).

k
From Definition [2.1.3] we have

AB(er) = A(Ber) = A(Bei, A+ ABey,) = A( Y (A(B)yres)
JGT(Z)
- Z (Ak(A>)K,J(Ak(B)>J,I€K-
JGT(Z),KET(ZL)

On the other hand,

AB(e) = Y (A"(AB))k.ex.
KeT(,}?)

Comparing the two expressions, we find that

(AN (AB)kr= > (M (A)k (A (B))r.

JeT,,
(%)
So AF(AB) = A*(A)A*(B). O
Example 2.2.1. Let R =7,
4 5
A=1-3 6 and B:(_84 _91 _65 ?)
2 4

Then, the product C' = AB is

24 31 -1 55
C=|[60 —33 —48 27
24 14 -8 38

Using Definition [2.1.3) we compute A?(A) and A?(B) to be

39
A2(A) = 6 and  A*(B)= (—68 —28 —68 —39 68 67).
—24

In the above calculations, the rows and columns of A?(A) and A?(B) are indexed by
sets in the lexicographical/dictionary order. From Theorem [2.2.2

11



—2652 —1092 —2652 —1521 2652 2613
A (C) = A*(A)A*(B) = | —408 —168 —408 —234 408 402
1632 672 1632 936 —1632 —1608

One can check by directly applying Definition to the matrix C' that this is the
correct matrix for A%(C').

We called the multiplicative property in Theorem the generalised Cauchy-
Binet formula because it is a more general form of the standard Cauchy-Binet for-
mula, which we will demonstrate below.

Corollary 2.2.3 (Cauchy-Binet Formula). Let R be a commutative ring, A €
Mpsn(R), B € Myuxm(R) and m < n. Noting that AB is a m X m matriz, we
have

det(AB) = ) det(Apa,..my.s) det(Byga,..my)-

JET{Z)

Proof. Assume that R is a commutative ring, m < n, A € M,,«,(R) and B €

M, xm(R). Using Proposition (a), Theorem and Theorem we have
det(AB) = A"(AB) = A™(A)A™(B)
= Z (A"™(A))12,...my,0 (A" (B)) s q1.2,...n)

JeT(n>

m

= Z det(A{LQ ..... m},J) det(BJ7{17277m}) D
J€T<n>

m

A major consequence of Theorem and Proposition is Corollary [2.2.4],
which tells us how to compute the inverse of a wedge product matrix.

Corollary 2.2.4. Let R be a commutative ring and A € GL,(R). If k € {1,...,n}
then Ak(A) € GL(n)(R) and
k
AF(ATT) = (AF(A))
Proof. Assume that R is a commutative ring and A € GL,,(R). Theorem tells
us that

AF(AJNF(AT) = AF(AT)AR(A) = A5 (L) = Iy (2.2)

where in the rightmost equality, we have used Proposition [2.2.1 Equation (2.2))
demonstrates that A¥(A) is invertible with inverse (AF(A))~t = A*(A71). O

12



2.3 General Laplace expansion

Our first application of wedge product matrices is to generalise known identities in
linear algebra. As a first example of this, we will use wedge product matrices to
prove a general form of Laplace expansion (see [Rot03, Proposition 9.160]), which
is essentially Laplace expansion, but across multiple rows/columns.

For m € Z,, we will denote the set {1,2,...,m} by Zp .

Definition 2.3.1. Let k,n € Z~, k <n and L, M be subsets of Z~o with L C M.
Then, we define

S = (_1)11{(2'73‘) | i<j, i€M\L, jeL}

An important way of interpreting this definition is that if L = {ly,...,l},
M\L = {j1,...,jp} and M = {mq,...,my4p} with my < --- < my,, then s, is the
sign of the permutation o € Syy,, which sends the sequence (mq, ma, ..., My4p) to
(L, oo e J1s o Jp)-

Proposition 2.3.1 (General Laplace Expansion). Let R be a commutative ring and
A € Mysn(R). Let p,k € Z~o such that p < k < min(m,n). Let K € T(m) and
k

(a) If HC M € T(Z) with |H| = p then

Nk = Y. sesam AW (A)Lu (A P(A) i, g (2.3)

LCK,|LI=|H|

(b) If HC K € T(m) with |H| = p, then
k

Nk = D spwsax (WA go(N (A e e (24)

LEM,[L|=|H]|

Moreover, if A € Myx,(R) and H € T(n), then

(c)

det(A) = D srzy smzy, (A (A) (A" (A)) e e (2.5)
)
(d)
det(A) = Z SLZ[Ln]SHvZ[Ln](AP(A))H,L(An_p(A))HcyLC' (2.6)
)

Note that in parts (c) and (d) of Proposition [2.3.1] the complements H¢ and L°
are done with respect to the set Z ).

13



Proof. (a): Assume that R is a commutative ring and A € M,,x,(R). Assume that
k,p € Z~o such that p < k < min(m,n), K € T(m>, M e T(n> and H C M with
k k

|H| = p. Using Definition [2.1.3] we begin with the expression

A@H A AGM\H = SH,MAGM = Z SHVM(Ak<A))K7M€K‘ (27)
KET(%)

We can obtain another expression for Aey A Aeypn g by computing

AGH/\AGM\H = Z (AP(A))LHGL/\ Z (Akip(A>>J’M\H€J
LET(ZL) JGT(kTp)

= Y Y WA)La (WA analen Aes)
LET(,;) JET<kTp)

= 2. (AP(A)) (NP (A)) e, an(er A exeyr)

KET(,I?) LCK,|L|=|H|

= Y Y sk (AP L (AP(A)) ke, anmer

KET(,]?) LCK,|L|=|H|

Upon comparison with equation ([2.7]), we find that if K € T(m) then
k

> snx(W(A)) e (N P(A)) ks ang = s (A (A)) k-

LCK,|L|=|H|

Multiplying both sides by sz as then gives the desired result.

(b): Now assume that H C K € T(m) with |H| = p. Take the expression in part (a)
k
and apply it to the element (A*(AT))y rc. We find that

(N*(A)) ke = (A (AT))ar i
— Z 3L7M8H7K(Ap(AT))L,H(Ak_p(AT))M\L, K\H

LEM,|L|=|H]|

= > s (VAN s (A AN ans. on

LCM,[L|=|H]
= Z SL,MSH,K(AP(A))H,L(Akip(A))K\H, M\L-

LEM,|L|=|H]|

(c): In the scenario for part (a), set m =n =k and p < k. Then, K = M = Zp ,, €
T( ) He T(n> and by substitution into equation ([2.3]), we obtain equation ([2.5]).

(d): Similarly to part (c), we set m = n = k and p < k in part (b), which fixes
K=M=7Zjny, € T(n>, H e T(n) and yields equation (2.6)) upon substitution into

equation ([2.4]). O

14



Example 2.3.2. Let A € Myy4(Z) be the matrix

1 2 5 =2

0 4 2 6
A= 5 -3 9 7
-8 -2 -1 2

The determinant of A is —3342. Let us verify this by utilising Proposition [2.3.1]
We let n = 4 and k = 2. The table below depicts all possible elements L of T<4),
2

with their associated sign sp:

L SL,Z[1,4]
(1,2} | +1
{1, 3} -1
(1,4} | +1
{2, 3} +1
{2,4} | -1
{3, 4} +1

In our particular scenario, equation ([2.5)) reduces to

det(A) = > spzy ySmzy (A (A) L (A (A)) e pre. (2.8)
LGT(%)

Computing A?(A), we find that

{1,2} {1,3} {1,4} {2,3} {2,4} {3,4}
4

2 6 —16 20 34 \ {1,2}

13 —16 17 33 8 53 | {1,3}

AAy | 14 39 148 0 8 | {14}
—20 —10 —30 42 46  —40 [{2,3}

32 16 48 0 20 10 |{2,4}

—34 67 66 21 8 25 / {3,4}

where we have indicated the labels of the rows and columns in lexicographical order.
If H={1,2}, then equation ({2.8) yields

det(A) = > spz,s02020 (A (A) L2y (A (A)) e 3.0y

LeT(;l)
= > sp2py(N(A) 02 (N (A)) e 3.4

LET(g)
— (4-25) — (=13 -10) + (14 - —40) + (—20-8) — (32-53) + (—34 - 34)
= —3342.

Let us now test Proposition [2.3.1] but with selections of rows rather than columns.
The relevant identity is

15



det(A): Z SL,Z[1,4]SH’Z[1,4](AQ(A>>H7L(A2(A))HC7LC (29>
LET(g)

If we set H = {1,3}, equation (2.9)) gives

det(A) = Z SLzy 0 5113).2.0 (A (A)) (L3y.L (A (A)) (27,1
LET(L%)

== > 512, (N(A) a0 (A (A)) 2y 1e
LGT(;L)

— —((—=13-10) — (=16 - 20) 4 (17-0) + (33 - 48) — (8 - 16) + (53 - 32))
— —3342.

This agrees with our previous computation.

16



Chapter 3

Adjugates, quasideterminants and
eigenvectors

3.1 Adjugate matrices are almost inverses

In this section, we will explore inverses of wedge product matrices in greater detail,
with Proposition informing the important definition below. Recall from Defi-
nitionthat if L={l,.... 0} and M = {mq,...,mpy,} with m; <--- <myy,
are two subsets of Z-o with L C M and M\L = {ji,...,j,} then

SLM = (—1)#@a) [i<), 1€ML, JEL}

is the sign of the permutation o € Sy, which maps the sequence (my, ..., mgy,) to
(L ooy ks J1s G2y - -5 Jp)-

Definition 3.1.1. Let R be a commutative ring and A € M,,»,(R). Let k €
{0,1,...,min(m,n)}, L € T(m) and H € T(n). Then, the k' adjugate matrix of
k k

A, denoted by Y"7*(A), is the (}) x (') matrix given by

(Tn_k(A))I_LL = Sva[l,m] sHvz‘[l,n] (An_k(A))Z[l,m]\Lz Z[l,n]\H (31)
where for n € Z-o, Zpn = {1,2,...,n}.

Theorems B.1.1] and B.1.3] demonstrate how Definition B.1.1] is connected to the
general Laplace expansion in Proposition [2.3.1]

Theorem 3.1.1. Let R be a commutative ring and A € Myxn(R) with m < n.
Assume that k € {0,1,...,m}. If I € T( ") and J € T(n) then
k

n—(m—=k

(TR AYAR(A)), = & S Snr W D)z gore, T T
’ 0, otherwise.
Proof. Assume that R is a commutative ring and A € M,,.,(R) with m < n.
Assume that k € {0,1,...,m}, I € T( ") and J € T<n). There are two cases to
k

. n—(m—k)
consider.
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Case 1: Assume that J C I. Then,

(X" AN A= D> (A 1 (A (A))arg

MET(T;?)

= Z SM,Z[Lm]SLZ[l,n](Am_k<A>>MC,IC(Ak(A))M,J

MET(,,’?>

= Z SM,Z[Lm]SI,Z[Ln]SJ,JUICSJ,JUIC(Am_k(A))MC,IC<Ak(A>>M,J
MET(TI?)

= SI,Zp ST, JUI¢ Z SM,Z[LM]SJ,JUIC(Am_k(A»MC,IC(Ak(A))M,J

MeT,,,
(%)
= 81,2 85,001 (A" (A))zy 7010

In the last line, we used Proposition [2.3.1]

Case 2: Assume that J N I¢# (. Then Theorem [2.1.2] gives

(Am(A))Z[lym],JUIC - det(AZ[lym],JUIC)'
Since J N I¢ # (), the m x m matrix AZu,m], Jure must have a repeated column.

ThU.S, det(AZ[Lm]’JU]c) = 0. ]

Theorem [3.1.3] is an analogue of Theorem for the case where n < m. We
will use the transpose to prove Theorem [3.1.3] which means that we must compute
the transpose of an adjugate matrix.

Proposition 3.1.2. Let R be a commutative ring, B € M,«n(R) and k € {0,1, ..., min(m,n)}.
Then,

THBT) = (T"(B)".

Proof. Assume that B € M,»,(R), L € T} m ) and H € T< ") From equation
m—k n—k
(3.1) and part (d) of Proposition [2.2.1 we have

(C*B)" ). = (TH(B)) L

SL 21y SHZ s (N (B)) 24y \Ly 245\ H
k

(B)") 2\ H, Zpy g \L
(B"))zg it 2y 2 = (TF(BT)) L

So, TH(BT) = (T*(B))". O

AF
= SLZ ;) SHZ}1 ((
A*

=SLzp, m]SHZM](

Theorem 3.1.3. Let R be a commutative ring and A € Mpxn(R) with n < m.
Assume that k € {0,1,...,n}. IfI € T(m) and J € T( ™) then
k

m—(n—k)

SI,J°UT SJZpy ) (An(A))JCUI,Z[an if 1 C J,
0, otherwise.

