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0.1 Purpose

These notes are for the study of the basic theory of C*-algebras. The
content is typically encountered in a first graduate course in C*-algebras.
The main reference for the first chapter of these notes is [Put19]. The main
reference for the second chapter is [Mur90]. The main reference for the
third chapter is [BOO0S].



Chapter 1

An introduction to C*-algebras
from [Put19]

1.1 Definition and examples

In this section, we will build up to the definition of a C*-algebra and then
give some useful examples.

Definition 1.1.1. Let A be an associative algebra over C (or R). We say
that A is a Banach algebra if A is also a Banach space. That is, A is
equipped with a norm ||—|| which makes A complete — every Cauchy
sequence in A converges with respect to the norm ||—||. Additionally, if
x,y € A, the norm must satisfy

eyl < {l]llyll- (1.1)

Equation ([1.1]) ensures that the norm respects the algebraic structure of A,
by rendering multiplication continuous. Let m, : A — A be the operator
which sends y € A to zy. If € € Rog, choose § = ¢/||z|| and suppose that
lly1 — ya|| < 6. Then,

M (Y1) — ma(y2)ll = llzyr — 232
< lz/l[lyr — val|
< €.

Hence, m, is a continuous operator on A for all z € A.

Definition 1.1.2. Let A be a Banach algebra over C. We say that A is a
Banach *-algebra if A is equipped with a map * : A — A which satisfies
for all z,y € A and A € C,



z*)* =2 (Involution)

3 \*

-
2. (z+y) =z +y
. (Ax)*

- (

4. (zy)* = y*z* (Anti-multiplicative)

The middle two properties of the map * : A — A means that * is anti-linear
(or conjugate linear). If a € A then the element a* is called the adjoint of
a.

Definition 1.1.3. Let A be a Banach *-algebra over C. We say that A is a
C*-algebra if for all z € A, ||z*z| = ||z|*

The first theorem we will state gives us the primary example of a
C*-algebra.

Theorem 1.1.1. Let H be a Hilbert space over C and B(H) denote the
Banach space of bounded linear operators ¢ : H — H. Then, B(H) is a
C*-algebra.

Proof. Assume that H is a Hilbert space over C and that B(H) is the
Banach space of bounded linear operators from H to H. Let ||—|| g denote

the norm on H and (—.—) denote the inner product on H. Define the map
*:H— B(H) by

*: B(H) — B(H)
h —  h*

where h* is the adjoint of h, which satisfies for all {,n € H,

(h*(&),m) = (&, h(n)) (1.2)
To show: (a) B(H) is a Banach algebra.

(b) B(H) is a Banach *-algebra.

(c) B(H) is a C*-algebra.

(a) Observe that B(H) is an associative algebra over C, where scalar
multiplication and addition are defined as usual and multiplication is given

by composition of linear operators, which we will denote by o. We also
know that B(H) is a Banach space when equipped with the operator norm



1Al = sup [lh(z)]|u

=]l =1

To show: (aa) If f,g € B(H), then [|f o g|| < |[f[l[lg]-

(aa) Assume that f,g € B(H). Then, from the definition of the operator
norm, we have

[fogll = sup [If(g(x))]a

llzllm=1

< sup |[fllllg(=)]a

llzllm=1

= lI£1lllgll-
Therefore, B(H) is a Banach algebra.

(b) To show: (ba) The map * is an involution.
(bb) The map * is anti-linear.
(bc) The map * is anti-multiplicative.

(ba) Assume that h € B(H). By equation (1.2)), »** € B(H) must satisfy
for all £,m € H,

(R*(&),m) = (&, h*(n)) = (h(£),m).

Therefore, h**(§) = h(§) for all £ € H. So, h** = h, revealing that
*: B(H) — B(H) is an involution.

(bb) Assume that g,h € B(H). Then, for all £,n € H, we have

((g+h)(&),n) = (& (g+h)n)
= (&, 9(n)) + (&, h(n))
= ((g" +h")(&), ).

So, (g + h)* = g* + h*. Now assume that A € C. Then,



So, (Ah)* = Ah*. This demonstrates that * is anti-linear.

(bc) We compute directly that for all £, € H,

((goh) (&), m) = (¢

= (9"
=((h

g(h(n)))
(&), h(n))
Tog)(&):m)-

Therefore, (g o h)* = h* o g*. Hence, the map * is anti-linear. So, B(H) is a
Banach *-algebra.

(c) To show: (ca) For all h € B(H), ||h* o h|| = ||h]]*.

(ca) Assume that h € B(H) and that ||h] > 0 (the statement holds when
h =0). We have already shown that ||h* o k|| < ||h*||||R]].

To show: (caa) ||h*|| = ||R]|.

(caa) Observe that

[P* o bl = sup |[A*(h(£))]|u

€N z=1

= sup sup [(B*(h(€)),n)|

lENz=1 lInllz=1

= sup [(h"(h(£)),&)]

Il =1

= sup [|A(&)]F
leln=1

= ||l

Therefore, ||h]|? < ||h*||||h] and ||| < ||h*]|. To establish the reverse
inequality, we can interchange the roles of h and h* in the above calculation
so that



[ho ™|l = sup [[A(h"(§))]|u

Il =1

= sup sup [(h(R"(£)),n)|

lENz=1 lInllz=1

> sup [(h(h*(S)),&)]

= sup |17 ()Il%

liEa=1

= [[n7].

So, [[p*]> < |[*[[[[2]] and [[R*]] < [[2]l. In tandem with [[2]| < [[h*[|, we
deduce that ||h*|| = ||A].

(ca) Recall from part (caa) that ||h||> < ||h* o h|| and from the beginning of
part (ca) that [|h* o b|| < [[h*[[[|2]]. Since [[2*]| = [|2]l, [|A* o hl| < [|]]* and
consequently, ||h||* = ||h* o h|| as required. O

Example 1.1.1. Here, we will give another important example of a
C*-algebra. Let X be a compact, Hausdorff space and Cts(X,C) denote
the space of continuous functions from X to C. Then, Cts(X,C) is a
C*-algebra with scalar multiplication, addition and multiplication defined
pointwise on C. The norm on Cts(X,C) is

If[I' = sup |f(z)[.
zeX

and the map * : Cts(X,C) — Cts(X,C) is defined by the equation

frx) = f(x).

Example 1.1.2. The complex numbers C with addition, multiplication
and complex conjugation is an example of a C*-algebra.

Example 1.1.3. As a special case of Theorem [1.1.1] if we set H = C" for
n € Zsg, we find that the C-algebra of n x n matrices M, «,(C) is a
C*-algebra.

Next, we define some specific types of C*-algebras.

Definition 1.1.4. Let A be a C*-algebra. We say that A is unital if as an
associative algebra, A has a multiplicative unit which is usually denoted by
14.



Definition 1.1.5. Let A be a C*-algebra. We say that A is commutative

if as an associative algebra, A is commutative. That is, if a,b € A then
ab = ba.

One of the defining properties of a C*-algebra is that the involution map
*: A — A is isometric (distance preserving).

Theorem 1.1.2. Let A be a C*-algebra. If a € A then |la|| = ||a*||.

Proof. Assume that A is a C*-algebra. Assume that a € A. Then,
lal* = lla*a]l < [la*|lall

and

la”[I* = llaa™|| < l|a][la"]-

The first equation shows that ||a|| < ||a*|| and the second shows that
la*]l < llal|. Hence, [laf| = {la*]. 0

Next, we define some more terminology related to C*-algebras.
Definition 1.1.6. Let A be a C*-algebra.

1. We say that a € A is self-adjoint if a* = a.

2. We say that a € A is normal if a*a = aa™.

We say that a € A is a projection if a is self-adjoint and a® = a.

- W

We say that a € A is a partial isometry if a*a is a projection.

5. We say that a € A is positive if there exists an element b € A such
that a = b*b. We write a > 0 to mean that a is positive.

Now let A be a unital C*-algebra.

1. We say that a € A is unitary if a*a = aa* = 14. That is a is
invertible and a=! = a*.

2. We say that a € A is an isometry if a*a = 14.

These definitions are consistent with those found in [Sol1§|, which focuses
on the C*-algebra of bounded linear operators on a Hilbert space.

From a finite number of C*-algebras, we can construct a C*-algebra from
them, which is called the direct sum.



Theorem 1.1.3 (Finite direct sum of C*-algebras). Let n € Z~o and A; be
C*-algebras for i € {1,2,...,n}. Define the direct sum of the family
{A;}, as the associative algebra over C

P A ={(ar,...,a,) | a; € A; forie{1,2,... n}}.
=1

The algebraic operations of multiplication, scalar multiplication, addition
and involution on @), A; are defined coordinate-wise. The norm on
D;_, A; is given by

e, an) = _max fla]
Then, @;_, A; is a C*-algebra.
Proof. Assume that n € Z-y and A; are C*-algebras for i € {1,2,...,n}.

Assume that the direct sum A = @}, A; is defined as in the statement of
the theorem.

To see that @), A; is a Banach algebra, first note that A is the direct sum
of Banach spaces and is hence, a Banach space. Next, assume that
(ay,...,an),(b1,...,b,) € A. We compute directly that

(@, -, an)(b1, .., b)l| = [(@iby,- .., anby)|

max }||az-bz-||

i€{1,2,....,n
< 1] bs
< _max[a|]

< gt e (g 1)

= [l(ar, -, an)[[[[(by, -, o).

Hence, A is a Banach algebra.

By definition of the involution map * : A — A pointwise, it is
straightforward to check that A is a Banach *-algebra.

Finally, to see that A is a C*-algebra, we compute for (as,...,a,) € A that



(a1, ... a,)" (a1, ... a,)|| = ||(af, ... a)(ai,... a4,
= H(aialv"'?a;anw

= {11?26}f§’n}||a2‘ ai|

= max [a
i€{1,2,....,n}

= |[(ay,...,a)|>
Therefore, A is a C*-algebra.