(AP(A)T*(A))r, = {

18



Proof. Assume that A € M,,x,(R) with n < m. Assume that & € {0,1,...,n},
[ET<m) andJET( m )
k

m—n+k
Case 1: If I C J then by Proposition and Theorem [3.1.1}
(AR (A))ry = (AMA)T"H(A) )
= (T (AT)AM(AT)) 1
= SI1,JeUI SJZ1 (AH(AT»ZU,M,IUJC
= SI,JeUI SJZ1 m) (An(A))IUJC,Z[Ln]-

Case 2: If J°NI # 0 then the same computation in Case 1 gives (A*(A)Y"*(A));; =
0. [

If m = n in Theorems [3.1.1}and [3.1.3|and I, J € T(Z) then

det(A), if J =1,
0, otherwise.

(TP AN (A)) 1y = (N (AT F(A), = {

Thus, we obtain the corollary

Corollary 3.1.4. Let R be a commutative ring and n € Zsqo. Let A € Myxn(R).
Then,
AF(ATH(A) = TR (A)AF(A) = det(A)I(n). (3.2)

k

3.2 Properties of adjugate matrices

The properties exhibited by adjugate matrices are very similar to those of wedge
product matrices. Theorem and Proposition [3.2.2] are analogues of Theorem
and Proposition [2.2.1] respectively.

Theorem 3.2.1. Let R be a commutative ring, A € M,«n(R) and B € M, ,(R).
Let k € {0,1,...,min(m,n,p)}. Then,

TH(AB) = TH(B)TH(A).

Proof. Assume that A € M,,«,(R) and B € M,y,(R). Let z = min(m,n,p). If
k € {0, 1,... ,Z}, K e T(m) and [ € T(p) then
k k

(Tk(AB))[ch = SKC’Z[l,m] SICZ[l,p] (Ak(AB))K,[

— Skey 1T J; (A (A)) s (A*(B)) s
_ J; sKC,Z[Lm]sJC,Z[(j] (A*(A)) ks S1e.2 80020 (N (B)) 11
— J;(k)(Tk(A))JpﬁKc(’r’f(B))Ic,Jc
— Jg)(Tk(B))]a 7e(YF(A)) je e = (YH(B)Y®(A)) e e

=)
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Thus, T*(AB) = T*(B)T*(A). O

Proposition 3.2.2. Let R be a commutative ring, A € My«,(R) and B € M,,xn(R).
Let k € {0,1,...,n— 1} and I,, € M,x,(R) denote the identity matriz. Then,

(a) YO(A) is the 1 x 1 matriz .
(b) If A is invertible then Y 1(A) = det(A)A L.

k _
Proof. Assume that R is a commutative ring, A € M, «,(R), B € M,«x,(R) and
ke {0,...,n—1}.

(a): By equation (3.2)), we note that A"(A)Y°(A) = det(A)]; = (det(A)) (a1l x1
matrix). Since A"(A) = (det(A)), T°(A) = (1) = .

(b): Assume that A is invertible. From equation ([3.2), A'(A)Y"1(A) = det(A)I,.
Since A'(A) = A, we have T"1(A) = det(A)A™".

k k

TH(L) = I(py. O

n
k

(c): By equation (3.2)), A" *(I,)Y*(I,) = I(n) Since A" 7*(1,) = I(n), we have

It is worth noting that in part (b) of Proposition the matrix YT" !(A) is
commonly called the adjugate matrix of A, i.e. the transpose of the cofactors matrix
of A. The adjugate matrix is commonly used to compute the inverse of an invertible
matrix (see [Rot03, Page 766-767]).

Example 3.2.1. Continuing from Example [2.3.2] we have

4 2 6 —16 20 34
1 2 5 =2 -13 —-16 17 33 8 33

o 14 2 6 o o |14 39 —14 8 0 8
A=15 3 9 7 and  AMA) =1 o0 10 30 42 46 —40
8 -2 -1 2 32 16 48 0 20 10

—34 67 66 21 8 25
From equation (3.1]), we compute the 2"¢ adjugate matrix T2(A) as

25 —-10 —-40 8 =53 34
-8 20 —-46 0 8 =20
21 0 42 8 =33 -—16
66 —48 —-30 —-14 —-17 6
—-67 16 10 -39 —-16 -2
-34 =32 =20 14 13 4

One can then verify by direct calculation that A?(A)Y?(A) = det(A)Is with Is being
the 6 x 6 identity matrix. This is consistent with equation ({3.2]).

T2(A) =
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We will now improve on Corollary by computing the determinant of wedge
product and adjugate matrices.

Theorem 3.2.3 (Sylvester-Franke). Let R be a commutative ring and A € M s, (R).
If ke {1,...,n}, then

det(A*F(A)) = det(TH(A)) = (det(A)) ).
Our proof of Theorem will follow the reference [Con|. In particular, we will

prove two preliminary results first. The method we use is referred to as the principle
of permanence of identities in [Art91l Chapter 12, Section 3].

Lemma 3.2.4. Let R be a commutative ring and ay, . ..,a, € R. Define evy, . q, :
Zlzy,...,x,] = R by

Vay,.an(f(T1,. .., 20)) = flag, ..., ap) for fE€Zxy,... z,).

Then, evq,... a4, s a ring homomorphism.

n

Proof. Assume that R is a commutative ring and ai,...,a, € R. Assume that
f,9 € Ly, ... xy]. I i= (ir,..., 1) € (Zx0)" is a n-tuple, let ' =zl ...z and
a'=aj'...ar. Write f and g as

flz,. ... x,) = Z cxt and g(xy, ..., zp) = Z djxj.

i€(Z>o)" J€(Z>0)"
Then,
€Ua1,m,an(f+g) = evah...,an( Z Cixi_" Z djxj)
i€(Z>0)" JE(Z>0)"
- Z cia’ + Z djaj = €Vay,....an (f) + €Vay....a, (9)
1€(Z>0)" JE(Z>0)"
and
evah...,an(fg) = eval,...,an( Z Cidjl’iJrj) = Z Cidjaiﬂ'
1,J€(Z>0)™ 1,J€(Z>0)"
= ( Czaz)( Z djaj> = €Uqq,....an (f)evah---,an(g)'
i€(Z>o)™ JE(Z>o)™
So, the evaluation map ev,, 4, is a ring homomorphism from Z[zy, ..., z,] to R. O

Lemma 3.2.5. Let f,g € Clzy,...,x,] and U be a non-empty open set in C". If f
and g satisfy the statement

Ifay,...,a, € U then ev,, . a,(f) = €Vay...an(9)
then f =g in Clzy, ..., x,].

Proof. Assume that U is a non-empty open subset of C". Assume that ay,...,a, €
U and evy,.  q,(f) = €Va,.. a,(g). Then, f and g are equal holomorphic functions
in C™ and by the identity theorem (see [FGO02, p. 156]), f = g. O
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By combining Lemma and Lemma [3.2.5] we will use the powerful technique
developed in [Conl in order to supply a proof of Theorem [3.2.3]

Proof of Theorem[3.2.3. Assume that R is a commutative ring, k£ € {1,2,...,n}
and A = (a;j) € Myxn(R). We will first prove Theorem in the case where
R=C.

Assume that A € M, «,(C). Since C is an algebraically closed field, Jordan normal
form (see [DF04, Section 12.3]) tells us that there exists P € GL,(C) such that
A= PJP~! where

A % %
J = L %
An
and Aq,...,\, are the eigenvalues of A.

If J is upper triangular with diagonal entries A;,...,\, then A*(J) is upper tri-
angular with diagonal entries Ap, where if L = {iy,... iz} € T(n) then \; is the
k

product

/\L - >\i1)\i2 e )\Zk
Since A = PJP~! then AF(A) = A*(P)A*(J)A*(P)~'. By taking determinants of
both sides,

det(A(A4) = TT A= ) 2 (f[A,)Cii) _ (det(A))(D),

LGT(z) =1

since every eigenvalue )\; is contained in the product [ LeT( ) AL exactly (Zj) times.
k

Hence, if A € M,,»,,(C), then det(A*(A)) = (det(A))(Z:i). Both sides of the equation

are polynomials in the polynomial ring Clays, . . ., aun]. So, let

flais, ... an,) = det(A*(A)) and  g(ai1, ..., Q) = (det(A))(Zj)

as polynomials in Clayy, . . . , Gny,). By identifying M, ,(C) with C**, we deduce that
CUsy,.w o (f) = €Vay 2 ,(g) O C". Hence, from Lemma , flary, ... an) =
g(ai1, ..., an,) in Clayy, ..., ay,| and consequently, in Z[aiq, . . ., any,) as well. Finally,
by an application of Lemma we deduce that if i € {1,...,n?} and 2; € R then
f(z1,- .y 202) = g(21,...,2,2). From the definitions of f and g, we deduce that if

A € Myyn(R) then det(A*(A)) = (det(A)) 1),

Finally, from equation (3.2)), A" *(A)Y*(A) = det(A)I (1) Taking the determinant
of both sides, we obtain

det(TF(A)) = det(A)B)~(50) = det(A4)B)-(%) = det(4) (71 = det(AR(A)).
]
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3.3 Quasideterminants in a commutative ring

Quasideterminants are an analogue of determinants used for square matrices with en-
tries in a non-commutative ring. In [Mol(07, Section 1.10] and [GR91) Pages 99-101],
quasideterminants were used to provide a factorisation of the quantum determinant
— another variant of the determinant used for non-commutative rings.

In this section, we will consider a more general analogue of the quasideterminant
and demonstrate, by following [Mol07, Section 1.10], that in a commutative ring,
they are linked to the elements of adjugate matrices.

Let R be a possibly non-commutative ring and J = {j1,...,jx} and L = {ly, ..., [}
be elements of T<n) (see Definition [2.1.1)), where k € {1,2,...,n—1}. Denote by Ay
k

the k x k matrix of A formed from rows ji, ja, ..., jr of A and columns l,l, ..., [
of A.

Definition 3.3.1. Let R be a possibly non-commutative ring and A = (a;5) €
Mpxn(R). Let J = {j1,...,jk} and L = {ly,...,l;} be elements of T(n), where
k

ke {l,...,n—1}. Suppose that the (n —k) x (n — k) matrix Aje c has a two-sided
inverse. Then, the J, L quasideterminant of A is the matrix

|A|J7L € kak(R) giVGIl by ’A|J?L = AJ7L — AJ’LC(AJC,LC)ilAJc’L. (33)
The complements J¢ and L are taken with respect to the set Zp ,,) = {1,2,...,n}.

Setting k = 1 gives the definition of a quasideterminant in [GR91l, Equation 1.1].
We will now build up to the main result of this section, following the exposition of
[Mol07, Section 1.10] for the k& = 1 case.

Lemma 3.3.1. Let R be a possibly non-commutative ring. Let k € {1,...,n — 1},
A = (a;j) € Myxn(R) and X = (z5) € Myxi(R). Let J = {j1,...,jk} € T(Z) and
L=Al,....l4} € T(Z)' Suppose that if p € {1,2,...,n} and r € {1,2,...,k} then
A and X satisfy

n

Z Qp Ty r = 0 (34)

=1
for p # j.. Define y;. => ,_, aj, exr, € R. If Aje e has a two-sided inverse then
|A|J,LXL,Z[1,k] = diag[yjuij s 7yjk] S Mka<R)'

Proof. Assume that R is a (possibly non-commutative) ring and A € M,y (R).
Assume that k£ € {1,...,n — 1} and J = {j1,....jk} and L = {ly,...,l;} are
elements of 7T/ ny- Assume that equation (3.4]) holds, y;, € R is defined as above and

k
Aje e has a two-sided inverse. Then,
AJ,LXL,Z[I’,C] + AJ,LCXLC,Z[W = diag[y;,; Yjs» - - - > i) € Mixr(R) (3.5)
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and

AJC’LCXLL-Z[LM = _AJC’LXL7Z[1’IC] S M(n—k)xk(R)-

Since Aje 1 has a two-sided inverse by assumption, then
XLC7Z[1,]€] - _(AJC7LC)_1AJC7LXL72[
Now substitute equation (3.6]) into equation ([3.5)) to get

(3.6)

1,k
(AJ,L - AJ,LC(AJC,LC)71AJC,L)XL,Z[L,€] = ‘A’J,LXL,Z[LM = dmg[yjung, S ,yjk]-

]

Lemma 3.3.2. Let R be a possibly non-commutative ring and A = (a;j) € Myxn(R)

be an invertible matriz with two-sided inverse B = (b;;). Let k € {1,...,n — 1},

J = {1, .., Jkx} € T(n) and L = {ly,...,lx} € T(n) Suppose that the matriz
k k

(Bp.j)7! is a two-sided inverse for By, ;. Then,
|Als2Br,; = I.

Proof. Assume that R is a possibly non-commutative ring and A = (a;;) € Myxn(R)
has the two-sided inverse B = (b;;). Assume that k € {1,...,n—1} and J,L € T(n)
k

as defined above. Assume that the matrix(By, ;)™

Then,
AB — Arr Ajre Bry Brge\ _ (Ix 0
Ajer, Agere) \Bre,y Brege 0 Ihx)’

From the block multiplication above, we have the following two equations:

is a two-sided inverse for By, ;.

AJC,LBL,JC + AJCchBLc”]c = dp—k- (37)

AJC,LBL,J + AJC,LCBLC,J - O (38)
Rearranging equation (3.8) we find that Ajc; = —Aje peBrey(Br.y)~" and upon
substitution into equation ([3.7]), we obtain
AJC’LC(BLC,JC — BLc}J(BL%])ilBL’Jc) - AJC’LC‘B|LC7JC = dp_k-
This shows that Aje e is invertible. Hence, the quasideterminant |Al;, is well-

defined.

Define C' = (¢;;) = Bp
q,r €{1,2,...,k} then

. 17 if ) = 'Tar )
S ey = { (P, @) = (Grs7)

p— 0, otherwise.

nhg € Myxi(R). Since AB = I,,, if p € {1,2,...,n} and

.....

By Lemma [3.3.1] we deduce that
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|Als2Br,s = |AlCr,..ky = Ik
Hence, |A|J’L = (BLJ)_l. ]

Now, we will use Lemma, to prove our characterisation of quasideterminants
for matrices whose entries are in a commutative ring.

Theorem 3.3.3. Let R be a commutative ring and A € GL,(R). Let J,L € T(n)
k

where k € {1,...,n —1}. Then, det(|A|1.s),det(A) and (Y"*(A)),1 are elements
of R which satisfy

det(|A|L7J)<Tnik<A))J7L = det(A)
Proof. Assume that R is a commutative ring and A € M, «,(R) is an invertible
matrix. Assume that J, L € T(n), where k € {1,...,n —1}. Assume that B = A™L.
k

The k' wedge product matrix A¥(B) is well-defined for a commutative ring (see

Definition [2.1.3). By Lemma [3.3.2] |A|, s = (By)~ ' and by Theorem

det(JA[L)(T"*(A)) L =

(A*(B))L) (T *(A)) g1

( ) A

(T (A)) ) (T (A)
1

(Tn=*(A))sz

(Y"*(A)) s = det(A).

Example 3.3.2. Let R = Q and

1 —2 5 23
3 4 3 —12

A=l 34 15 |€CLQ
2 -6 3 13

Note that det(A) = 5. In the context of Theorem [3.3.3] set k = 2. Then,

10 —-12 —-81 —-26 —-68 —129
-3 4 15 7 39 =17
-10 13 59 24 112 -4
-9 12 45 25 24 93
-10 15 15 30 =20 75
-6 8 30 15 51 7

A%(A) =
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and

{1,2} {1,3} {1,4} {2,3} {2,4} {3,4}

7 =75 93 —4 17 —129\ {1,2}

—51  —20 —24 —112 39 68 |{1,3}

gy B 300 2524 T 26 | {14}
30 -15 45 59  —15 —81 |{2,3}

-8 15 —12 -13 4 12 | {2,4}

-6 10 -9 —10 3 10 / {3,4}

Let J = {2,4} and L = {1,4}. Then, (T?(A)){2,4},11,4 = —12. The quasidetermi-
nant |A|{1’4}’{2’4} is

n (=2 23\ (1 5\ (3 3\ (4 —12\ [(-1/3 12
a4 =\ 6 13 -2 3)\0 4 -3 15 )~ \5/12 —55/4)"
Let B = A~!. Then,

(-1/3 12

33 144/5 - A
~\5/12 —55/4 = Al 0

Bioay 14y = ( 1 4/5
as in Lemma [3.3.2] Moreover,

12 (T2(A))apa

~1/3 12 ) det(A)
det(|Alq1,43,12,4y) = ’5/1/2 _55/4' -

as in Theorem [3.3.3]

3.4 The eigenvector-eigenvalue identity

As the final application of wedge product matrices in this chapter, we will investigate
a technique outlined in [DPTZ20, Page 6, Section 2.1]. The authors use this tech-
nique to prove the eigenvector-eigenvalue identity ([DPTZ20, Theorem 1]), which
links the eigenvalues of a Hermitian matrix A € M, «,(C) to the elements of the
eigenvectors of A and the eigenvalues of the (n — 1) x (n — 1) minors of A.

Theorem 3.4.1 (Eigenvector-eigenvalue identity). Let A € M,;x,(C) such that
AA* = A*A and let A\, ..., )\, be distinct eigenvalues of A, with corresponding
eigenvectors vy, va, ..., vy € Muxi(C). Fori,j € {1,2,...,n}, let v;; be the j

entry of v, ¢ = Zp\{j} € T(n:ll) and ,ugj),...,u,(le be the eigenvalues of the

matriz Aje jo € Mp—1)xn-1)(C). Then,

n—1 ]
|U‘ ‘|2: k:l(Ai_”l(cj)> .
! Hk:l, k;éi()‘i - )‘k)

We will give an independent proof of Theorem [3.4.1] at the end of this section.
One of the proofs of the eigenvector-eigenvalue identity given in [DPTZ20, Page
6, Section 2.1] revolves around the adjugate matrix of A, which is Y"7'(A) from
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Definition [3.1.1] Thus, it is expected that the same proof technique can be adapted
to use T *(A) for k € {1,...,n— 1}.

Let R be a commutative ring. An important calculation we will use in what follows
is that if D = diag[A1, ..., \n] € Myuxn(R) then for k € {1,2,...,n},

A¥(D) = diag[\ | L € Tiw) (3.9)
where if L = {ll, c ,lk} € T(z) then A\j = )\ll)\IZ C. )‘lk'

Definition 3.4.1. Let L = {l3,...,l;} € T(n) Define Dy, = (d;j) € Myuxn(R) to
k

be a diagonal matrix such that dj,;, = 1 for all i € {1,2,...,k} and the rest of the
entries are zero. We also define p, = A¥(Dy) € M(n)x(n)(R) In particular, the
k k

matrix py, is the diagonal matrix whose LL entry is 1 and every other entry is zero.

Theorem 3.4.2. Let R be a commutative ring, A € M,xn(R) andk € {1,...,n—1}.
Let P,Q € GL,(R), A = PUQ and A’ = PUP™', where U = diag[uy, ...,u,| €
M, sn(R) and u, # us whenever r # s. Let L € T(n) Then,

k

(IT TT (e = w)) ¥ (P)pet*(Q) = A*(] | (ualn — A)PQ). (3.10)

leL acLe ac€Le

Proof. Assume that A € M, «,(R) and L € T(Z)' Let p € Rforbe {1,...,n—k}.
Then,

By, — A = P(Byl, )P~ — PUP™' = P(Byl, — U)P". (3.11)

By taking the product over the variable b from 1 to n — k on both sides of (3.11)
and then multiplying by PQ), we obtain

n—k

(]:[ Bl — )PQ P([[ (8oL — U))Q = P diag[Ai,... ] Q
b=1

b=1

where, for m € {1,2,...,n}, A\, = Z:_lk(ﬁb — U,,). Taking A* of both sides of the
above equation, we obtain from equation (3.9)),

n—k
A ([[(Bals = A)PQ) = AX(P) diaglh | K € Ty ] AY(Q)-
a=1
Now let L¢ = {i1,19,... ik} € T( Bt If we set B, = w;, for b e {1,2,...,n —k},
the above equation simplifies immensely, yielding
n—k
A ([T (wi In—4) PQ) = A* (][ (walu—=A") PQ) = (] T (ta—w)) A" (P)prA*(@Q)
b=1 acLe I€L acLe
where py, is from Definition O]
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Next, we will prove an analogue of Theorem [3.4.2] where the LHS of equation
(3.10) is replaced with an adjugate matrix.

Theorem 3.4.3. Let R be a commutative ring, A € My, (R) andk € {1,...,n—1}.
Let P,Q € GL,(R), A = PUQ and A’ = PUP™', where U = diag|uy, ..., u,] €
My «n(R) and u, # us whenever r # s. Let L € T(n> Then,

k

(TT TT(ta — ) A5(P)pA*(Q) = det(PQ) Y@ P~ (] (wal — A)):

(3.12)

Proof. Assume that A € M,.,(R) and L = {iy,...,i;} € T(k) Let 8, € R for

b € {l1,...,k}. Then, equation (3.11) holds and by taking the product over the
variable b from 1 to k& on both sides of equation (3.11)), we have

k k
[1B1, — A) = P([[(Be1. — U)) P~ = P diag[\y, ..., \] P!
b=1 b=1

where for m € {1,2,...,n}, \,, = H’;:l(ﬁb — Uy,). Taking A* of both sides, we
obtain from equation ((3.9))

k
le Byl — A')) = N(P) diag[Ax | K € T | (A*(P))™

We know from equation (3.2 . that the product

le Bl = AT H T80, = 4) = TT L = wn) ),

b=1 m=

—
o
I
—

So,
k

Y] [(Bul — A)) = A¥(P) diag[Ax-

b=1

K € Tpn] (A5(P))

Multiplying both sides by det(PQ)Y"*(P~H)T"*(Q~!), we find that

=

det(PQT™ H(Q P [ (Bl — A)) = AM(P) diaglike | KK € Ty A@Q).

b=1

Recalling that L = {iy, s, ..., 4%}, if we set B, = u;, for b € {1,2,...,k} in the above
equation then we obtain equation (3.12)). O

Example 3.4.2. Let R =C,
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where
1 -2 5 -3

2 -1 4 2
P=|_"5 4 _5 5 |€GL)

4 -1 0 4
By applying Theorem to the matrix B with n =4 and k = 2, we obtain

1. A2((21, — B)(61, — B)) = 60 A2(P)pgy.o) A2(P~1).
2. A2((I, — B)(6I, — B)) = —24 AX(P)p(1.5A2(P~1).
3. A2((I, — B)(2I, — B)) = 40 A2(P)py.4A2(P~1).
4. N2 (=B(6I, — B)) = 40 A2(P)pa.5A2(P1).

5. A2(—=B(2I; — B)) = —24 A2(P)ppa.y A2(PY).

6. A2(—B(I) — B)) = 60 A2(P)ps A2(PY).

From equation (3.9), we compute that A%(A) = A?*(P) diag[1,2,6,2,6,12] A*>(P)~*,
which is explicitly from Definition |3.4.1

A*(A) = N(P)(pgray + 2p113) + 61y + 2pgesy + 6pgoay + 12ps.a) A (P71).

Consequently, we can use the above computations from Theorem to express
A?(A) as the following Q-linear combination:

NY(A) = (21, — B)(6I, — B)) — oA ((1s — B)(6Ls — B))
+%A2((I4 — B)(2I, — B)) + %AQ(—B(6I4 — B))

_iA2(_B(214 — B)) + %AQ(—B(L; — B)).

By Theorem [2.1.2] the elements of A%(A) are the 2 x 2 minors of A. So, the de-
composition above provides a decomposition of the 2 x 2 minors of A as the sum of
other 2 x 2 minors. For example, if we take the {1,2},{1,2} element of both sides,
we obtain the equation

‘314/9 —65/2‘_ 1 ‘—176/9 18‘ 1 ‘52/9 —11' 3‘1144/9 —127‘

~152/9 19 | 60| 488/9 —54| 12 (272/9 —34| " 20 |-592/9 66
1]280/9 —40| 1|1408/9 —156|  1]1690/9 —185
20 |56/9 —14| 4 |—808/9 90 | " 5|—1024/9 116

which can be checked by direct computation to be true.
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Our main goal now is to use Theorem to generalise Theorem [3.4.1] To
this end, we will now work in C. For A € M,«,(C), we will denote the complex
conjugate transpose of A as A*.