Now, if we have a countable family of C*-algebras {4;}5°, then the
definition of the direct sum in Theorem does not carry over to this
situation. In this case, the direct sum is defined by

P A, ={(a1,a,...) | a; € A; for i € {1,2,... . n}, lim |Ja,| = 0}.
n—oo
n=1

Example 1.1.4. This example encapsulates [Putl9, Exercise 1.2.1].
Consider the C-algebra C? =2 C @ C with the operations of multiplication,
addition and complex conjugation defined pointwise. We claim that C2
with the norm

(21, 22)[| = |21 + | 22]

is not a C*-algebra.
Consider the element (1,1) € C2. Then,

1D @D =MD =1+1=2

and

I(LD)P=(1+1)° =4

So, ||(1,1)|* # ||(1,1)*(1,1)|| and hence, C? is not a C*-algebra with the
above norm.

In fact, the only norm which makes C? a C*-algebra is the one given in

Theorem [1.1.3] In order to prove this, we will follow the outline given in
[Putl9, Exercise 1.2.1].

10



Suppose that ||—|| is a norm on C?, which makes C? into a C*-algebra.
To show: (a) [|(1,0)[| = [[(1, D)[| = (0, ]| = 1.
(a) By the defining property of C*-algebras, we find that

11, 0)[F = [I(L, 0)*(1, 0)]| = [I(L, 0).
|

Similarly, [|(1, 1)[| = [|(1,1)|[* and [[(0, 1)|| = [[(0, 1)|[*. Therefore,
1L, 0)]l = [I(1, )] = [1(0,1

)= 1.

Now let (z1,22) € C2. Write 21 = |21|e?" and 2, = |2»]e??, where
01,0, € [0,27). Then, the element (e~ e=¥2) € C? satisfies

(6—i91’ e—ieg)*(e—i(%? e—i92) — (1’ 1) — (e—i917 6—202)(6—101’ 6—1’92)*.

So, (e7¥1 e7%2) is a unitary element of C? satisfying
(e, e7) (21, 22) = (|2l [22])

To show: (b) |[(21, 22)[| = [[(|21], |21

(b) By the defining property of a C*-algebra, we have

(21, 22)[17 = |[(21, 22)" (21, 22)
= [[(z1, 22) (€™, €7 2) (€7 &7 (21, 2) |
= [[(lz1l, [22])* (|21], [22])]
= (|1, [z2))II>.
So, [[(z1, 22)|| = [[([21], [22])]]-

Next, assume that (ay,as), (b1, b2) € C? such that
||(CL1,CL2)|| = ||(b1,b2)|| = 1. Assume that ¢ € [07 1]

To show: (c) [[t(ai,az) + (1 —t)(b1,bo)|| < 1.

(c) We compute directly that

11



[#(ar, az) + (1 = t)(b1, b2) [|* = [[(tar + (1 = )by, taz + (1 — £)bs) |
— I(tas + (1 = £)by, tas + (1 — £)by)"
(tay + (1 — )by, tas + (1 —t)bs)||
|(Jtay + (1 = 6)bu[?, [tag + (1 = )by )]
[((tar] + (1= 0)|ba])?, (tlaz| + (1 = )[b2])?) |
|(]ar|*, las|*)]] + [1(£(1 = #)]ax|[ba], 1 (1 — t)]az]]ba]) |
I = 1)2[oa [, (1= 1)2[b2]*)
= *|[(Jlax*, laa|*)[| + £(1 = ) [[(lar][ba], [azb2]) ]
+(1 =) [[([baf?, (b2
= t*[[(a1, a2)* (a1, ag)|| + t(1 = t)|[(larbu], lasha) |
(1 =) (b1, b2)* (b, bo) ||
< #|[(ar, a2)[|” + (1 = t)[[(lanl, [az I ([0a], [b2])
+(1 =) (br, b) |12
<t?+t(1—t)+ (1 —1t)* (bypart (b))
—t+(1—t)P2=1—-t+t*<1.

<
<

This proves part (c¢). Now assume that « € C such that |a| < 1.
To show: (d) [[(1,a)|| =1 and ||(a, 1)|| = 1.

(d) We compute directly that

1L, )[* = (1, 0)* (1, @)
= [I(L, la)]
= [[la*(1,1) + (1 = |af*)(1,0)]
<1 (by parts (a) and (c)).

The inequality ||(a, 1)]] < 1 follows from a similar computation.

Next, observe that

L=1[(1,0)[|  (by part (a))
= [I(1,0)(1, @)l
< IO HIL )l = [I(1, )|

12



Therefore, 1 = ||(1, v)||. Similarly, 1 = ||(a, 1)]|.

Now we put all of these observations together to obtain the required
conclusion. Assume that (a, 3) € C? such that 0 < |a| < |S]. The norm of
this element is by part (d)

a
(e B)1l = 18115, DIl = 18]
Similarly, if 0 < |8] < |a] then ||(a, B)|| = |a|. Furthermore, by part (a)

[, )} = la[[|(1, 0) [} = |a]
and ||(0,«)|| = |a|. Finally, ||(0,0)|| = 0 by definition of the norm. Hence,

[(e, )| = max(|el, [5]).

Consequently, the above norm is the only norm which makes C? into a
C*-algebra.

As usual with mathematical structures, we can define the notion of a map
between C*-algebras.

Definition 1.1.7. Let A and B be C*-algebras with involution maps * 4
and *p respectively. A *~homomorphism is a function ¢ : A — B such
that

1. If a1, a9 € A then ¢(ay + a2) = ¢(ar) + ¢(az).
2. If A € C and a € A then ¢(\a) = Ap(a).

3. If ay, ay € A then ¢(aras) = ¢(ar)d(az).

4. If ay € A then ¢(ai4) = ¢(ar)*®.

If ¢ is bijective then we say that ¢ is a *-isomorphism.

If A and B are unital C*-algebras and ¢ : A — B is a *~homomorphism
such that ¢(14) = 15 then ¢ is called a unital *-homomorphism.

C*-algebras, together with the class of *-homomorphisms, form the
category of C*-algebras.

13



1.2 The spectrum

The concept of the spectrum is used widely in linear algebra and for
bounded operators on a Hilbert space. In this section, we will define the
spectrum for elements in a C*-algebra. First, we prove the following
important connection between the algebraic and topological structures on a
C*-algebra.

Theorem 1.2.1. Let A be a unital Banach *-algebra. If a € A and
la — 14| <1 then a is invertible. Moreover, the set of invertible elements of
A is open.

Proof. Assume that A is a unital Banach *-algebra. First assume that
a€ Aand |jla—14] <1

To show: (a) a is invertible.

(a) Consider the following infinite sum in A:

[e.e]

> (1a—a)"

n=0
To see that this converges in A, we must show that its norm is finite. We
compute directly that

1D (ta—a)| <D llta—al < oo
n=0 n=0

because |14 —al| < 1. Hence, > 2 ((1a —a)" € A. Let b=>""" (14 —a)™.
To see that b = a!, we compute directly that

n;O
:]\}i_l;rcl)oa(go(lA_a))
N
= lim (1A— la—a) (Z 1a—a)"
~ i (L () = 1,



1

A similar computation demonstrates that ba = 14. Therefore, b = a™" and

a is invertible.
Next, assume that a € A is invertible. Select # € A such that ||z| < m
To show: (b) a + x is invertible.

(b) Observe that

la™ ]| < fla”|[l|x]

<lla™"]

1
=—-<1L
2

2[ja=1]

By the first part of the theorem, we deduce that 14 + o'z is an invertible
element of A. Hence,
a+x=a(ly+a'z)

is an invertible element of A because it is the product of two invertible
elements.

Let I C A denote the set of invertible elements of A. By part (b), we find
that the open ball

1
Bla,————) C I.
2[ja

Hence, I is an open subset of A. n

Now we arrive at the familiar notion of the spectrum. Perhaps the easiest
example of the spectrum arises from linear algebra. If T': R — R" is a
linear transformation then the spectrum of 7' is given by computing the
roots of the characteristic polynomial of T'.

Definition 1.2.1. Let A be a unital associative algebra. Let a € A. The
spectrum of a, denoted by o(a), is the set

o(a) ={X € C| A\14 — a is not invertible}.
The resolvent set of a, denoted by p(a), is the set p(a) = C — o(a).

15



The spectral radius of a, denoted by r(a), is the quantity
r(a) = sup |\l
Ao (a)

Note that the spectral radius of a is defined provided that o(a) is
non-empty. Also, we allow the possibility that o(a) = co.

Let us return to the world of linear algebra for a brief moment and work
with the C*-algebra M, y,(C). If n € Z~¢ and a € M,,«,,(C) then the

following are equivalent:

1. a is invertible
2. The linear transformation a : C* — C" is injective.
3. The linear transformation a : C* — C" is surjective.

4. The determinant det(a) # 0.

In particular, the characteristic polynomial of a is computed by using the
determinant. In this very special case, the spectrum of a is indeed quite
straightforward to compute. However, if H is an infinite dimensional
Hilbert space then the above result completely falls apart for the C*-algebra
B(H) — the space of bounded linear operators on H. Additionally, a notion
of the determinant does not exist for an arbitrary element of B(H). So, one
cannot expect to compute spectrums easily for the elements of B(H).

Here are some fundamental results about the spectrum. First, we will prove
that the spectrum is always a non-empty, compact subset of C. We will
follow [Soll8, Chapter 1].

Theorem 1.2.2. Let A be a unital Banach *-algebra and h € A. Then,

{A e CLIAI> [IAll} € p(h).

Proof. Assume that A is a unital Banach *-algebra and h € A. Assume
that A € C such that |A| > ||h||. We claim that the sum

1 o0
n=0

converges in A and that it is equal to (A14 — h)~!. To see that the sum in
equation ((1.3) converges, it suffices to show that its norm is finite. But,

16



1 - —-npn nyn
15> Amhn| = IIE/\hII
)\nZO |)\|

S 2. E A AL

<
R

where C' =Y (|A|7"||h]|" € Rso. The sum > 7 J|A|7"||h||" is a convergent
geometric series because |A| > ||A/|.