Theorem 3.4.4. Let A € My« (C) and Ay, ..., \, be distinct eigenvalues of A with

corresponding eitgenvectors vy, ..., v,. Suppose that there exists a unitary matriz U

such that A = Udiag[A, ..., \oJU*. If L = {iy,... i1} € T(n) with k € {1,...,n—
k

1}, define v, = vy, A+ A, If M, P € T(n) and v ts the M element of vy, then
k
1

VL MULP = (AT Qe = A)) 5, 5 (3.13)
(HleL, aeLCO‘a - Al)) aclLe
and
SM,Zi1 1 SPZi1 e
VL MULP = el (AT ] el — A)) perge- (3.14)
<HZGL, aeLC()‘l - )\a)) a€l
where syrz, ., and spg, ., are the signs from Definition m

Proof. Assume that A € M,,,(C) satisfies A = U diag[)y,...,\,] U* for some
unitary matrix U. Assume that k € {1,...,n—1} and M, P € T(n> An application
k

of Theorem |3.4.2| gives

NI ke = )= TT Ou=A)) @A @),

acLe leL, acL”

Taking the M, P entry of both sides then yields equation (3.13)). Similarly, if we
apply Theorem then we obtain

T II0k =) = ( TT v=A0) A @peas().
acl leL, aeLc

Taking the M, P entry of both sides and using equation (3.1) on the LHS gives
equation ((3.14)). O

Theorem allows one to compute eigenvectors of a matrix A € M, x,(C)
satisfying AA* = A*A from its eigenvalues. As we will see in the example below,
Theorem tells us that knowledge of the eigenvalues \; allows us to compute
wedge products of eigenvectors, even without knowing the eigenvectors of A them-
selves.

Example 3.4.3. Let

-1 1 2 -3
1 3 —4 1
A=145 4 -3 -2
-3 1 -2 1
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The eigenvalues of A are A\ = —6, Ay = —3, A3 = 3 and Ay = 6. We will compute
the wedge product vy A vy = v24y. With L = {2,4}, the LHS of equation (3.13) is

AT = A) = A°C ] uls—A)
leLe le{1,3}
= A*((—61, — A)(3L, — A))
-6 —6 0 —12
-6 18 —12 12
0 —-12 6 —12
—-12 12 —-12 0

— A2

By direct computation, the first column of A*((—61 — A)(3I — A)) (indexed by the
set {1,2}) is [—144,72,—144,72,144, —144]7. On the RHS of equation (3.13)), we

have
[T a—x)=-648

leL, aelc

By taking M = P = {1,2} in equation (3.13)), —144 = —648(v{2.43,01,2)% So,
V{2,4},{1,2) = \/5/3, where we chose the positive square root. Now, we take M =
{1,3} and P = {1,2} so that,

—648 U{2,4}’{1’3}U{2’4}7{172} = (A2<(—6I — A)(?)[ — A))){1,3},{1,2} =T72.

Thus, via4.13y = —1/9 x 3/v/2 = —/2/6. By fixing P = {1,2}, varying M € Ty

and using equation (3.13), we find that v{s 4} (233 = —/2/6, V{2,4},{2,4) = —/2/3
and U{274}7{174} = ’U{2,4}7{374} = \/5/3 Therefore,

V2/3\ {1.2}
—v2/6 | {1,3}
V2/3 | {1,4}
vzay = —v/2/6 | {2,3} (3.15)
—V2/3 | {2,4}
V2/3 ) {3,4}
The constituent eigenvectors of the wedge product in equation are
2/3 V2/6
Vg = 0 and vy = _1/\/5
1/3 * V2/3
2/3 —/2/3

By computing the wedge product ve A vy directly, we obtain equation (3.15)) scaled
by a factor of —1.

We will finish this section with a proof of Theorem for matrices A €
M,«n(C) AA* = A*A. Recall that if AA* = A*A then there exists a unitary
matrix U € GL,(C) such that A = Udiag[Ay, ..., \,JU™.
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Proof of Theorem [3.4.1. Assume that A € M,y,(C) satisfies AA* = A*A. Let

Aty ..., Ap denote the distinct eigenvalues of A and vy, ..., v, be the corresponding
eigenvectors. Let ,ugj), e ,ufle be the eigenvalues of Aje je.

From equation (|3.14)), we have

(A" ([ NaLn = A))) vgense = I Ge=2) lorul®
a€L a€L, leL*
where L, M € T(Z)' Specialising to the case k = 1, let 4,5 € {1,2,...,n} and
M ={j} € T(n) and L = {i} € T(n) so that

n

(N Nl = A)) e = 1T Qi= 20 Jois. (3.16)
=1, I#i

From Theorem [2.1.2]

(A" (NI, — A)) = det(( N\, — A)prenre) = det(Nil_q — Aje je).

MC’MC
By diagonalising Ajc je € M(,—1)x(n-1)(C), we find that

n—1

k=1

Substituting the above equality into the LHS of equation (3.16]), we find that if
i€{l,2,...,n} then

n n—1

il TT v =) =T — )

I=1, I#i k=1

as required. O
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Chapter 4

Smith normal form

4.1 Steinberg reduction

In the next two chapters, wedge product matrices are used to obtain invariants of a
matrix orbit — quantities which remain unchanged throughout the entire orbit —
and to construct a particular representative of the matrix orbit. The flagship method
we will employ for constructing representatives originates from [Ste67, §8], where
it was used to prove multiple variants of the Bruhat decomposition of a Chevalley
group (see [Ste67, Theorem 4]). Our variant of the method will be called Steinberg
reduction. The goal of this section is to provide an explicit description of Steinberg
reduction suitable for the construction of matrix representatives in this chapter and
the next.

Let R be a principal ideal domain and R* be the group of units of R, which acts on
R via multiplication. The set of R*-orbits R/R* consists of representatives of the

ideals of R.

Example 4.1.1. Let w = €™/ and R = Z[w] denote the ring of Eisenstein integers.
Then, R* = {+1,+w,+w?}. The representatives of the R*-orbits in R/R* are
depicted pictorially by the sector 0 < arg(z) < 7/3:

Im(2)
ofofofofvof’"foiofo
77‘7717377;r7577§77577;77‘7 "l,rOOjOT.
s
ooooo ooooo
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Each black point corresponds to an element of R and the six red points are the
units of R. The shaded green sector without the dashed black line contains the
elements of R/R*. For example, the point —w? = 1 + w lies on the dashed black
line, but —w?R = R as ideals in R.

Definition 4.1.2. Let R be a PID and ¢1,9s,...,9, € R. The greatest common
divisor ged(g1, 92, - - -, gn) is an element of R/R* satisfying

ged(91,92, - gn) R = 1R+ 2R+ -+ + go R
Let A = (ai;) € Mpxn(R). We define ged(A) to be

ng(A) = gcd(au, aig, ... ,amn).

In an abuse of notation, we will refer to the ged as both a representative of an
ideal in R/R* and as an element of R, up to multiplication by a unit.

In [Ste67, Theorem 15|, the Bruhat decomposition provided by Steinberg relies on
a particular subset of SLy(R). For our purposes, we will follow this approach and
define

ce ?géf)c}z)z/m’} U{+L} (4.1)

Y(R) = { (‘CL 2) € SLa(R)

where [ denotes the 2 x 2 identity matrix.

4.1.1 Steinberg reduction on a 2 x 1 matrix
Assume that (a,b)” € My (R). We will construct a matrix
P g p q)\ (a\ _ (gcd(a,b)

<7’ s> €Y(R) such that (7" s) (b) = ( 0 : (4.2)
There are three separate cases to consider.
Case 1: a# 0 and b # 0
Step 1: Since R is a unique factorisation domain, select r, s € R such that ra+sb = 0,
r € R—{0}/R* and gcd(r, s) = 1. This is accomplished by selecting r € R—{0}/R*
and s € R such that a = ged(a,b)s and b = — ged(a, b)r.
Step 2: Since ged(r, s) = 1 from step 1, choose p,q € R such that ps — ¢gr = 1. For
all t € Z, define p; = p—rt and ¢, = ¢ — st so that p;s — ¢;r = 1. Then, select v € Z

such that p, € R/TR.

Step 3: The result of Steinberg reduction is a matrix

Pv Qv < e Pv Qv a
(T s) € Y(R) satisfying (7“ S) <b>
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because pya + ¢,b = (pys — 1) ged(a, b) = ged(a, b).
Case 2: a=0and b# 0

Assume that (0,b)7 € My (R). Then, the matrix

0 —1 . 0 -1\ /0 —b
(1 0 ) €Y (R) satisfies (1 0 ) (b) = ( 0 ) :
Case 3: b =0

In this vacuous case, the matrix (a,0)” € My (R) is already in the form required
by equation (4.2]).

4.1.2 Steinberg reduction on a n x 1 matrix
Assume that n € Z-,. For 4,5 € {1,2,...,n}, define the map ¢;; : GLy(R) —
GL,(R) by

p q
(’I“ S) = Qpi,j(paQ7r> S)

where the 2 x 2 block formed from the i and j* rows and columns of ¢; ;(p, q,, s)
is

y R
(901,] (p> q,T, 5)){%]}:{%]} (7’ 3) ’
The remaining diagonal entries of ¢; ;(p, ¢, 7, ) are 1 and the remaining non-diagonal

entries are 0.

Assume that (ay,...,a,)T € M,y (R). The goal of Steinberg reduction in this case
is to construct a matrix A € GL,(R) such that

a1 g
(05} 0

Al | =1. where g = ged(ay, ag, ..., a,).
a, 0

Step 1: Using Steinberg reduction for the 2 x 1 case, obtain p, 1, ¢n_1,7n_1, 5,1 € R
such that

(pn—l QTL—I) c Y(R) and (pn—l Qn—l) (an—l) _ (ng(an—laan)) .
n—1 Sn—1 n—1 Sn—1 Qp, 0

In the case where a,, = 0, we select p, = s, = 1 and ¢, = r, = 0, which yields the
identity matrix Iy € Y(R). Consequently, we have
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a2 a2
SDn—l,n(pn—la qn—1,"Tn-1, Sn—l) - .
ap—1 ng(an—la an)
an 0

Step 2: For ¢ € {1,...,n — 2}, repeat Step 1 for each matrix (a,_; 1,9,_;)" €
Ms,1(R), where g; = ged(a, aiyq, - .., a,). This ensures that

a g1

a9 0
901,2(]91, q1,71, 31)902,3(p2> q2,72, 82) ce (;On—l,n(pn—b Qn—1;"Tn—1, 8n—1) : =

an, 0

where

901,2(291, q1,71, 31)90273(]?2, 42,72, 52) cen SOn—l,n(pn—h Gn—1,"Tn-1, Sn—l) € GLn(R)-

4.2 Smith normal form algorithm

4.2.1 The case of n x 1 matrices

The matrix orbit space we are interested in is G Ly, (R)\Mpxn(R)/G L, (R), where R
is a PID. It is proved in [Art91, Chapter 12, Section 5] and [Rot03], Section 9.4] that
if A € Myxn(R), then a representative of the matrix orbit GL,,(R) - A - GL,(R)
is given by its Smith normal form — a diagonal matrix D = (d;;) € Myxn(R)
satisfying dq1|das| ... |dkx, where k& = min(m,n). To be clear, di;|dsy means dy;
divides d9s.

Theorem is a consequence of Steinberg reduction and can be thought of as
computing the Smith normal form of a n x 1 matrix.

Theorem 4.2.1. Let R be a PID. Then, the following map is a bijection:
¢: R/R* — GL,(R)  Mpx1(R)
g
0

g —  GL,(R)-

with inverse given by
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¢~': GLy(R)- Mni(R) — R/R*

ai

a
GL,(R) - ,2 —  ged(ag, ag, ..., ap).

Qn

Proof. Assume that R is a PID. Assume that (a;,as,...,a,)" € M, (R). By
following the steps of Steinberg reduction in [subsection 4.1.2, we obtain a matrix
A € GL,(R) which satisfies

a1 ng(ala s 7an)
a9 0

Al 7| = _ . (4.3)
an 0

Thus, the map ¢! is a well-defined map from the orbit space GL,(R) - M, x1(R)
to R/R*. Moreover, the maps ¢ and ¢! are inverses of each other because from
equation (4.3)), we have the equality of matrix orbits

aq ng(ab s 7an)
a9 0
an 0

]

Corollary is obtained by taking the transpose of the RHS of the bijection ¢
in Theorem It forms an important part of the Smith normal form algorithm
we describe in the next section.