Hence, the sum in equation (|1.3]) converges in A and is consequently, a
well-defined element in A. For all m € Z, let

1 m
= =3 A
T

1

S Mg —h) = ~(1a4+ A A+ A2RE 4 AR (M, — h
A
1

= X(()\lA - h) + (h — /\71h2) 4+ 4 (A*erlhm _ /\7mh,m+1))
1

= X()‘lA — AR

=14 — )\*mflherl'

A similar calculation gives (A14 — h)S,, = 14 — A" 1h™*1. Now take the
limit as m — oo. Observe that in A,

lim A"ttt =
m—o0

because

lim (M

m—+1
=0
Mm—00 ’)\‘)

So, in the limit as m — oo,

(M4 — ( Z)\ ”h") - (%ixnhn)uu ) =14

17



Therefore,

(% i x”hn) = (A, —h)!

and subsequently, A € p(h) and

{A e CLIAI> [IAll} € p(h).

Rewriting the conclusion of Theorem [1.2.2]in terms of the spectrum, we
find that
o(h) S{A e C[[Al < |Al} (1.4)

If h € A then o(h) is a bounded set. We now want to show that o(h) is a
closed set.

Theorem 1.2.3. Let A be a unital Banach *-algebra, h € B(H) and
Ao € p(h). Suppose that A € C such that

1
A— Nl < )
R TPw P
Then,
(Ala—h)"" = (A= N)"(Nola — )",
n=0

and consequently, A € p(h).

Proof. Assume that A is a unital Banach *-algebra, h € A and Xy € p(h).
Assume that A € C such that

1
A — Nl < )
A=l < e
To see that the sum
D (o= N)"(Mola — )"
n=0

converges in A, we must show that its norm is finite. We have
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HZ Mo = A)"(Aola = B) <D Ao = A (Aola = h) MM
n=0
R — .
= oA > o= AP (Aola = B) M
n=0
D
[ Ao = Al

for some D € R.q. Hence, the sum Y o2 (Ao — A\)"(Aola — h)™""! converges
in A and is a well-defined element in A. If m € Z- then let

=> (A= N)"(Aola —h)"".
n=0

First, observe that

A —h=Mla—h)(1a+ =) Aola—h))

Then, a direct calculation yields

Ao — A)"(Nola — h)‘”‘1> (Mola — B)(1a + (A — Xo)(Aola — h)™H))

T = 1) = (D = A"
( (Mo — A)"(Nola — h)‘”) (a4 (0 = Ao)Nola — h)™Y)

n=0
=> (A= N)"Nola—h) "= (A= N)"(Ala — h) !
n n=0
=14— (g =N Ngly —h)™ !
Note that by a similar computation,

Aa—h)T, =14~ (Mo — N (Ngly — )™ !

as well. Taking the limit as m — oo, we find that
(Ao — N)™ 1 (Ngly —h)™™ 1 = 0 in B(H) because its norm tends to 0 as
m — oo. Hence,

(Ma—h (i "(Aola—h)" ) (i "(Aola—h) " >()\1A—h):1A
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and

o0}

(D00 = A" ola = 1)) = (ALy = 1)
n=0
which demonstrates that A € p(h). O

Theorem tells us that if h € A then p(h) is an open subset of C. In
tandem with equation , the spectrum o(h) is a closed and bounded
subset of C and is thus, compact. Let us summarise this important finding
as a theorem.

Theorem 1.2.4. Let A be a unital Banach *-algebra and a € A. Then, the
spectrum o(a) is a compact subset of C.

Now, we will show that the spectrum is a non-empty subset of C. This is
exhibited by the following method of computing the spectral radius.

Theorem 1.2.5. Let A be a unital Banach *-algebra and h € A. Then,
o(h) # 0, the sequence {||h™||*"} ez, converges in R and

lim ||2"" = r(h) = sup |A|.

=00 Aea(h)

Proof. Assume that A is a unital Banach *-algebra and h € A. Define

1
a(h) = inf ||A"]|".
()= imf 1]
We will show that the sequence {||h"||*/"},cz., converges to a(h). Assume
that € € Ryy. From the definition of infimum, there exists an index
ne € Zq such that

|B"e |7 < a(h) + e.

Take any n € Z~y and use the Euclidean algorithm to write n = gn. + r,
where ¢ € Z~o and r € {0,1,...,n. — 1}. Then,

IA™ ] = (A2
< [[A" [l "
< (a(h) + )™ |[n]"
= (a(h) + )" "[[n]".

Taking the n*" root of both sides, we obtain the inequality
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IR™[[» < (a(h) + &)= 1]
Consequently,

a(h) < liminf|[R"||» < limsup||h"||* < a(h) + €.
n—0o0 n—00

This demonstrates that the sequence {||h"||=} converges in R to a(h). The
next step is to show that

a(h) =r(h) = /\2‘151)|/\|. (1.5)

To show: (a) a(h) > supyc ) |Al-

(b) a(h) < supeq|Al-

(a) Suppose for the sake of contradiction that a(h) < |A| for some A € a(h).
By the root test, the series

i 12"
n=0 P\’n
in R is convergent. Therefore, the sum

i AR
n=0

converges in A and is a well-defined element of A. By using similar

arguments to Theorem and Theorem we deduce that

ST = (14— ﬁ)-1.
n=0 >\

So, A14 — h is invertible and A € p(h). But this contradicts the fact that
A € a(h). Therefore, a(h) > supye,n)|Al-

(b) We will divide this into two cases. First, we note that if z,y € A then
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. nnl
a(ey) = Jim |(zy)" |
. n onil
= Jim 2"y %
n—oo
<

lim ||| ||y =
n—oo

. il 1. il
lim {|2"[[= lim ||y"|[»
n—oo n—0o0

= a(z)a(y).

Case 1: a(h) =0.
If a(h) = 0 then h is not invertible because otherwise,

1=a(ly) =ahh™) <alh)a(h™) =0.
So, 0 € o(h) and since a(h) > supye, () |A| from part (a),
a(h) = sup |A| =0.
Aeo(h)

Case 2: a(h) > 0.

Assume that a(h) > 0 and a(h) > supye,)|A|. Since the spectrum o(h) is
a compact subset of C, there exists r € (0, «(h)) such that

o(h) S{AeClA[ <7}
Let D={A € C| |\ >r}. Then, D C p(h). Let ¢ be a continuous linear
functional on A and define the map
v: D — C
A= o((ANa—h)™

The map 1 is holomorphic due to the series expansion in Theorem [1.2.2] In
particular, if [A\| > «(h) then we have the series expansion

o0

P((ALy = h)™1) =Y A" Tp(hm).

n=0

The series > 2 ;A" th™ converges in A because

D> AT <O AR
n=0 n=0
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and by applying the root test on Y>>  A~"||h"||, we find that
Bl a(h)
lim = <1
oo |A| Ry

Moreover, > °° A" tp(h™) € C vanishes as A — oco. To see why this is the
case, replace A by Au and take the limit as |u| — co. We obtain for |u| > 1

D) reh) < 1Y) el

lell <~ 12—
n=0

|

ol =~ 1"
<

| ; | A[
— 0

as |u| — oo. Consequently, the function f : C — C defined by

) = 0, if =0,
P el = ), 0 < ] < L.

is a holomorphic function on the set

1
B0, 1/r) ={p e C|lul < -}.
The Taylor expansion of f in the disk B(0,1/r) is

Flu) =" p"o(hm).
n=0
Furthermore, if © € B(0,1/r), then

lim p"*tto(h™) = 0.

n—0o0

Now, we take \g € C such that r < |Ag| < a(h). Then, /\io € B(0,1/r) and

lim A\;" tp(h™) = 0.

n—oo

Let A* denote the dual space of A and define for all n € Z+

oo AFY — C
p = Ao
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The family {p, }nez., is a family of continuous linear functionals on A*. By
the uniform boundedness principle, there exists a constant M € R such
that

sup [Ao| (™) < Jlell sup Aol A"

nEZ>o nEl>o

< M.

Letting N = M/||¢l|, we have sup,,cz_, [Ao| ™" '[|A"*|] < N. Hence, if
n € Z~qg then

IR"]] < NJAo[™*

and from this inequality, we have

. nnd
a(h) = lim [[A"][
< lim N[5
n—oo

|Xo| < a(h).

This contradicts the assumption that a(h) > sup,c,(,)|A|. Therefore,
ah) < SuPAea(h)P\‘-

Combining parts (a) and (b), we deduce that

lim [|2*]|* = a(h) = r(h) = sup |A|.

n—00 Aea(h)

]

Theorem and Theorem have particularly important consequences
for C*-algebras, which we explore below.

Theorem 1.2.6. Let A be a unital C*-algebra. Let a € A be normal. Then,
the spectral radius r(a) = ||al.

Proof. Assume that A is a unital C*-algebra and a € A is normal. If
n € Z~q then a” is also normal and

la®" || = llal*".

To see why this is the case, we will proceed by induction. For the base case,
if n =1 then we compute directly that
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la®[I* = II(a®)"a”]]

= [la*(a"a)al]
= [la*(aa™)all
= [[(a"a)*a"a|| = ||a"a]*
= [lall*.
So, ||a®|| = ||a||*. This proves the base case. For the inductive hypothesis,
assume that ||a2"|| = [|a||?" for some k € Z,. Then,
k1 k
la® 1% = [[(a®)*)1®
k k
= [[((a®)*)" (@™ )*|l
= [[(a*)* (a*)* a* a™ |
= (@) a* (@) |
= |((a*a)*)*(a*a)*"|| (since a is normal)
k k k
= ll(a*a)* I* = [[(a®)*a™|*
k k+2
= [la® " = [l
Hence, [|a2*""|| = [|a/|**"", which completes the induction.

Now consider the sequence {||a"|| },ez., in R. We know from Theorem
1.2.5[ that this sequence converges to r(a). However, the subsequence

{[[a® 1> " }rez., is a constant sequence which converges to [|al|. Therefore,
k —k
1P =1

r(a) = lim [|"||* = lim ||a al|.
n—o00 k—o0

O

It is remarked in [Put19] that Theorem seems restrictive because it
only applies to normal elements of a unital C*-algebra. However, we
observe that Theorem [1.2.6| can be used to yield information about the

norm of an arbitrary element of a unital C*-algebra. If A is a unital
C*-algebra and a € A then a*a € A is self-adjoint and by Theorem [1.2.6,

lal| = [la*al|? = r(a*a)>.

The next theorems demonstrate why the above observation is useful.
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Theorem 1.2.7. Let A and B be unital C*-algebras and ¢ : A — B be a
unital *-homomorphism. If a € A then ||¢p(a)| < |lal|. In particular,
loll < 1 and ¢ is called contractive.

Proof. Assume that A and B are unital C*-algebras and p: A — Bis a
unital *-homomorphism.

First, assume that b € A is self-adjoint.

To show: (a) p(b) € p(6(b).

(a) Assume that A € p(b) so that A1, — b € A is invertible. Then, there
exists (A\14 — b)~' € A such that

(ALg—b) "' (A1g —b) = (Al4 —b)(A1g — D)t = 14.

Applying the unital *-homomorphism ¢ to the above equation, we find that
&A1 4 —b) = M — ¢(b) is invertible in B. So, A € p(¢(b)) and
p(b) € p(9(b)).

By part (a), o(¢(b)) C o(b). Since b and ¢(b) are both self-adjoint, we have
by Theorem [1.2.6]

[o(0)[| = sup [A[ < sup [A] = [[b]].
A€o ((b)) A€o (b)

Now let a € A be an arbitrary element. We compute directly that

l¢(a)]| = |¢(a*a)|2

1
< [la*all> = |lal|.
Hence, ¢ : A — B is contractive. O

Another surprising result is that the norm of a unital C*-algebra is unique.

Theorem 1.2.8. Let A be a unital C*-algebra. Then, the norm on A is
unique. That is, if a unital Banach *-algebra possesses a norm which turns
it into a unital C*-algebra then this is the only such norm.

Proof. Assume that A is a unital C*-algebra. By Theorem [1.2.6]

llal| = ||a*a||% = (sup{|A| | \14 — a™a is not invertible})%.

The RHS of the above equation only depends on the algebraic structure of
A. Hence, it uniquely determines the norm on A. ]

26



To solidify the concepts introduced in this section, we will now work
through some examples.

Example 1.2.1. We work in the C*-algebra Ms.5(C). Let t € R and

()

We will compute the spectrum, spectral radius and norm of a. The
characteristic polynomial of a is

det(Al; —a) = (A — 1)

Here, I5 is the 2 x 2 identity matrix. Hence, the spectrum o(a) = {1}. By
definition, the spectral radius of a is

r(a) = sup || = 1.
A€o (a)

Computing the norm of a is more involved. Note that by a quick
computation, a*a # aa*. Hence, Theorem does not apply. Instead, we
use the characterisation of the norm in Theorem [[.2.8

L (1t
“a=\y 241/

By computing the roots of the characteristic polynomial of a*a, we find that

We compute directly that

i 2 +2+ /12 +4
o(a*a) = { }
2

So,

i 2 +2+ /12 +4 t(t+ V12 +4)

r(a*a) = =14+ ——

2 2

and

lal| = v/r(ava) = \/1 Ltk VeE T ;2+4)

Example 1.2.2. Consider the C-algebra of polynomials Cx]. If
p(z) € Clz] is a non-constant polynomial then its degree is greater than
zero and its spectrum is
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a(p(r)) = C.

We claim that there is no norm on C[x] which makes it a C*-algebra.
Suppose for the sake of contradiction that there exists a norm on C[z]
which makes C[z] a C*-algebra. By Theorem [1.2.§] if p(z) € C[z] is a
non-constant polynomial then

— 1
Ip(2)[l = r(p()p(z))? = oo.
This contradicts the fact that in a unital Banach *-algebra (or a

C*-algebra), the spectral radius is bounded (r(p(x)) < ||p(z)||) by Theorem
Hence, C[z] cannot be a C*-algebra.

Example 1.2.3. Now consider the C-algebra of rational functions C(x) —
the field of fractions of the polynomial ring Clz|. If p(z) € C(z) is
non-constant then

a(p(x)) = 0.

Suppose for the sake of contradiction that there exists a norm on C(z)
which makes C(z) a C*-algebra. If p(x) € C(z) is non-constant then the
spectrum o (p(z)) = 0, which contradicts the fact that the spectrum must be
non-empty (see Theorem [1.2.5)). Therefore, C(z) is also not a C*-algebra.

1.3 Commutative unital C*-algebras

The prototypical example of a commutative unital C*-algebra is C'ts(X, C)
where X is a compact Hausdorff topological space. In this section, we will
demonstrate that in a sense, this is the only example — every commutative
unital C*-algebra is isomorphic to Cts(X, C) for some compact Hausdorff
space X. For the sake of clarity, let us define the term isomorphic in this
context.

Definition 1.3.1. Let A and B be C*-algebras. We say that A and B are
isomorphic if there exists an isometric *-isomorphism ¢ : A — B.

Actually, we can get away with omitting the term “isometric” in the above
definition. We will eventually prove Theorem [1.6.4] which states that any
injective *~homomorphism is isometric.

Definition 1.3.2. Let A be a C-algebra. Define M(A) to be the set of
non-zero C-algebra homomorphisms from A to C.
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As explained in [Put19], the above notation originates from the fact that a
C-algebra homomorphism is a multiplicative linear map. We begin by
proving some facts about the set M(A).

Theorem 1.3.1. Let A be a commutative unital C*-algebra.
1. Ifa € A and ¢ € M(A) then ¢(a) € o(a).
2. If p € M(A) then ||¢| = 1.
3. Ifac A and ¢ € M(A) then ¢(a*) = ¢(a).

Proof. Assume that A is a commutative unital C*-algebra. First assume
that a € A and ¢ € M(A). Since ¢ is a non-zero C-algebra homomorphism,
the kernel ker ¢ is a proper ideal of A.

We claim that if a € ker ¢ then a is not invertible. We prove the
contrapositive statement. Assume that a € A is invertible so that there
exists a~! such that aa™' = a~'a = 14. By applying ¢, we find that

da)p(a™") = ¢(la) =1
where the last equality follows from the fact that ¢ is a C-algebra
homomorphism and thus, preserves multiplicative units. Therefore,

o(a) # 0 and a ¢ ker ¢.

Now note that ¢(a)ls — a € ker ¢ and by the previous claim, ¢(a)ls — a is
not invertible in A. Consequently, ¢(a) € o(a).

Next, we will show that ||¢|| = 1.
To show: (a) ||¢]| < 1.

(b) llofl = 1.

(a) Using the fact that r(a) < ||al|, we compute directly that



(b) Consider the element ¢(14) € C. Since ¢ preserves multiplicative units,
¢(14) = 1. Now, [[1||* = [[TL]| = [[1]|. So, [[1]| = 1 and

[6ll = sup [¢(a)] = |p(1a)] = 1.

llall=1
By combining parts (a) and (b), we deduce that ||¢| = 1.
For the final part of the proof, take a € A and write a = b + ic where

1 (a* —
b= §(a+a*) and c= Z(GTG).

Note that b and ¢ are both self-adjoint elements of A. So, it suffices to prove
that if b = b* then ¢(b) € R. To this end, assume that b € A is self-adjoint.

For t € R, define

. Z (i |)
n:
n=0

The norm of w, is finite because

el = 13 2

n!
n=
oo
L[ [lof"
<>
n=0
_ il < oo

So, u; is a well-defined element of A. Furthermore, one can verify that
u_y = u; and wu_y = 14. So,

1
Juel| = lweug > = fluguell = |[1a]] = 1.

Since ||¢|] = 1 (from the second part of the theorem), if ¢ € R then

L= 0]l = [é(u)| =[],
Thus, ¢(b) € R which completes the proof because if a = b+ ic € A then

¢(a”) = o(b—ic) = ¢(b) —ig(c) = o(b) +ig(c) = ¢(a).
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At this point, one might suspect that the set M(A) plays an important role
in constructing the isomorphism alluded to in the beginning of this section.
To elucidate this point, we need to better understand M (A) as a topological
space, rather than just a set. Theorem provides the first step towards
this goal. In particular, the second statement in Theorem [1.3.1| reveals that

M(A) S {p e A" [ Y]l <1}
Now recall that Banach-Alaoglu theorem, which states that the closed unit
ball
{veA ||y <1} cA
is compact with respect to the weak-* topology on the dual space A*. This
suggests that we consider M(A) with the weak-* topology.
Here is a refresher on the weak-* topology.

Definition 1.3.3. Let X be a Banach space and X* be its dual space. The
weak-* topology on X* is the weakest topology on X* such that the
evaluation maps

ev, : X*
¥

C

%
= ()
are continuous for x € X.

Recall that a net {¢, }ner in the dual space X* converges to ¢ € X* in the
weak-* topology if and only if for z € X, the net {¢,,(x)},er converges to

¢(z) in C.

Theorem 1.3.2. Let A be a commutative unital C*-algebra. The set M(A)
1s a compact subset of the closed unit ball

{eA [|lv<1}cA
with respect to the weak-* topology on A*.

Proof. Assume that A is a commutative unital C*-algebra. As mentioned
previously, Theorem yields the inclusion

M(A) S {p e A" [[y]| <1}

By the Banach-Alaoglu theorem, the closed unit ball is compact with
respect to the weak-* topology on A*.
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To show: (a) M(A) is a closed subset of the closed unit ball of A*.

(a) Assume that ¢ € M(A). Then, there exists a net {¢, }ner which
converges to ¢ with respect to the weak-* topology. This means that if
x € X then the net {¢,(z)}ner in C converges to ¢(x).