Corollary 4.2.2. Let R be a PID. Then, the following map is a bijection:
v: R/R* — Miwn(R) - GL,(R)
g = (9 0 ... 0)-GL,(R)

4.2.2 Reduction to a diagonal form

We will now describe in detail an algorithm for computing the Smith Normal form
of a matrix A = (a;;) € Myxn(R), which uses Theorem and Corollary
extensively. The first part of the algorithm converts A to a form where at the very
least, all the non-main diagonal elements of A are zero. Suppose that

ai ai2 e A1n

921 a99 ... Aon
A= .

m1  Gm2 Qmn



Step 1: (First column of A) Use Theorem to construct a matrix B € GL,,(R)
such that

g1 Qi2 ... Qip
/ /
0 ay ... ay,
BA=] . ) . ] where g1 = ged(agy, aory .oy Q-
! !
0 ane - G,

Step 2: (First row of A) Next, Corollary tells us that there exists a matrix
By € GL,(R) such that

g aig ... A1p g9 0 ce 0
/! !/ " "
0 ay ... ay, X Qhy ... Qg
By =
/ / " "
0 ape - Gy, X Qpo ... Qo

Here g, is the ged of all of the elements in the first row and first column of A and *
represents some unknown elements.

Step 3: (First row and first column of A) If there exists a non-zero element below
go in the current matrix we have, then repeat steps 1 and 2 until the matrix takes
the form

hy 0 ... 0
0 by ... by
0 b2 - byn

This process creates a chain of ideals

GgRC gpRCgRC...

Since R is a PID, it satisfies the ascending chain condition. Hence, there exists
an ideal h; R within the chain, which contains all of the ideals in the chain above.
Consequently, h; will divide every non-zero element remaining in either the first row
or first column of the matrix, allowing it to take the form above.

Step 4: Repeat the first three steps for the /! row and ¢"* column of the matrix,
where ¢ € {2,...,k = min(m,n)} to obtain a sequence of elements hy, ..., hy on
the main diagonal of the matrix

hi
ho

hy,
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4.2.3 Organising the main diagonal

So far, it is not necessarily the case that hy|hs|...|hr. The point of the second part
of the algorithm is to rectify this issue and obtain the Smith normal form of A. From
here, we will treat the case where m = n and the current matrix is the diagonal
square matrix diaglhy, ..., hy], since the other cases (m > n and m < n) are very

similar.

Definition 4.2.1. Let R be a PID and ¢ € R. Define z,,,;(c) € GL,,(R) to be a
triangular matrix such that each diagonal entry of x,,,;(c) is 1, (z.i(c))i; = ¢ and

every other entry is zero.

We now describe the second part of the Smith normal form algorithm, continuing

from step 4 and beginning with step 5.

Step 5: Assume that there exists r € {2,...,k} such that hy { h,.. To rectify this,

we do the matrix multiplication below.

hi 0
0 ho
0 O
0 O

where the matrix z,,1(1) € GL,(R) is from Definition [4.2.1] This leaves h; and h,
as the only two non-zero elements in the first column of the matrix. Now we use

0

hin

Tn,r1 (1) =

Steinberg reduction in [subsection 4.1.1 to construct the matrix

(‘CL Z) € GLy(R)

and consequently,

QOLT((I, b7 G, d)

where o, 8 € R and i; = ged(hy, hy).

0

0

such that (
c

a b

)

o =

0

Hence, the final matrix multiplication in this step is
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ged(h, hy)

)

So, there exists p € R such that pi; = h,.




i1 O oh, 0 i1 O 0 0
0 hy 0 0 0 hy 0 0
0 0 .. Bh ... o |TeCPO=00 0 a0
0 0 0 B 0 0 0 B

which renders the matrix diagonal.

Step 6: Repeat step 5 for all s € {2, ..., k} satisfying i1 1 h,, until the a; element of
the matrix divides all of the other diagonal elements. After this is done, the matrix
we obtain is

d 0 ... 0 ... 0
0 2o ... 0 ... O
0 0 :L:T 0 where dl — ng(hth,--.,hn),
O 0 ... 0 ... =z,

Step 7: Repeat steps 5 and 6 for each of the other diagonal elements in succession,
systematically beginning with the asy element of the matrix and ending with the
Gnyn element. After this is done, the matrix becomes

d 0 ... 0 ... 0
0 do ... 0 ... 0
0 o0 a4 ol with dilda]ld
0 0 ... 0 ... dy

The above algorithm constitutes a proof of Smith normal form.

Theorem 4.2.3 (Smith Normal Form). Let R be a PID, A € M,x.(R), P €
GL,,(R) be the product of the matrices multiplied on the LHS in the algorithm and
Q € GL,(R) be the product of all the matrices multiplied on the RHS in the al-
gorithm. Then, A = PDQ where D = (d;;) consists of the elements d;; = d;
for all j € {1,...,min(m,n)} and zeros elsewhere. Furthermore, dy|ds|...|dy with
k = min(m,n).

Example 4.2.2. Let R = 7Z and

2 3 =5
A=|-4 1 -9
7T 8 =3
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Step 1 of the algorithm reveals that, after applying Theorem twice

1 -1 1 2 3 =5 1 13 =26
-1 2 -2 -1 -4 1 -9 =10 —-23 47
1 -7 —4 7T 8 =3 0 =39 75

In the second step, we focus on the first row of the matrix. Fortunately, 1 divides
both 13 and -26 and the next calculation is

1 13 =26 1 —-13 1 26 1 0 0
0 —23 47 1 1 =10 —-23 47
0 =39 75 1 1 0 =39 75

The third step of the algorithm is simply reapplying the first two steps to bottom
right 2 X 2 minor of our current matrix. Applying the first step again, we have the
computation

1 1 0 0 1 0 0
17 —10 0 =23 47| =10 -1 49
-39 23 0 -39 75 0 0 -—108

Finally, applying the second step to the bottom right 2 x 2 minor renders the matrix
diagonal.

1 0 0 1 1

0 -1 49 1 49| = -1

0 0 —108 1 —108
We do not need to proceed further with the algorithm because the diagonal matrix
above is in Smith Normal form, as 1| — 1| — 108. In this case, d; = 1, do = —1 and

4.3 Smith normal form invariants

In Theorem [4.2.3] D € M,,«,(R) is a representative of the matrix orbit GL,,(R)- A-
GL,(R). Wedge product matrices provide us with a method for finding invariants
of the orbit GL,,(R) - A-GL,(R), which helps us to understand Smith normal form
better. First, Lemma is pertinent to our analysis of these invariants. Recall
from Definition that if A= (a;;) € Myxn(R) then we define

ged(A) = ged(ar, ara, .-, Gpp).

Lemma 4.3.1. Let R be a PID and A = (a;;) € Myxn(R). Let B = (b;;) € GLy(R)
and C = (¢;;) € GL,(R). Then, ged(A) = ged(BAC).

Proof. Assume that R is a PID. Assume that A, B and C are the matrices defined
as in the statement of the lemma.

To show: (a) ged(A) = ged(BA).
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(b) ged(A) = ged(AC).

(a) The elements of BA are of the form ) ", bja; where j € {1,...,m} and
k € {1,...,n}. Since B is invertible, Laplace expansion on the k' column of B
yields the equality of ideals

So, ged(byg, ..., bmg) = 1 for all k € {1,...,n}. To see that ged(A) = ged(BA), we
compute directly from the elements of BA that

ng(BA)R = Z Z (Z bjlalkR>
k=1 j=1 =1

I
(]

> (b b+ + bp)awR
=1

k=1

[
NE

(b + by + -+ 4 b)) R) (ann + arp + -+ - + i)

~

1

I
NE

R(all +ap+ -+ aln)

C(li(A)R.

I
Qg

(b) Since ged(X) = ged(X7T) for all X € M,,xn(R), we can use part (a) to deduce
that ged(AC) = ged(CTAT) = ged(AT) = ged(A).

Therefore, ged(A) = ged(BAC) as required. O

Proposition 4.3.2. Let R be a PID. Let A € M,,x,(R) and d; be the diagonal
entries of the Smith normal form of A produced by the algorithm resulting in Theorem
where 1 € {1,...,k}, k =min(m,n) and dy|...|dx. Then,

(0) ITj-y dj = ged(A'(A)).
(b) The quantity gcd(A*(A)) is an invariant of the orbit GL,,(R) - A-GL,(R).

Proof. Assume that R is a PID and A € M,,,«,(R). Assume that d; are the diagonal
entries of the Smith normal form of A for i € {1,...,k}, where k = min(m,n).

Part (a): By Theorem there exists P € GL,,(R) and @ € GL,(R) such that
A = PDQ, where D is the Smith normal form of A. So A’(A) = AY(P)A(D)AY(Q),
and since P and @ are invertible, A’(P) and A*(Q) must also be invertible by
Corollary From Lemma [.3.1] we conclude that

ged(A'(A)) = ged(A(D)) = ged({[ [ d; | L € Ty} = Il 4=dd...a,

jeL je{1,2,....i}
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since dy|dy| . . . |d.

Part (b): From part (a), we found that if i € {1,2,...,k} then ged(A'(A)) =
ged(AY(D)). Thus, ged(A*(A)) is an invariant of the matrix orbit GL,,(R) - A -
GL.(R). 0

We observe that the ged of the i x i minors of A is equal to ged(AY(A)) by
Theorem Thus, Proposition tells us that the ged of the ¢ X i minors
of A € Myxn(R) for i € {1,...,min(m,n)} is invariant under the matrix orbit
GL,(R)-A-GL,(R). We will call these Smith normal form invariants.

Theorem [.3.3] demonstrates the connection between the Smith normal form invari-
ants and the orbit space G L, (R)\Mpxn(R)/GL,(R).

Theorem 4.3.3. Let R be a PID. Let A, B € My,«n(R). Then

GLn(R)- A GLy(R) = GL(R) - B - GL,(R)

if and only if A and B have the same Smith normal form invariants.

Proof. Assume that R is a PID. Assume that A, B € M,,«,(R).

To show: (a) If GL,,(R)-A-GL,(R)=GL,(R)-B-GL,(R), then A and B have

the same Smith normal form invariants.
(b) If A and B have the same Smith normal form invariants, then

GL,(R)-A-GL,(R) = GL,(R)-B-GL,(R).
Proof of (a): Assume that GL,,(R)-A-GL,(R) = GL,(R)-B-GL,(R). Then, there
exists X € GL,,(R) andY € GL,(R)suchthat XAY = B. Ifi € {1,...,min(m,n)}
then AY(X)AY(A)AY(Y) = AY(B). Since AY(X) € GLm)(R) and AY(Y) € GL(@>(R),
we can apply Lemma[4.3.1 once again to deduce that ged(A*(A4)) = ged(A¥(B)). So,
A has the same Smith normal form invariants as B.

Proof of (b): Assume that A and B have the same Smith normal form invariants.
Suppose that D is the Smith normal form of A produced from the algorithm resulting
in Theorem [4.2.3] with diagonal entries d; for alli € {1,..., k} where k = min(m, n),
such that di|dsy]...|dg. Similarly, suppose that E is the Smith normal form of B
produced from the algorithm resulting in Theorem 4.2.3| with diagonal entries e; for
all i € {1,...,k}, such that e;|es]|...|ex.

To show: (ba) If i € {1,2,...,k} then d; = e;.
(ba) We will prove this by induction on i. For the base case, suppose that i = 1.

Then, d; = ged(A) and e; = ged(B) from Theorem [4.3.3] Since ged(A) = ged(B)
by assumption, we deduce that d; = e;.
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For the inductive hypothesis, suppose that d; = e; for some j € {1,...,k}. Suppose
that d; = ¢ for all [ < j. We must show that d;.; = e;4;. Since A and B have
the same Smith normal form invariants, H;:; d, = Hij: e,. From the inductive
hypothesis, d; = ¢; for all [ < j. So, we can simplify this as

J J

dj+1 H dp = €41 H dp.

p=1 p=1
It Hi):l d, # 0, then d;;1 = e;41 since R is an integral domain. On the other hand,
if [[)_, d, = 0, then there exists a € {1,...,j} such that d, = 0. Since dq|d;1,
ealej41 and d, = e,, djy1 = ej1 = 0. This completes the induction. Hence, if

i6{1,2,...,k’}, d; = e;.

(b) Part (ba) reveals that the matrices A and B must have the same Smith normal
form so that D = E. From Theorem there exists P, € GL,,(R) and
Q1,Q2 € GL,(R) such that P,DQ; = A and P,DQy = B. We note that

A= PPy (PDQ2)Qy Q1 = (PP ) B(Qy Qu).

Since PiPy' € GL,,(R) and Q;'Q; € GL,(R), A and B must lie in the same
orbit. O

4.4 The structure theorem

A useful application of Smith normal form is the structure theorem for finitely
generated R-modules, where R is a PID, which we will prove as a consequence of
Smith normal form.