By definition, ¢ is a linear functional on A. To see that ¢ is non-zero, we
compute the norm of ¢ as

o[l = sup [¢(x)]

llzll=1

= sup lim|g, ()|
|ll|=1 "€L

= lim sup |o,(x
i st [64(2)

~ lim6, | = 1.

Finally, to see that ¢ is multiplicative, we have for a,b € A that

6ab) = lmy 6, (at)
= ngll On (a)¢n(b)
= ¢(a)o(b).

Therefore, ¢ € M(A) and M(A) = M(A). So, M(A) is a closed subset of
the closed unit ball of A* with respect to the weak-* topology.

Since M(A) is a closed subset of a compact set, it must be compact with
respect to the weak-* topology as required. O

To see that M(A) is Hausdorff, note that A* with the weak-* topology is
Hausdorff. Indeed, if ¢, € A* such that ¢ # 1 then there exists z € A
such that

eve (@) = ¢(z) # P(z) = evs(¥).

Hence, M(A) is a subspace of a Hausdorff space and is thus, Hausdorff.
Therefore, M(A) is a compact Hausdorff topological space. Since we want
to show that every commutative unital C*-algebra is of the form Cts(X, C)
for some compact Hausdorff space X, we will show that A as a
commutative unital C*-algebra is isomorphic to Cts(M(A), C).
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Theorem 1.3.3. Let A be a commutative unital C*-algebra and a € A.
Then, the evaluation map

ev,: M(A) — C
o = ¢)

is a continuous map from M(A) onto the spectrum o(a).

Proof. Assume that A is a commutative unital C*-algebra. Assume that

a € A. By definition of the weak-* topology on A*, the evaluation map

ev, : A* — C is continuous. Furthermore, recall from Theorem that if
¢ € M(A) then ev,(¢p) = ¢(a) € o(a).

To show: (a) If A € o(a) then there exists ¢ € A* such that ev,(¢) = .
(a) Assume that A\ € o(a). Define the set S by

S={ldeals I C A| A4 —acl}.

Then, S is a poset when equipped with the partial order of inclusion. It is
non-empty because A\l 4 — a is an element of the ideal (A14 — a) generated
by Al4 — a.

Now let S” C S be a totally ordered subset of S. Define

J=> 1

Ies’
Then, J is an ideal of A because it is the sum of ideals of A. Moreover if
I € S" then I C J. Hence, J is an upper bound for the totally ordered set
S’

By Zorn’s lemma, there exists a maximal element /,,,, € S. This means
that \14 — a is contained in the maximal proper ideal I,,,, € A. We now
claim that I,,,, is closed.

To show: (aa) I, is closed.

(aa) The closure I,,,, is an ideal of A such that I, C Ine.. We claim that
1,42 is a proper ideal of A. To see why, it suffices to show that the unit

1A ¢ Imar‘

Suppose for the sake of contradiction that 14 € I,,,4.. Then, I,,,. = A. Let
V' denote the set of invertible elements of A. Then, V C I,,,, = A. Since
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Inaz 1s a proper ideal of A, it cannot contain any invertible elements of A
(as otherwise, 14 € I,42). Hence, VN L0, = 0.

Now since V' is an open subset of A, there exists € € Ry such that the
open ball

B(la,e)={acV||la—al| <e} CV.

By assumption, 14 € Lyae. S0, B(14,€) N L4, # 0. However, this means
that V' N I, # 0, which contradicts the fact that V' N I,,,., = 0. Therefore,
14 & Iae and 1,4, is a proper ideal of A.

In particular, I,,,. € S and I,,4: C ez Since I,,,, is maximal in S,
Loz = Lnae and consequently, I, is a closed ideal of A.

(a) The idea behind part (aa) is that since I,,,; is a closed maximal ideal of
A, the quotient A/, is both a Banach space and a field. Hence, A/,
is a Banach *-algebra with quotient norm

Lnge|| = inf i
o+ Lnsll = Inf fla+ji]

max

To show: (ab) As Banach *-algebras, A/, = C.

(ab) Let b+ Inax € A/ Lpas. Since A/l 4. is a Banach *-algebra, then by
Theorem the spectrum o (b + I4.) # 0. So, there exists p € C such
that ply — b — ILya, is not invertible. Since A/, is a field, the only
non-invertible element of A/I,,4, is 0 + Ip4.. Therefore,

,ulA - b_[max = O+[max

and b+ Iz = pla + Lpaw = (14 + Lnas). This means that every element
of A/ 4z is a scalar multiple of the unit 14 + Inae € A/Lygz. Thus, we
have the isomorphism of Banach *-algebras, A/, = C.

(a) Following on from part (ab), consider the quotient map

T: A — A/Imaa:
b — b+ ]maz = ,u(lA + Ima:c)‘

This is a continuous map. Next, let 6 : A/l,,., — C be the isomorphism
given by

0(b+ Iyaz) = 0(p(1a + Lmaz)) = p.
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Then, the composite d om € A* and since Al4 — a € I4, and X € o(a) by
assumption, then A4 + 1,00 = a + [0, and

(5 ° 7T)(CL) = 5(& + Imax) = 5(>‘1A + [max) = 5(>‘(1A + [ma:c)) = A

So, ev, (6 o ) = A which demonstrates that the image of ev, is the
spectrum o(a) as required. O

Of course, we do not expect the evaluation map in Theorem to be
injective. Under a particular hypothesis, the evaluation map becomes
injective, as we will see in the next theorem.

Theorem 1.3.4. Let A be a commutative unital C*-algebra. Assume that
there exists a € A such that A is generated as a C*-algebra by the set
{14,a,a*}. Then, the evaluation map

ev,: M(A) — C
¢ = ¢a)

is a homeomorphism from M(A) to the spectrum o(a).

Proof. Assume that A is a commutative unital C*-algebra. Assume that
there exists a € A such that A is generated as a C*-algebra by the set

{14,a,a*}.

By Theorem [1.3.3, the evaluation map ev, is continuous and surjective onto
the spectrum o(a).

To show: (a) ev, is injective.

(a) Assume that ¢,1) € M(A) such that ¢(a) = ¢(a). By Theorem [1.3.1]
o(a*) = ¢(a) = ¥(a) = Y¥(a*). Since ¢, 1) are non-zero C-algebra
homomorphisms, ¢(14) =1 =(14). So, ¢ and 1 agree on the generating
set {14, a,a*} for A. Hence, ¢ = ¢ in M(A) and ev, is injective. O

Now, we are ready to prove our main result.

Theorem 1.3.5. Let A be a commutative unital C*-algebra. Define the
map

A: A — Cts(M(A),C)

a +— evq

where ev, is the evaluation map in Theorem[1.3.5. Then, A is an isometric

*-isomorphism from A to Cts(M(A),C).
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Proof. Assume that A is a commutative unital C*-algebra. Assume that A
is the map defined as above. First observe that A is well-defined because if
a € A then A(a) = ev, is a continuous function by definition of the weak-*
topology on M(A).

It is straightforward to verify that A is a C-algebra homomorphism. If
ap,as € A, pp € C and ¢ € M(A) then

Alay + a2)(P) = €Va;4a, (@)
= ¢(a1 + ap)
= ¢(a1) + ¢(a2)
= €04, () + €va, (¢) = Alar)(9) + Alaz)(9),

and

A(a1a2)(¢) = €vaya,(9)
= d(aras)
= ¢(a1)p(as)
= €Vq, (¢)eva, (¢) = Ala1)(9)Aaz2)(¢).

To see that A is a *-homomorphism, we have by Theorem [1.3.1]

A(a7)(¢) = evay (9)
= ¢(a7) = ¢(a1)
= eV, (¢)
= A(a1)(¢) = Mar)*(9).

Next, we will show that A is isometric.

To show: (a) If a € A then ||A(a)|| = ||al|.

(a) Assume that a € A. First assume that a is self-adjoint. Using Theorem
1.2.6, we compute directly that
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lall = r(a)

= sup [}
A€o (a)

= sup |¢(a)] (by Theorem [1.3.3)
pEM(A)

= |levall = [[A(a)]]-

Now assume that a € A is an arbitrary element. Then,

lall = lla*all> = [[A(a*a)||> = [|A(a)"Aa)[> = |A(a)]-
Finally, we show that the image of A is Cts(M(A),C).

To show: (b) im A = Cts(M(A),C).

(b) The idea here is that since M(A) with the weak-* topology is a
compact Hausdorff topological space, we could potentially use the
Stone-Weierstrass theorem on Cts(M(A),C).

Here is how the theorem applies. The image of A is a unital *-subalgebra of
Cts(M(A),C). To see that im A separates points, let ¢, € M(A) such
that ¢ # 1. Then, there exists a € A such that ¢(a) # 1(a). This means
that A(a)(¢) # A(a)(¢)). So, the image im A separates points.

Now we can apply the Stone-Weierstrass theorem to deduce that im A is
dense in Cts(M(A),C). Since A is an isometry and A is complete, we find
that im A is closed. Hence,

im A =im A = Cts(M(A),C).
This completes the proof. O

Next, we will consider how Theorem applies to a unital, not
necessarily commutative C*-algebra B. Let a € B and A be the
C*-subalgebra of B with generating set {15, a,a*}. Observe that A is
commutative whenever a and a* commute with each other — that is, when
a is normal. As a more formal statement, a € B is normal if and only if
there exists a commutative unital C*-subalgebra A C B such that a € A.

If we apply Theorem to A, we obtain the C*-algebra isomorphism
A=~ Cts(M(A),C). Moreover, Theorem [1.3.4] yields a homeomorphism
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from M(A) with the weak-* topology to the spectrum o(a). However, by
construction of A as a C*-subalgebra of B, the spectrum o(a) here is
ill-defined. The problem is that if ¢ € A then ¢ could have an inverse in B,
but not in A. That is, the invertibility of ¢ depends on whether we consider
c an element of A or an element of B.

We will prove below that in this special case, the above observation is not
an issue — invertibility in A is equivalent to invertibility in B. Since the

spectrum of ¢ depends on whether we think of it in A or B, we introduce
the notation

oa(c) ={A € C| Alg — c is not invertible in A}.

and

op(c) ={A € C| A\lg — ¢ is not invertible in B}.
Note that in our case, op(c) C g4(c).
Theorem 1.3.6. Let B be a unital C*-algebra and A be a commutative

C*-subalgebra of B such that 1g € A. Let a € A. Then, a has an inverse in
A if and only if it has an inverse in B. Consequently, oa(a) = op(a).

Proof. Assume that B is a unital C*-algebra and A is a commutative
C*-subalgebra of B such that 1z € A. Assume that a € A. We already
know that op(a) C 04(a). This means that if a is invertible in A then it is
invertible in B.

To show: (a) If a is invertible in B then it is invertible in A.

(a) Assume that a has an inverse in B. Its adjoint a* must have inverse
given by (a*)™! = (a71)*. Therefore, the self-adjoint element a*a is
invertible. By Theorem [1.3.3| and the first statement of Theorem [1.3.1} we
have

oala’a) = {¢(aa) | ¢ € M(A)}.
By the third statement of Theorem [1.3.1], we have

¢(a*a) = ¢(a*)g(a) = d(a)é(a) = |¢(a)|* € Rxo.

The second statement of Theorem tells us that if ¢ € M(A) then
[¢]l =1 and
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|p(a”a)] _ sup o) _ 6l = 1.
~az0 |zl

So, |p(a*a)| = ¢(a*a) < ||a*al|. By combining the previous two
observations, we find that 0 < ¢(a*a) < ||a*al| and
on(a*a) C aala*a) [0, |a"all].
Now a*a is invertible in B. So, 0 ¢ op(a*a). Thus, there exists 0 € Ry
such that
op(a’a) C 16, [la"all].

Now consider the spectrum og(|la*al|[lp — a*a). We want to show that it is
contained in a particular interval of Rs(. The key is to notice that if A € C
then

AMp — (la*al|llp — a*a) = —=((|la*al| — N)1p — a*a).

Therefore,

op(lla”alllp —a*a) C {[la’a]| = A[ A € op(a*a)} C [0, [la"al] — d].
Now the element ||a*a||lp — a*a is self-adjoint. By Theorem [1.2.6]

llaalts — a*al| = r(laallis — aa) < |la%all = 6 < [la*al|

By the second part of Theorem if ¢ € M(A) then

9(llaallLs — a*a)| < ||llaal[Ly — a°al] < [la*all.

But,

#(lla”alllp — a’a) = |la’al| — ¢(a)[*.

Subsequently, ¢(a) # 0 for ¢ € M(A). By Theorem and Theorem
1.3.1) we deduce that 0 € 04(a). Therefore, a has an inverse in A.

So, a € A has an inverse in B if and only if it has an inverse in A. The
equality of spectra g4(a) = op(a) follows directly. O

Now we return to the situation where B is a unital C*-algebra and A is a
commutative unital C*-subalgebra of B, generated by the set {15, a,a*} for
some normal element a € B. The next definition we make exploits the fact
that we have an inverse to the isometric *-isomorphism in Theorem [1.3.5|
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Definition 1.3.4. Let B be a unital C*-algebra and a € B be normal. Let
A be the commutative unital C*-subalgebra of B generated by the set
{15,a}. By Theorem [1.3.4] we have a homeomorphism M(A) = o(a).
Hence, we can identify Cts(M(A), C) with the space of continuous
functions Cts(o(a), C).

Let A: A — Cts(o(a),C) denote the isometric *-isomorphism in Theorem
and f € Cts(o(a),C). Since A is surjective, we let f(a) be the unique
element of A such that A(f(a)) = f. That is, if € M(A) then ¢(a) € o(a)
and

o(f(a)) = evs)(¢) = A(f(a))(¢) = f(d(a)).
Using the above definition, we can restate Theorem as follows:

Theorem 1.3.7 (Continuous functional calculus). Let B be a unital
C*-algebra and a € B be normal. The map

A7 Cts(o(a),C) 2 Cts(M(A),C) — B
f = fla)
is an isometric *-isomorphism from Cts(o(a),C) to the C*-subalgebra of B
generated by the set {1,a}. Moreover, if f(z) =3, ar, 28z is any
polynomial in the variables z and Z then

AT (f(2) = fla) = ) apga®(a)".

Theorem [[.3.7 is the well-known continuous functional calculus on normal
elements of a unital C*-algebra. In the reference [Soll8|, the continuous
functional calculus is done for the unital C*-algebra of bounded linear
operators on a Hilbert space. The continuous functional calculus is first
proved for self-adjoint operators and then after establishing the notion of a
joint spectrum, it is extended to normal operators.

Here are some important consequences of Theorem [1.3.

Theorem 1.3.8. Let B be a unital C*-algebra and a € B be normal. Then,
a is self-adjoint if and only if o(a) C R.

Proof. Assume that B is a unital C*-algebra and a € B is normal. Let
idy(q) denote the identity function on the spectrum o(a) C C. Then,
idyq) € Cts(o(a),C) and by the continuous functional calculus in Theorem

3.7
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At (ida(a)) =a

So, a is self-adjoint if and only if a = a* if and only if idy(,) = idy(q) if and
only if o(a) C R. O

Theorem 1.3.9. Let A and B be unital C*-algebras. Let ¢ : A — B be a
unital *-homomorphism. If a € A is normal then o(¢p(a)) C o(a).

Moreover, if f € Cts(a(a),C) then f(¢(a)) = ¢(f(a)).

Proof. Assume that A and B are unital C*-algebras. Assume that
¢ : A — B is a unital *~homomorphism.

To show: (a) If @ € A is normal then o(¢(a)) C o(a).

(b) If f € Cts(a(a), C) then f(d(a)) = o(f(a)).

(a) Assume that a € A is normal. If A € p(a) then A1, — a is invertible and
d(Aly —a) = M — ¢(a) is invertible in B. Hence, p(a) C p(¢(a)) and
o(¢

(a)) € o(a).

(b) Assume that f € Cts(o(a),C). Let C' be the C*-subalgebra of A
generated by the set {14,a} and D be the C*-subalgebra of B generated by
the set {1p, ¢(a)}. Then, the restriction ¢|c : C'— D is a unital
*-homomorphism.

Using the notation in Theorem let Ac : C'— Cts(o(a),C) and

Ap : D — Cts(o(¢(a)),C) denote the continuous functional calculi on C
and D respectively. To see that ¢(f(a)) = f(¢(a)), assume that

1 € M(D). Then 1o ¢p € M(C') and

(
= (Yo 9)(f(a))
= evf(a) (Y 0 @) = Ao(f(a)) (¥ 0 9)
—f((w ¢)(a))
fW(o(a))) = Ap(f(d(a)))(¥).

Since Ap is injective and ¢ € M(D) was arbitrary, we must have

¢(f(a)) = f(¢(a)). s

AD(¢(f(a)))(¢):€v¢f(a ¥) = ¥(e(f(a)))
(

41



Next, we would like to extend Theorem [1.2.7, which states that a unital
*-homomorphism between C*-algebras is necessarily contractive. We will
prove that if the unital *~homomorphism is also injective then it is
necessarily an isometry.

Theorem 1.3.10. Let A and B be unital C*-algebras and ¢ : A — B be an
injective, unital *~homomorphism. If a € A is normal then o(a) = o(¢(a)).

Proof. Assume that A and B are unital C*-algebras. Assume that
¢ : A — B is an injective unital *-homomorphism. Assume that a € A is
normal. We already have the inclusion o(¢(a)) C o(a).

Suppose for the sake of contradiction that o(¢(a)) C o(a). Then, there
exists a continuous function f € Cts(o(a),C) such that f # 0, but if
A € o(é(a)) then f(A) =0.

Now by Theorem [1.3.9, f(¢(a)) = ¢(f(a)). By the continuous functional
calculus in Theorem and the fact that the restriction f|,(4@)) = 0,
f(#(a)) = 0. This contradicts the assumption that ¢ is injective. Therefore,

o(¢(a)) = o(a). O
Theorem 1.3.11. Let A and B be unital C*-algebras. Let ¢ : A — B be an

injective *~homomorphism. Then, ¢ is an isometry.

Proof. Assume that A and B are unital C*-algebras. Assume that
¢ : A — B is an injective *~homomorphism.

To show: (a) If a € A is self-adjoint then ||p(a)|| = ||al|.

(a) Assume that a € A is self-adjoint. By Theorem and Theorem
1.3.10, we have

lall =7(a) = sup [\l = sup [A[=r(¢(a)) = [[¢(a)].
Ao (a) Aea(p(a))

Now assume that a € A is an arbitrary element. Then,

« L « vt . 1
lall = lla*all> = [l¢(a”a)l[> = [l¢(a)"¢(a)]]> = ||¢(a)|.
Hence, ¢ is an isometry. O]
Now recall Theorem which states that if B is a unital C*-algebra and
A is a commutative C*-subalgebra containing the unit then an element

a € A is invertible in A if and only if it is invertible in B. We will now
extend this result slightly, by removing the commutativity assumption.
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Theorem 1.3.12 (Spectral permanence). Let B be a unital C*-algebra and
A be a C*-subalgebra of B such that 1g € A. If a € A then a is invertible in
A if and only if a is invertible in B. That is, the spectrums oa(a) = op(a).

Proof. Assume that B is a unital C*-algebra and A is a C*-subalgebra of
B. Assume that 1 € A. Assume that a € A. If a is invertible in A then a
is invertible in B since A C B.

To show: (a) If a has inverse a™! € B then a™! € A.

(a) First assume that a € A is normal and has inverse ' € B. The
inclusion map ¢ : A < B is an injective unital *~homomorphism. By

Theorem [1.3.10] we find that o4(a) = op(a). In particular, 0 &€ o4(a) if and
only if 0 € op(a). So, a is invertible in A if and only if a is invertible in B.