Before we dive into the statement of the structure theorem, we need to show that
if R is a PID then every submodule of a free R-module of rank n must be free with
rank at most n. We will give a constructive proof of this fact using Theorem [4.2.3

Lemma 4.4.1. Let R be a PID, M be a free R-module of rank n € Z~qo and N C M
be a submodule of M. Then N 1is a finitely generated R-module with at most n
generators.

Proof. Assume that R is a PID and M is a free R-module of rank n € Z~(y. Assume
that N is a submodule of M. Since M is free of rank n, it is isomorphic to R".
Hence, it suffices to prove the lemma for M = R", where n € Z,.

For the base case, let n = 1 and suppose that N is a submodule of M = R. Then,
N is an ideal of R and since R is a PID, there exists ry € R such that N = ryR.
So, N is generated by 1 element, which proves the base case.

For the inductive hypothesis, assume that the statement of the lemma holds for

n =k € Z-o and let N be a submodule of M = R, Let mly i N — R* denote
the following composite:
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Ne——s M=R:! T RF
where 7 : RF*! — RF is the surjective R-module homomorphism

T Rk — RF

(Tl,rg,...,rk+1) — (TQ,...,Tk+1).

The kernel of 7|y is

kerm|y = NN {(r,0,...,0) € R" | r € R}.

Since {(r,0,...,0) € R* | r € R} & R, then ker 7|y is isomorphic to a submodule
of R. From the base case, there exists o € N such that ker 7|y = Rxo. The image
7|ny(N) = 7(N) is a submodule of R¥. By the inductive hypothesis, 7(N) is finitely
generated with at most k generators. Let {yi,...,y/} C R* be a generating set for
w(N), where ¢ < k.

For j € {1,...,0}, we can write m(z;) = y;, where z; € N. We claim that
{xg,x1,..., 24} is a generating set for N. Assume that n € N. Then, w(n) € n(N)
and

m(n) = Z ngy; = Z nim(x;) = W(Z n;;)

where n; € R. So, m(n—"_, n;z;) € ker 7|y and subsequently, n—>"¢_, n;z; = noxo
for some ng € R. Thus,

¢
=0

and N must be finitely generated with /41 < k+ 1 generators. This completes the
induction. O

Theorem 4.4.2. Let R be a PID and M be a free R-module of rank n. Let N C M
be a submodule of M. Then N itself is free R-module, with rank < n.

Proof. Assume that R is a PID and M is a free R-module of rank n. Then, M has
a basis B = {my,...,m,}. Assume that N C M is a submodule of M.

To show: (a) N is a free R-module.
(a) Since M is free, we have an isomorphism ¢ : M — R"™ defined by

o(rimy + -+ rymy) = (ri,ro, ..., ).

Since N is a submodule of M, we can apply Lemmal4.4.1|so that N = span{n,,...,ns},
where s < n. Then, we define the matrix A € M, «s(R) as
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ny1 Nz ... Nig
No1r Moo ... Nog

A= (p(n1),...,0(ng)) =
N1 Ng2 oo Ngs

Here, the i column of A is ¢(n;). By Smith normal form (Theorem 4.2.3)), there
exists P € GL,(R) and ) € GLs(R) such that

dy
ds
PAQ = 0 ... 0
0 ... 0

where dy|ds|...|ds. Since @ € GL4(R), {Qmq,...,Qm,} is another basis for
M. Furthermore, the Smith normal form decomposition above tells us that if
i € {l,...,s}, then Pn; = d;Qm;, where Pn; is a linear combination of the ele-
ments in the set {ny,...,ng}.

We finally claim that the set {Pns,..., Png} forms a basis for N. Firstly, since
each Pn; is a linear combination of elements in the set {nj,...,ny} then the set
{Pny,...,Png} spans N. Secondly, {Pns, ..., Pns} is linearly independent in N
because it is linearly independent in M, as Pn; = d;Qm; for i € {1,...,s}. There-
fore, {Pny,...,Pns} is a basis for N and so, N is a free R-module with rank
s < n. O

Our proof of the structure theorem will closely follow the proof given in the
reference [Ghil8| Page 2].

Theorem 4.4.3 (Structure Theorem). Let R be a PID and M be a finitely generated
R-module over a PID. Then, there exists dy,...,d; € R such that k € {1,2,...,n},
di|dy| ... |dy and

M=R/d\R® R/dyR® --- & R/diR. (4.4)

Proof. Assume that R is a PID and M is a finitely generated R-module, which is
generated by k elements. Assume that ¢ € {1,...,k}. By applying Theorem
to the surjective homomorphism ¢ : R¥ — M, we deduce that ker ¢ is a submodule
of R*, which is free with rank s < k.

Choose a basis for kerp and let A € My.;(R) be the matrix associated to the
inclusion map ¢ : ker ¢ — R*. By Theorem |4.2.3, A has Smith normal form
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dy

dy
ds
0 0 0
0 0 ... 0

where di|ds| ... |ds. So, there exists a basis {fi, fa, ..., fx} of RF such that

{d1f17d2f27 e 7dkfk}

is a basis for kerp. Note that d; = 0 for j > s. We now define the R-module
homomorphism ¢ : R¥ — R/diR& --- & R/dyR by

k

iﬂ(Zﬁfi) =(r+diR,..., 1+ dpR).

i=1
Observe that v is a surjective R-module homomorphism and ker ) = ker ¢. By the
first isomorphism theorem,

M = R*/kerp = R¥/ker ) & R/d\R & R/dR & - - - ® R/dyR.

The factors d; € R in equation (4.4]) are called the invariant factors of M.

Example 4.4.1. This example was taken from |Ghil8, Page 5]. Let

M =7?/N  where N = span{(6,4),(4,8),(4,0)}.

Define a surjective map ¢ : Z3 — Z? by

o(a,b,c) =a(6,4) +b(4,8) + c(4,0).

Each basis element of Z? gets sent to a generator in V. The matrix of ¢ with respect
to the standard bases of Z* and Z? is now

6 4 4
4 8 0)°
whose Smith normal form decomposition is
(1 —1)(644)3(1)_12 _(200>
-2 3 4 80 01 2 0 8 0
Theorem (the structure theorem) then tells us that
M =7?/N 2 7/27 & Z/8Z.
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Explicitly, consider the bases

B ={(1,0,0),(0,1,1),(=2,1,2)} of Z*  and  C ={(3,2),(1,1)} of Z*.

Then,

90((1’ 0, 0)) = 2<3’ 2)’ @((07 L, 1)) = 8(17 1) and 90((_27 L, 2)) = (07 0)
and N = span{(6,4), (4,8),(4,0)} = 2(3,2)Z @ 8(1,1)Z.

48



Chapter 5

Orbits of principal congruence
subgroups

5.1 Basic definitions

In this section, we will define the matrix orbit space ', (3)\I'(3), which appears in
[BHS6, Page 489] in the context a minimal parabolic Eisenstein series. Let w = ¢?7/3
and Z[w] = ¢ be the ring of Eisenstein integers. Note that o is a Euclidean domain
and hence, a PID.

Definition 5.1.1. Define

I'(3) = {A e SL3(0) | A= I3 mod 30},
['w(3) = re3)nu,
Lu@N\LB) =  {Tw(3)-A|A€TE)

where the congruence A = I3 mod 30 is computed entry by entry and U denotes the
subgroup of upper triangular matrices in SL3(0).

Equivalently, ', (3) is the subgroup of upper triangular unipotent matrices in
['(3). This is because if A € I',,(3) then its diagonal entries must be congruent to
1 mod 3e. Since 1 is the only element of 0¥ = {#+1, 4w, +w?} which is congruent
to 1 mod 30, the diagonal entries of A are all 1 and consequently, A is an upper
triangular, unipotent matrix in I'(3).

The question we will focus on is: If A € I'(3), then what is a matrix representative
for the orbit I's,(3) - A7 Analogously to Smith normal form, one of the most useful
ways of understanding matrix orbits is to look for invariants — elements in o which
remain the same when A is multiplied on the left by an element of the group ' (3).

Definition 5.1.2. Let

e~
Il
Q@ Q.
> o o
S S O
m
p1
/‘\
N

49



Define

Inv(A) = (Ay, By, Cy, Ag, By, Cs) € o°

where

Alzg, Blzh, Clzi,
Ay =dh—eg, By =di— fg, Cy=c¢ei— fh.

We call Ay, By, C; the A! invariants of A and Ay, By, C the A? invariants of A.

(5.1)

The notations Ay, By, C1, As, By and C5 used for each invariant are adopted from
[BHS6, Page 485]. The A! invariants form the bottom row of A = A'(A) and the
A? invariants form the bottom row of A%(A).

Let @1, @9 : SLa(0) — SLs(0) denote the group homomorphisms

)

a b

901(a b): c d
c d

; 1

and V2 (Z d) = a b

1 c d

Then with ijk = 1,
1 =z vy 1 2z xz—y
A? 1 z| = 1 x , (5.2)
1 1

N*(diagli, j, K]) = diaglij, ik, jk] = diaglk™",5~",i7"], (5.3)

A (pi(a,b,c,d)) = @s(a,b,c, d),
(5.4)
A(pa(a,b,c,d)) = pi(a,b, e d).

Equation (5.2) demonstrates that A*(T'»(3)) C T'w(3). Since A*(I3) = I, where
)CTI(3

)
I3 € SL3(o) is the identity matrix, A%(T'(3)) C I'(3).

5.2 Properties of A' and A? invariants

The main point of this section is that the invariants as defined in Definition [5.1.2]
satisfy very similar properties to the Smith normal form invariants investigated in
section 4.3l The main properties we want (A, By, C1, Ay, By, Cs) € ¢° in Definition

to satisfy are

A = Ay = B; = By, = 0 mod 3o, (I1)
C, = Cy =1 mod 3o, (12)
ng(Al, Bl, Cl> = ng(AQ, BQ, 02) = ]_, (13)
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Alcg - BlBQ + ClA2 - O (I4)
Equations , , and together form the invariant conditions.
Proposition 5.2.1. Let A € T'(3). Then, Inv(A) € o® satisfies the invariant con-

ditions , , and .

Proof. Assume that

a b c
A= d e f € P(3) and [TLU(A) = (Al,Bl, Cl,AQ,BQ, Cg)
g h 1

By using the definition of I'(3) in Definition and equation (j5.1]), a direct com-
putation yields the conditions and ([2).

Since A € SL3(0) then det(A) = 1 and Laplace expansion along the bottom row of
A yields

1 =g(bf —ec) — h(af — cd) +i(ae — bd) € go + ho + io.

Hence, ged(Ay, By, Cy) = ged(g, h,i) = 1. Similarly, Laplace expansion along the
top row of A yields

1=a(ei— fh) —b(di — fg) + c(dh — eg) € Ca0 + Bao + As.
So, ged(Aa, By, Cy) = 1. Equation follows from the direct computation
A1Cy — B1By + C1Ay = g(ei — fh) — h(di — fg) +i(dh — eg) = 0.
]

The next theorem establishes a bijection between sets of invariants satisfying the
invariant conditions and orbits in I'(3)\I'(3). Observe the similarity to Theorem
in the previous chapter.

Theorem 5.2.2. Let A, B € I'(3). Then, I'nx(3) - A = T'(3) - B if and only if
Inv(A) = Inv(B).

Proof. Assume that A, B € I'(3).

To show: (a) If I'w(3) - A =T (3) - B, then Inv(A) = Inv(B).

(b) If A and B have the same set of invariants, then I'(3) - A =T'(3) - B.

Proof of (a): Suppose that ['no(3) - A = T'(3) - B. Then there exists C' € T'o(3)
such that CA = B. Since the bottom rows of C' and A?(C') are both [0, 0, 1], a quick
computation of the bottom rows of C'A and A*(CA) gives Inv(A) = Inv(CA) =
Inv(B).
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Proof of (b): Now assume that Inv(A) = Inv(B) = (A1, B, C1, As, By, Cy).
To show: (ba) There exists a C' € I'(3) such that CA = B.

(ba) Since A, B € T'(3) are invertible, we define C = BA™!.

To show: (baa) BA™! € I',,(3).

(baa) We first write A and B as

aq bl C1 a2 b2 Co
A= d1 €1 f1 and B = d2 (&) f2
A1 B1 Cl Al Bl C’1

Since det(A) = 1, we can apply Proposition to find that A=' = T%(A). Con-
sequently,

az by ¢ Cy abB—bC blf1 — €1C
BA_l = BTQ(A> = d2 ()] fQ _B2 a101 — ClAl Cldl — Cllfl . (55)
A By Gy Ay biAL — a1 By aen — bidy

It remains to show that BA™! is upper triangular and unipotent. Let d;; denote
the 4, j element of BA™!. By equation ([5.5)) and the invariant condition in equation
7 d3y = A1Cy — B1 By + AyCy = 0.

The entry d32 = Al(ClBl - blC'l) + Bl(alCl - ClAl) + Cl(blAl - CLlBl> =0.

The entry
aq b1 C1
dzz=|di e fi|=det(4) =1
Ay By Gy
The entry
dy €2 fa
doyy = |dy ex  fa| =0.
Ay By G
Since Inv(A) = Inv(B),
aq bl C1 aq bl C1

dyp = |dy e fol=|d1 e fi|=1.
Al Bl Cl Al Bl Cl

Finally, since det(BA™!) = 1 and dyy = ds3 = 1 then dy; = 1.

So BA™! is an upper triangular unipotent matrix in T'(3). Hence, BA™! € T'»(3).
]
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In [BH86, Page 484, Bump and Hoffstein define the involution ¢ : GL3(C) —
GL3(C) by

‘A= 1 (AHT 1
1 1
The invariants of A € I'(3) in [BH86] are defined as the elements of ¢ which comprise

the bottom rows of A and *A, denoted by [A;, By, C1] and [Ay, By, Cy] respectively.
To see how this is related to Definition we compute directly that

A*(A) = —1 1 (T3A))T 1 ~1
1/ \1 1 1

Since det(A) = 1, then by Proposition [3.2.2) T?(A) = A~!. So,

A*(A) = —1 (*A) —1 : (5.6)

Equation provides the crucial link between the bottom row [As, By, Cs] of ‘A
in [BHS6L p. 486] and Inv(A). In particular, the only difference between Ay, By, Cy
as in [BHSE, p. 486] and the A? invariants in Definition is the sign of B,. Thus,
we have connected our approach to the invariants of I (3)\I'(3) with that of Bump
and Hoffstein.

5.3 The form of a representative of I'(3)\I'(3)

Suppose that we are given (Ay, By, C1, Ag, By, Cy) € ¢ which satisfy the invariant
conditions. We would like to construct a matrix A € I'(3) such that Inv(A) =
(A, By, Ch, Ay, By, Cs).  Similarly to Smith normal form, Steinberg reduction in
isubsection 4.1.2] will be the main tool for achieving this construction. Define

D(3) = { i | €SLy(o) |, ),k € 0 and ijk = 1}. (5.7)
k
1 a f
U(3) = { 1 7| €SLye)] o, 8,7 € 0/30}. (5.8)
1

Theorem 5.3.1. We have the following equality:

SLw= U U U P2y 1Yz Da(ys Ndul(3).  (5.9)

y1,y2,y3€Y (0) deD(3) ueU(3
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Proof. To show: (a) RHS of equation (5.9) C LHS of equation (5.9).

Proof of (a): Suppose that B = s (y; 1) e1(ys ) pa(yz 1 )duC where yi, 92, y3 € Y (o),
d € D(3), uw € UB3) and C € I',(3). Since B is a product of matrices whose
determinants are all 1, det(B) = 1. So, B € SL3(s). This proves equation ({5.9).

To show: (b) LHS of equation (5.9) € RHS of equation ({5.9).

Proof of (b): Assume that

a b ¢
A=1d e f € SLg((l)
g h i

Step 1: (First column of A) Use Steinberg reduction (see [subsection 4.1.2) on the
first column to construct matrices y1,y2 € Y (0), with Y (s) being the set in equation

([4.1]), which satisfy

n(6)=(0) e aian) = ()

Here, p = ged(a, d, g) € 0. Consequently,

p b
o1(y2)p2(y)A =10 € f
0 K i

Step 2: (Second column of A) Using Steinberg reduction on the second column of
©1(Y2)2(y1)A, we construct another matrix y3 € Y (o) satisfying

/
Y3 (Z,) = (g) where q=ged(e',h') € 0.
Thus,

o3

x
q
0 0

©2(y3) 01 (y2)p2(y1) A =

S N

Step 3: (Decomposing the upper triangular matrix) On the RHS, we have

p Ty p L gre qry
0 g z]|= q 1 prz
0 0 r r 1
because pqr = 1. Furthermore,
1 grx qry 1 a p 1 gre —a qry—oa(prz—7v) —
1 prz | = 1 v 1 prz — -y
1 1 1
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where «, 3, € 0/30 are chosen so that the elements

qre — o, prz — -y, qry — a(prz —y) — 5 € 3e. (5.10)
Equation (5.10|) ensures that the matrix
1 gre—a qry—alprz—7) —p

U= 1 prz—-y € I'o(3).
1

Putting all of the computations together, we obtain the decomposition

P 1 a f
A= o(yr N1 (s a3 ) q 1 ~|U
r 1

so that

SL<c | U U er)e(eays dul(3).

y1,Y2,¥3€Y (0) deD(3) uelU(3)

Example 5.3.1. Let

4 -3 —12
A=|[-3 4 15 | er(3).
-6 3 13

Following the steps in Theorem [5.3.1) A = s (y; )01 (s 2 (yz 1 )duC, where

1 -1 2 =3 2 5

-1 1
d= -1 € D(3), u= 1 e U(3)
1 1
19 30
and C= 1 3] elx(3).
1

Consequently, 02 (y; 1)1 (s ) w2(ys t)du is a representative of the orbit A - 'y (3).

For A € I'(3), Theorem [5.3.1] gives a representative of the right orbit A-T'w(3) €
I'(3)/T'5(3). The main motivation behind Theorem is that we can obtain a
representative of the left orbit I',(3) - A by using Y! from Definition [3.1.1]

Theorem 5.3.2. We have the following equality:

SL3(0) = U U U 3)udpy(ys)p2(y2)e1(y1). (5.11)

Y1,Y2,y3€Y (0) dED(3) uelU(3)
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Proof. Assume that

so that

ae—bd af —cd bf —ec
A*(A)= | ah—bg ai—cg bi—ch | €T(3).
dh —eg di— fg ei— fh

Since det(A?(A)) = 1, equation (3.2)) gives

1 —f c
THA) = (A*(A) = |-h e —b]| eT(3) (5.12)
g —d a

and subsequently, A = T1(T!(A)). By Theorem [5.3.1]

THA) = pa(yr o (y3 oo (ys ) duC

where y1,y2,y3 € Y(0), d € D(3), uw € U(3) and C € I',(3). Applying T' to both
sides and using equation ([5.4)) yields

A="THLHA) = THO) T (W)Y (d) e () p2(y2)er (v1)
with T1(C) € T'o(3) and Y!(d) € D(3). Assume that

1 x vy I =z y
U= 1 z]| €eU(3) so that T!(u) = 1 —x
1 1
Then, T!(u) = KL, where
1 3m 3mx+9mp+ 3n 1 —2—-3m y—3n
K= 1 3p and L= 1 —x — 3p
1 1

The elements m, n,p € o are chosen such that —z —3m,y —3n, —x — 3p € 0/30. This
ensures that K € [',,(3) and L € U(3). Hence,

A=THYH(A) = (THOVK) LY ()1 (ys) 02(y2) 1 (1)
which gives equation . O]

We remark that we can use the inverse A~! in place of T1(A) to prove an analo-
gous result to Theorem [5.3.2, We used T!(A) in the above proof because by equation
(5.12)), T'(A) is easier to compute than A~1.
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Example 5.3.2. Let

4 =3 —12
A=|[-3 4 15 | er(3).
-6 3 13

By following the steps outlined in the proof of Theorem|5.3.2) A = Cudp:(ys3)2(y2)e1(y1),

where
1 -1 2 -9 2 23
h = (2 _1) ) Y2 = (3 _13> ) Ys = <5 58> € Y(0)7

1 1
d= -1 € D(3), u = 1 ceU(3)
—1 1
1 0 15
and C= 1 =39 | e I'w(3).
1

Consequently, udp;(y3)e2(y2)p1(y1) is a representative of the left orbit I'o(3) - A.

5.4 Constructing a representative from a set of
invariants

Theorem [5.4.1] forms the crucial link between Theorem [5.3.2] and the A' and A?
invariants, as defined in Definition [5.1.2] Before we proceed, we recall the invariant

conditions (TI)), (I2), and (4).

Theorem 5.4.1. Let (Ay, By, Cy, Ag, By, Cy) € o° be a sequence satisfying the in-
variant conditions (T1)), (I2), and with at least one of Ay, By # 0. Let

r1,72,73 € 0 — {0} /0™ and a, € 0* be such that

ged(Ay, By) = ars,
A1 = ng(Al, Bl)Tl, (513)
A2 = ng(Ah Bl)BTS-

Define p1,q1,s1 € 0 such that

p1 € U/Tlﬂ, ng(Al, Bl)Sl = Bl and P1S1 — @11 = 1.
Define pa, qa, S2 € 0 such that

P2 € 0/70, so=a 'Cy and p2s2 — qara = 1.

Define ps, q3, s3 € 0 such that

P3 € 0/730, S3 = 071571(17102 — 1 By) and P3S3 — qarz = 1.

For i € {1,2,3}, let
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04_16_1
d= 15} and Yi = (pi Qi)

r; S;
Then, define the matriz

X=VW e ngg(ﬂ)

where

W = dp1(y1)p2(y2)e1(ys) and V=W~ mod 3.
Then,

X € F(B) and ITLU(X) = (Al,Bl,Ol,AQ,BQ,CQ).

Moreover, the decomposition X = I3V dp1(y1)pe(ye)e1(ys) with the identity matriz
I3 € T'(3) is the decomposition from equation (5.11]).

Proof. Assume that (A;, By, C}, Ay, By, Cy) € o° satisfies the invariant conditions
[T, (r2), and ([4). Assume that we have r1,79,75 € 0 — {0} /0 and «, 5 € 0%

satisfying equation (5.13)). We will show that the matrix X is an element of
I'(3) with Inv(X) = (A1, By,C4, As, Bo,Cy) and that the decomposition X =
IVdoi(y1)p2(y2)e1(ys) is the one in Theorem [5.3.2]

To show: (a) The matrices yi, yo,y3 € Y (0).
(b) The matrices d € D(3) and V' € U(3).
(C) The matrix X € F(3) and I?’L’U(X) = (Al, Bl, Cl, AQ, Bg, 02)

(a) From equation (4.1), the assertion is equivalent to showing that if i € {1,2,3}
then r; € 0 — {0}/0* and p; € o/r;o. We already have by assumption r1,79,73 €

o—{0}/0*.
To show: (aa) If ¢ € {1,2,3} then ged(ry, s;) = 1.

(aa) To see that ged(ry, s1) = 1, note that

ged(ged( Ay, Br)ry, ged(Ar, By)si) = ged(Ay, B1) ged(ry, s1) = ged(Ay, By).

Since ged(Ay, By) # 0, then ged(rq,s1) = 1. Next, to see that ged(rs, s2) = 1, the
invariant condition equation gives ged( Ay, By, C1) = 1 and subsequently,

ged(rg, $9) = ged(ged(Ay, By), Ch) = ged(Aq, By, Ch) = 1.

Finally, to see that ged(rs, s3) = 1, we first observe that since ged(ry, s1) = 1, then
there exists pi9,¢i,0 € 0 such that p;ps;1 — qior1 = 1. If n € o then define
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Pin = P10 — N and q1,n = g1,0 — NS1.

A quick computation reveals that if n € o then py,s1 — ¢1,r1 = 1. Thus, there
exists ¢ € o such that p;, € o/rj0. Let py = p1y and ¢ = ¢4 so that s3 =
a 187 (p1Cy — 1 Ba).

To see that ged(rs, s3) = 1, we will find constants w,v € o such that urs + vsg = 1.
Since ged(As, Bs, Cy) = 1 by invariant condition , there exists v1, 72,73 € 0 such
that ’}/1142 + ’YQBQ + ’}/302 =1.

We will now derive expressions for B, and C5. Since p;s; — ¢1r1 = 1, then

plBl — Q1A1 = ng(Al, Bl) = QTa. (514)
Since s3 = a~ 'S (p1Cy — 1 B), then

p16’2 - (]1Bg = 04583. (515)
If we multiply equation (5.14) by Cy and then subtract equation (5.15) multiplied
by Bl from lt, we find that since Ang — BlBQ + Agcl = 0,
q1A2C1 = q1(B1By — A1Cy) = ary(Cy — afisiss).

Substituting the expressions A, = afrers and C; = ass into the LHS and then
solving for Cy, we arrive at

Cy = aB(qir3s2 + s5153). (5.16)

Similarly, if we multiply equation (5.14)) by B, and then subtract equation ({5.15])
multiplied by A; from it, we obtain the equation

p1A2Cy = Pl(BlB2 - A102) = aryBy; — afss3A;.