Now assume that a € A is arbitrary. If a has an inverse a~! € B then a*
also has an inverse in B. So, the normal element a*a € A must have an
inverse in B. But by the previous case, the inverse (a*a)™! € A.
Consequently,

o' = (a*a)H(a*a)a™t = (a*a)ta* € A.
Hence, a~! € A which completes the proof. O

A particularly useful consequence of the continuous functional calculus is
the spectral mapping theorem, which yields a straightforward way of
computing the spectrum of elements obtained by Theorem [1.3.7] We first
need the following result.

Theorem 1.3.13. Let X be a compact Hausdorff space and f € Cts(X,C).
Then, the spectrum o(f) = im f.

Proof. Assume that X is a compact Hausdorff space and f € Cts(X,C).
Let 1 € Cts(X,C) be the function which sends x € X to 1. Then, 1 is the
multiplicative unit in the C*-algebra C'ts(X,C).

First, assume that A € o(f). Then, A1 — f is not invertible and
consequently, there exists z € X such that

A= fx) = (M - f)(z) =0.
So, f(x) = XA and A € im f. This shows that o(f) C im f.
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Conversely, assume that A € im f. Then, there exists y € X such that
A= f(y). So,

(AL = f)(y) =A—f(y)=0.

This means that the function N+ﬁ is not defined and hence, A1 — f is not
invertible. So, A € o(f) and im f C o(f). We conclude that

o(f)=1im f. O
Now we will state and prove the spectral mapping theorem.

Theorem 1.3.14 (Spectral mapping theorem). Let B be a unital
C*-algebra and a € B be normal. If f € Cts(o(a),C) then

o(f(a)) = flo(a)) ={f(N) | A € o(a)}.

Proof. Assume that B is a unital C*-algebra and a € B is normal. Assume

that f € Cts(o(a),C).

The point is that the spectrum o(a) is a compact Hausdorff space with the
subspace topology induced from the usual topology on C. Applying the
known result to f € Cts(o(a),C), we find that the spectrum of f is the

image f(o(a)).

Now let A be the C*-subalgebra of B generated by the set {15,a}. By the
continuous functional calculus in Theorem [1.3.7, the map f + f(a) is an
isometric *-isomorphism from Cts(o(a),C) to A. So, o(f) = oa(f(a)).
Finally by Theorem oa(f(a)) =op(f(a)). Therefore,

op(f(a)) = 0a(f(a)) = o(f) = f(a(a))
where the last equality follows from Theorem [1.3.13] O

1.4 Positive elements

Let A be a C*-algebra. Recall that an element a € A is positive if there
exists b € A such that a = b*b. Note that by definition, any positive
element is self-adjoint. In the last section, we proved Theorem [1.3.8, which
states that a normal element ¢ € A is self-adjoint if and only if o(¢) C R. In
this section, we will prove a similar characterisation of positive elements of
a C*-algebra.

44



Theorem 1.4.1. Let A be a unital C*-algebra and a € A be self-adjoint.
For x € R, let f(z) = max{x,0} and g(x) = max{—=x,0}. Then, f(a) and
g(a) are positive elements of A which satisfy

1. a= f(a) = g(a),

2. af(a) = f(a)?,
3. ag(a) = —g(a)?,
4. fla)g(a) = 0.

Moreover, if o(a) C [0,00) then a is positive.

Proof. Assume that A is a unital C*-algebra and a € A is self-adjoint.
Assume that f and g are the functions defined as above. Then, f and g
restrict to continuous real-valued functions on the spectrum o(a), which is
contained in R by Theorem [1.3.8] By definition of f and g, it is
straightforward to check that if x € o(a) then

L= f(z) —g(z),
2. xf(z) = f(2)%
3. zg(z) = —g(z)%,
4. f(x)g(z) =0.

By the continuous functional calculus in Theorem [1.3.7] we obtain the
required equations in A.

Next, observe that if z € o(a) then f(x) > 0. Hence, the square root /[ is
a continuous real-valued function which satisfies (v/f)? = f. So,

fla) = (VF(@)* = (V@) VF(a).

Therefore, f(a) € A is a positive element. Similarly, g(a) € A is also a
positive element. Finally, if o(a) C [0,00) then g = 0 and a = f(a). Since
f(a) € A is positive, a must be positive in this case. O

Keeping the decomposition of Theorem [1.4.1]in mind, we prove the
following characterisation of a spectrum contained in [0, 00).

Theorem 1.4.2. Let A be a unital C*-algebra and a € A be self-adjoint.
Then, the following are equivalent:
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1. o(a) C[0,00)
2. If t > ||a|| then ||t1la —al <t
3. There exists t > ||a|| such that |[t14 — al| < t.

Proof. Assume that A is a unital C*-algebra and a € A is self-adjoint. It is
obvious that the second statement implies the third.

To show: (a) o(a) C [0,00) if and only if for ¢t > |al|, ||t14 — a| < t.

(a) Since a is self-adjoint, o(a) C R and its spectral radius r(a) = ||a]|.
Therefore, o(a) C [—||al, ||a]]-

Next, assume that ¢ > ||a|| and define the function

foo [=lall, laf]] — R
T — t—x

Then, f; is positive and monotonically decreasing. So, the norm of the
restriction

| felo@ || = sup |fi(x)| = sup |t —x|=t— inf x = f;( inf x).
z€a(a) x€a(a) z€o(a) z€o(a)

By the continuous functional calculus in Theorem [1.3.

s = oll = kool = £ inf ).

Finally, observe that f;(z) <t if and only if > 0. Hence, o(a) C R_q if
and only if ||[t14 — al| > t. By taking the contrapositive statement, we find
that o(a) C Ry if and only if ||t14 — al| < ¢ as required. O

One application of Theorem [1.4.2]is the fact that spectrums contained in
R>y “add” in a sense made precise in the next theorem.

Theorem 1.4.3. Let A be a unital C*-algebra and a,b € A be self-adjoint.
Assume that o(a),o(b) C [0,00). Then, o(a+b) C [0, 00).

Proof. Assume that A is a unital C*-algebra and a,b € A are self-adjoint.
Assume that o(a),o(b) C [0,00). Set t = ||al| + ||b]|. Then,

1114 —a = bl = [[(lall1a — a) + (|6 14 — b)]]
< [lflall1a = all + [l 14 — bl
< |lal| + |0l =t (by Theorem |1.4.2)).
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By another application of Theorem [1.4.2] we deduce that o(a + b) C [0, 00)
as required. O

Before we proceed to our promised characterisation of positive elements, we
need yet another theorem about the spectrum.

Theorem 1.4.4. Let A be a unital C*-algebra A and g,h € A. Then,
o(gh) — {0} = o(hg) —{0}.
Proof. Assume that A is a unital C*-algebra and g, h € A. It suffices to

show that if A € C — {0} such that A1, — gh is invertible then A14 — hg is
also invertible.

To this end, assume that A € C — {0} such that A1, — gh is invertible.
Define

1 1
= —1a+ —h(Ala —gh)7'g.
v = yla+ Th(Ala = gh)™g
We compute directly that
1 1 .
x(Alg — hg) = (XlA + Xh(MA — gh)"'g)(Ala — hg)
1 1
= La = 3hg + h(ALa = gh)~'g — Th(ALa — gh) ™ ghg
1 1
=1a+h((Ala—gh)™' = XlA — X()\lA —gh)~'gh)g
1
=14+ h(()\lA — gh)il — X()\lA - gh)il(klA — gh)

1
5 (Ala = gh)~'gh)g

and
1 1 »
(AMlg —hg)r = (A14 — hg)(xlA + Xh(/\lA —gh)™'g)
1 1
=14+ h(Al4—gh) g — th - thh()\lA —gh)7lg
1
=14+ h((}\lA — gh)_l — X()\lA — gh)(/\lA — gh)_l
1
—39h(ALa = gh) ) g
=14.
Hence, A\14 — hg is also invertible and o(gh) — {0} = o(hg) — {0}. O
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Now we are ready to prove our characterisation of positive elements.

Theorem 1.4.5. Let A be a unital C*-algebra and a € A be self-adjoint.
Then, a is positive if and only if o(a) C [0, 00).

Proof. Assume that A is a unital C*-algebra and a € A is self-adjoint. We
already know that if o(a) C [0, 00) then a is positive by Theorem |1.4.1}

Now assume that a € A is positive. Then, there exists b € A such that

a = b*b. Recall that in Theorem [1.4.1] we defined positive elements
f(a),g(a) € A. The idea is to consider the element ¢ = bg(a). We compute
directly that

c¢*c = g(a)*b*bg(a) = g(a)b*bg(a) = g(a)ag(a) = g(a)(—g(a))g(a) = —g(a)®.

Now write ¢ = d + ie, where d,e € A are self-adjoint. Another computation
yields

cc* + cfe = 2d% + 262,

So, ¢¢* = 2d* + 2e* — ¢*c = 2d* + 2¢* + g(a)®. Since the real-valued
functions 2x? and g(z) are positive, we can use the spectral mapping

theorem (see Theorem [1.3.14)) to deduce that

o(2d*),0(2¢?),0(g(a)?) C [0, c0).
Consequently by Theorem [1.4.3

o(cc) = o(2d® + 2¢* + g(a)®) C [0, 00).
On the other hand, by Theorem

o(c*c) C (—o0,0].
Next, recall from Theorem that

o(c*c) = {0} = o(ec*) — {0}.
Since o(c*c) C (—00,0] and o(cc*) C [0, 00), then o(c*c) = o(cc*) = {0}.
Therefore, ¢*c = 0 = —g(a)® and consequently, g(a) = 0. This means that
the restricted function g|,(,) is the zero function. Recalling from Theorem
that ¢ = max{—z, 0}, we conclude that o(a) C [0, 00) as required. [

A useful consequence of Theorem [[.4.5]is the connection between normal
elements of a unital C*-algebra and the continuous functional calculus.
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Theorem 1.4.6. Let A be a unital C*-algebra and a € A be normal. If
f € Cts(o(a),R) then f(a) € A is self-adjoint. Moreover, if
f € Cts(o(a),R) is positive then f(a) € A is positive.