Using the fact that Ay = afrers and C7 = asg, we solve for By to obtain

B2 = Q/B(p1T382 + 7”183). (517)

Therefore, if we substitute equations (5.17)), (5.16) and Ay = afrers into the equa-
tion y1 As + 9 Bs + v3Cy = 1, we deduce that

1 = r3(niafrs + aByapise + ysafqis2) + ss(afByers + afyzst).

Hence, r30 + s30 = o and so, ged(rs, s3) = 1, thereby showing that if i € {1,2,3}
then ged(r;, s;) = 1.

(a) Since ged(rg, s2) = ged(rs, s3) = 1, we can construct pe, g, p3, g3 in a similar

manner to p; = py, and ¢ = ¢q1 ¢ previously. This gives ps € 0/720, p3 € 0/r30 and
q2,q3 € o which satisfy pysy — goro = 1 and p3s3 — gqsr3 = 1. So, y1, 42,93 € Y (0).
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(b) The matrix d € D(3) because (™ '571)Sa = 1. To see that the matrix V € U(3),
we will first show that

a 187 (pips + pagsr1) oS H(pagsst + psq1) @ B gegs
W = B(pirs + pariSs) B(p2siss + qirs) Bgas3 (5.18)
ariry argosSq aS9

is congruent to an upper triangular, unipotent matrix mod 3e. Let w;; denote the
i, j entry of W. For the bottom row of W, we note that ws; = arirs = A; = 0 mod
30, w3y = arys; = B; = 0 mod 30 and w3z = ass = C7 = 1 mod 30 by invariant
condition ([2)).

Before we compute wqq,we; and wes modulo 36, we must establish several other
relations first. We begin with the fact that A; = B; = 0 mod 3¢ from invariant
condition ([1)). This reveals that gcd(A;, By) = 0 mod 3¢ and thus,

Ty = a ' ged(Aq, By) = 0 mod 3a. (5.19)
Since C7; = 1 mod 36, s, = 4j mod 36 and
sy =a 'C; = a ' mod 3. (5.20)

Next, we reduce the equation s3 = o=~ (p;Cy — ¢ Bs) modulo 3a to obtain

s3=a '8 (p1(1) — q1(0) = a '3 p; mod 3o (5.21)

where we used the congruence Cy = 1 mod 30 from invariant condition . Since
P2Ss — a2 = 1 by construction then

P2sy = 1+ gary mod 3 = 1 mod 3o,

due to equation (5.19)). By using equation ((5.20)), we find that pyss = psa™ mod 3a
and

pe = a mod 3. (5.22)

Since A;Cy — B1By + A3C; = 0 from invariant condition , then equation ([5.13|)
yields rCy — s1 By + fr3C7 = 0. Reducing modulo 30, we find that

0= 7’102 — SlBQ -+ BrgCl = 7“1(1) — 51(O> + Brg(l) =r + 57’3 mod 30,
where By = 0 mod 3¢ by invariant condition . So,

ry = —fr3z mod 3e. (5.23)
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Reducing the matrix elements wqq, wo; and wey modulo 30, we obtain

woy = B(rap1 + paris3)
= [rap1 + Bpari1ss
= (—7r1)p1 + Bp2riss mod 30 ((5.23)
= —pir1 + Paryss mod 36 (5.22))
= —pir1 + Bary (e B py) mod 30 (5.21))
= 0 mod 3o.

way = B(p2s153 + q113)
= Bp2s183 + Baqirs
= Bpasiss + q1(—r1) mod 30 (5.23)
= fasisz3 — qir; mod 30 ((5.22))
= Basi(a'B7p1) — iy mod 30 (5.21)
=151 — @11 = 1 mod 3.

wiy = o' B (p1ps + pagsr)
= a ' B pips + a7 B pagam
= s3p3 + a B pagsrs mod 30 (5.21)
= s3p3 +a B pags(—Prs) mod 30 ([5.23)
= p3s3 — qzr3 mod 30 (|5.22))
= 1 mod 3s.

Hence,

1 o' pagzs1 +p3qn) @ B qegs
W = 1 Bqas3 mod 3e.
1

and so the matrix V' = W~=! mod 36 must also be upper triangular and unipotent.
Since V' € Ms,3(0/30) by construction, we conclude that V' € U(3).

(c) From parts (a) and (b), we find that the decomposition X = I3V dp;(y1)e2(y2)e1(ys)
is the same one in Theorem |5.3.2l The matrix X € I'(3) because X = VW =
W=W = I3 mod 3 and det(X) = 1 by Theorem [5.3.2]

To check that Inv(X) = (A1, By, C1, Ag, B, Cs), it suffices to compute Inv(W) be-
cause since V' € U(3), Inv(W) = Inv(VW) = Inv(X). Recalling the definition of
W from equation , the A! invariants of this matrix are arirs = Ay, arys; = By
and asy = C;. In order to compute the bottom row of A%(W), which is comprised
of the A? invariants of W, we calculate that

afrysy(pirs + par1Ss) — afrira(pesiss + irs) = afpirarssy — afriraraq
= 0457‘27“3(17181 - erl)

= afrors = Ao,

61



ged(Ayr, Br)(aBsa(pirs + pariss) — afqessrire) = ged(Aq, Br)(aBpirssy + affriss)
= p1A2C1 + p1A1Cy — 1 AL By
= pB1By — A1 By (by invariant condition )
= ged(Ay, Br)(p151B2 — qir1Bs) = ged(Ay, By) By,

and

ged(Ay, By)(aBsa(pasiss + qirs) — afgarasiss) = ged(Ay, By)(aBs1s3 + aBqirsss)
=p1 810y — 1 B1 By + 1 ACy
=p1B1Cy — ¢1A1Cy  (by invariant condition )
= ng<A17 Bl)(p15102 - Q17”102) = ng(Ah 31)02-

Since ged(Ay, By) # 0, the A% invariants of W are Ay, By and C,. Hence,

(Al, Bl,Cl,AQ, BQ,OQ) = ITLU(W) = ITLU(X)
[

Example 5.4.1. Suppose that we have the following elements of ¢ which satisfy the
invariant conditions:

Al = —3—|—6w, Bl = —3, 01 = —2—3w,
Ay=—-6+4+3w, By=3—-6w, (Cy=4+3w.

We want to construct a matrix A € I'(3) such that Inv(A) = (A, By, C1, As, B, Cs)
using Theorem [5.4.1] First, we select 71, 79,73 € 0 — {0} /o* and «, 8 € 0* such that
equations in (5.13|) are satisfied. Recalling the definition of 6 — {0} /0* from example
[4.1.7], we find that the correct choices are

r =2+ 3w, ro = 3, r3 =3+ 2w and a=p0=1+w.

Additionally, from Theorem [5.4.1

e 51 = w, and sy =a 'C; = —w(-2—3w)=-3—w.

Before we compute s3, we must find p;,q; € o such that p;s; — ¢gr; = 1 and
p1 € o/rp0. This is accomplished by setting p; = 1 4+ 2w and ¢; = w. Now, we are
able to compute s3 as

S3 = oflﬁfl(plCQ - qlBQ) =4 + Sw.

By using the Euclidean algorithm in o, we also find that p, = 14w, ¢ = —1—w, p3 =
2+ 2w and ¢z = 1 + 6w. It remains to find the matrix V' € U(3) from Theorem

5.4.1| Since the product

1+ 242w 1+ 6w 1l4+w —1—w 14+2w w
- P 34920 44+80) 72\ 3 —3-w)?"\ 243w w

62

—1—w



1
10 w \ ' 1 0 2w

V= 1 24w mod 30 = 1 1+2w ] €U@3).
1 1

Consequently, our final representative of the orbit in I'no(3)\I'(3) with the original
invariants is given by the matrix X in Theorem [5.4.1] where

—11—-3w —-3—3w —3w
X=|-24—-33w —2—-12w 1243w | €T'(3).
-3 + 6w -3 -2 — 3w

One can check that Inv(X) = (A, By, C1, Ag, By, Cs). Thus, the matrix X is
a representative of the matrix orbit I'(3) - A, where A € I'(3) and Inv(A) =
(Ab Bh Cla A27 BQ; C2>

In Theorem [5.4.1] we excluded the case where A; = B; = 0. In this case, a
direct computation reveals the following corollary.

Corollary 5 4.2. Let (0,0,C1, Ay, By, Cy) € o° satisfying the invariant conditions

. . and . Then, the matrix

X — a_bBQ+BQ b—b02+02
A B, Cy

is an element of I'(3) which satisfies Inv(X) = (0,0, C1, Ag, By, Cs).

Proof. Assume that (0,0, Cy, As, By, Cs) € o° is a sequence which satisfies Proposi-
tion m By equation (5.1] - Ay = 0 because A1 = By = 0. Also, ged(0,0,C;) =1
and ged(0, By, Cy) = ged(Bsy, Cy) = 1 from invariant condition . Since C, = 1
mod 3o from invariant condition and 1 is the only element of ¢ which satisfies
the congruence 1 mod 30, C; = 1 and there exists a,b € o0 such that aCy — bBy = 1.

For all m € o, define a,, = a — mBy and b,, = b — m(C5. Then, a,,Cy — b,,B> = 1.
By setting m = b — 1, we obtain
ap—1 = a — bBy + By and by—1 =b—bCy + Cs.

Since By = 0 mod 30 and C5 = 1 mod 3o from invariant conditions and ,
b,—1 = 0 mod 30. Since a,_1Cy — by_1 B> = 1, reducing both sides of the equation
modulo 30 gives a;_1C5 = 1 mod 30 and a;_1 = 1 mod 30 as a result.

By defining the matrix X as in equation (5.24)), we find that X € I'(3) and by direct
computation, Inv(X) = (0,0,C4, Ay, By, Cy) as required. ]
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Suppose that X € I'(3). Theoremtells us how to construct a representative
of the orbit I'w(3) - X. One computes Inv(X) and then constructs a representa-
tive according to Theorem [5.4.1, The main point we emphasise here is that the
representative in ['(3) decomposes according to equation ((5.11]). By constructing a
representative for all the orbits in orbit space ['no(3)\I'(3), and then decomposing
them according to Theorem [5.4.1] we obtain the following Bruhat decomposition of
['(3):

Corollary 5.4.3. Define the map

p: SLs(o) —  SLs(0/30)
A — A~ mod 3a.

where A™Y mod 30 is computed entrywise. Then, we have the following equality:

re = || |_| p(dpi(ya)pa(y2)p1(y1)) der(ys)2(y2) @i (y1)- (5.25)

Y1,92,y3€Y (0) deD(3

Proof. Assume that p : SL3(s) — SL3(0/30) is the map defined in the statement of
the corollary.

To show: (a) LHS of equation ([5.25) C RHS of equation (/5.25)).

(a) Assume that X € I'(3). By Proposition [5.2.1, Inv(X) satisfies the invariant
conditions. Applying Theorem we construct the matrix

A = p(de1(ys)e2(y2)e1(y1))der (ys)wa(y2) w1 (yr)

where y1,y2,y3 € Y(0) and d € D(3). Moreover, A € I'(3) with Inv(A) = Inv(X).
By Theorem Fo(3) - A=T4(3) - X. So, there exists C' € I'y,(3) such that

X = Cplder(ys)ea2(y2)e1(y1))der (ys) o2 (y2) o1 (1)
So, X is an element of the RHS of equation ([5.25)) and subsequently,

rec | L] T pde1(ys)p2(y2)e1(y1)) der(ys)e2(y2)e1(y1)-

y1,Y2,y3€Y (0) dED(3)

To show: (b) RHS of equation ((5.25) € LHS of equation ([5.25))

(b) Assume that

P = K p(ep1(z3)pa(w2)p1(x1)) epr(w3)p2(x2)pr(r1)

where 1, 29,23 € Y (0), e € D(3) and K € I'o(3). Define W = ey (x3)pa(x2)p1(x1).
Since W € SL3(0), the matrix p(W~!) = W mod 30 is well-defined with inverse
p(W). So, det(p(W™1)) = det(W) = 1 mod 30. Since det(p(W~1)) € 0% and
det(p(W=1)) = 1 mod 30, det(p(W)) = det(p(W1)) = 1.
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Now, the matrix p(W)W is a product of matrices with determinant 1. So, p(W)W €
SLs(e). Moreover, p(W)W = (WY)W = I3 mod 30. So, p(W)W € I'(3). Since
K €T (3) CTI'(3), then P = Kp(W)W € I'(3), which yields equation (5.25). O
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