Proof. Assume that A is a unital C*-algebra and a € A is normal. Assume
that f € Cts(o(a),R). By the spectral mapping theorem (see Theorem

T5.1)

o(f(a)) = flo(a)) ={f(A) [ A € a(a)} CR.
So, f(a) € A is self-adjoint by Theorem [1.3.8 If f € Cts(o(a),R) is

positive then o(f(a)) C Rsg and by Theorem [1.4.5, f(a) € A is normal as
required. O]

The polar decomposition gives a method of decomposing an arbitrary
element of a unital C*-algebra into the product of a positive element and a
unitary element. This decomposition is analogous to computing the
exponential form of a complex number. Here, we will consider the polar
decomposition of invertible elements, in line with [Put19, Exercise 1.6.1].
We begin with a preliminary result.

Theorem 1.4.7. Let A be a unital C*-algebra and a € A. Let [ be the
function defined explicitly by

fIRZQ—> R

NI

Define |a| = f(a*a). If a is invertible then |a| is invertible.

Proof. Assume that A is a unital C*-algebra and a € A. Assume that f is
the square root function defined as above. Define the function g : C — C by
g(z) = Zz = |z|>. By the continuous functional calculus in Theorem [1.3.7]
g(a) = a*a. Now by the spectral mapping theorem in Theorem [1.3.14]

o(a*a) = a(g(a)) = g(o(a)) = {|A* | A € o(a)}.

By considering the restriction of f to o(a*a) C Rsg, we find that by
another application of the spectral mapping theorem,

o(f(a*a)) = f(o(a"a)) = {|A[ | A € o(a)}.
Hence, 0 € o(a) if and only if 0 € o(f(a*a)). Thus, if a is invertible then |a|
is also invertible. H
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The element |a| € A constructed in Theorem is commonly referred to
as the modulus/absolute value of a. The next theorem yields the second
half of the polar decomposition.

Theorem 1.4.8. Let A be a unital C*-algebra and a € A. Let |a|] € A be
the element constructed in Theorem[I.4.7 If a is invertible then the element

u=ala]"' €A
18 unitary.

Proof. Assume that A is a unital C*-algebra and a € A. Assume that

la| € A is the element defined in Theorem Assume that a is
invertible. By Theorem la| € A is invertible. Hence, we can define the
element u = alal L.

To show: (a) u*u = wu* = 14.
(a) Recall from Theorem that

o(lal) ={IAl [ A € o(a)}.
Since o(|a|) € Rsg, we deduce by Theorem that |a| is positive and
hence, self-adjoint. This means that

la| = = (la[)"" = (la] )"

So,

u'u = (la|™")"a"ala| ™" = |a|"(a"a)|a| " = |a| M|a| = 14

and

uu*a = ala| *(la| ™) a*a = ala| " (|a| " a*a) = ala| ta| = a.

1

By multiplying both sides on the right by a=", we deduce that uu* = 14.

By part (a), u is unitary. O

Theorem establishes that if a € A is invertible then a = ula|. This is
referred to as the polar decomposition of a. The next theorem provides a
criterion for the elements u and |a| to commute.

Theorem 1.4.9. Let A be a unital C*-algebra and a € A be invertible. Let
u and |a| be the elements defined in Theorem[1.4.8 and Theorem [1.4.7]

respectively. Then, u and |a| commute if and only if a is normal.
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Proof. Assume that A is a unital C*-algebra and a € A is invertible.
To show: (a) If a is normal then the elements u and |a| commute.
(b) If w and |a| commute then a is normal.

(a) Assume that a € A is normal. By the continuous functional calculus in
Theorem [1.3.7] the elements a and |a| must commute. Using this, we now
have

lafu = |alala]
= alala] ™

= a = ulal.
Therefore, the elements v and |a| commute.

(b) Assume that the elements u and |a| commute. To see that a is normal,
we compute directly that

*

a*a = (ulal)"ula|
= |alu*ula| (]a| is self-adjoint)

= |a|lala] = |a|* (Theorem [T.4.8)
and

aa” = ula|(ulal)”

ulal|alu®  (Ja| is self-adjoint)
= ulal*u*
= |a|*uu*

= lal*14 = |a]*.

Therefore, a*a = aa* and a is normal. O

1.5 Finite dimensional C*-algebras

Finite dimensional C*-algebras have a specific structure. This section is
dedicated to proving the following theorem.
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Theorem 1.5.1. Let A be a unital, finite dimensional C*-algebra. Then,
there exists positive integers k, Ny, ..., Ny € Zwq such that as C*-algebras,

k
A= @ MNiXNi(C>
i=1

Moreover, k is unique and the integers Ny, ..., Ny are unique up to
permutation.

It is remarked in [Put19l Section 1.7] that Theorem is valid without
the C*-algebra being unital. In fact, it is a consequence of Theorem [L.5.1]
that every finite dimensional C*-algebra is unital. This result will be
proved later.

The proof of Theorem [1.5.1] revolves around the existence of projections in
a finite dimensional C*-algebra. In general, C*-algebras may or may not
have non-trivial projections. The reference [Putl9, Section 1.7] gives the
example of Cts(X,C), where X is a compact Hausdorff space. It turns out
that in this case, Cts(X, C) has no non-trivial projections if and only if X
is connected.

Let us start off with some notation pertaining to bounded operators on a
Hilbert space.

Definition 1.5.1. Let H be a Hilbert space and &£,n € H. Define the map
[€)(nl by

&l H — H
¢ = {Gm)¢

This is the well-known bra-ket notation from quantum mechanics. In the
next theorem, we prove various properties about the map [£)(n|, which we
will make use of later.

Theorem 1.5.2. Let H be a Hilbert space, n,&,(,w € H and a € B(H).
Then,

LAJ[E) lll = Nl Imll-

2. If n # 0 then |§)(n|H = span{¢}.
3. (1€){nl)" = Im) (&l

4. (1€ DS wl) = (€, m(I€){wl).-
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5. al§)(n| = |a&) (|
6. 1&){nla = 1&){a"n].

Proof. Assume that H is a Hilbert space, n,£,(,w € H and a € B(H).

1. We compute directly that

1€ nlll = HSI&I(@W)IH&H < [ImlIfi]l-

We also have

Il = Ko, mIEN < sup (o m)li€]l = 1€} all

il Jo=1

Therefore, [|[€){nlll = lInlllI]-

2. Assume that n # 0. By the Hahn-Banach extension theorem, there
exists a functional I' € H* such that T'(n) # 0. By the Riesz
representation theorem, there exists v € H such that

L'(n) = (v.m) # 0. So, [){nly = (v,n){. Now if a € C then

{(v.m) <% n) <7 7

Hence, span{¢} C |£)(n|H and subsequently, |£)(n|H = span{{}.

a§ = —— (v, m& = —I1&) (nlr = 1€) (nl( )

3. If a,8 € H then
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4. If a« € H then

(1) (D (O {wha = 1&) (n]({ev, w)C)

LS
= (o, w){¢,m¢
= (C,m)[€) (wlev.

Hence, (|€)(n])(I0)(w]) = (¢, m[&)(w]-
5. If « € H then

al§)(nla = a({a, n)§) = (a, n)a§ = |a&)(n|a.
6. If « € H then

[€) (nlaa = {ac, M€ = (o, a’n)€ = [€)(a"nla
O

The first prominent step towards our classification of finite dimensional
C*-algebras is to prove that every normal element is a linear combination of
projections.

Theorem 1.5.3. Let A be a finite dimensional unital C*-algebra. If a € A
1s normal then a has finite spectrum and a is a linear combination of
projections.

Proof. Assume that A is a finite dimensional unital C*-algebra. Assume
that a € A is normal.

To show: (a) The spectrum of a is finite.

(b) a can be written as a linear combination of projections.

(a) By the continuous functional calculus in Theorem [1.3.7, the C*-algebra
Cts(o(a), C) is isomorphic to a C*-subalgebra of A, which is finite
dimensional because A itself is finite dimensional. Consequently, o(a) must

be finite.

(b) Let A € o(a) and define the function py by
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pr: ola) — C

0, if p # A,
a 1§ = .

Then, p) = P and p3 = py where we recall that multiplication in the
C*-algebra Cts(o(a),C) is defined pointwise. By the continuous functional
calculus in Theorem [1.3.7, py(a) € A is self-adjoint and idempotent. Hence,
it is a projection.

Notice that if z € o(a) then

Z Apa(z) = z.

A€o (a)

By another application of the continuous functional calculus, we have

Z Apa(a) = a.

A€o (a)
Hence, a is a linear combination of projections as required. O
A consequence of the proof of Theorem [1.5.3]is that projections exist in

finite dimensional unital C*-algebras. Studying this structure is key to the
proof of our main result.

Definition 1.5.2. Let A be a C*-algebra. If p,q € A are projections then
we define the relation p > ¢ if and only if pg = ¢.

Theorem 1.5.4. Let A be a C*-algebra. The relation < on the projections
of A is a partial order.

Proof. Assume that A is a C*-algebra. Reflexivity of the relation < follows
from the fact that a projection p € A is idempotent.

Next, assume that p,q € A are projections such that p < ¢ and g < p.
Then, gp = p and pq = ¢q. Since p and q are self-adjoint, pg = p = q.

Finally to see that < is transitive, assume that p,q,r € A are projections
such that p < g and ¢ < r. Then, gp = p and rq = q. So, rp = rqp = qp = p.
Hence, < defines a partial order on the set of projections in A. O

Under some conditions, there exist minimal non-zero projections with
regards to the partial order <. This is established in the next theorem.
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Theorem 1.5.5. Let A be a C*-algebra and p,q € A be projections. Then,

1. p > q if and only if ¢Aq C pAp. In particular, if pAp = qAq then
pb=4q.

2. If pAp has finite dimension greater than 1 then there exists a
projection q # 0 such that p > q.

3. If A is unital and finite dimensional then there exists non-zero
projections which are minimal with respect to the order <.

Proof. Assume that A is a C*-algebra and p,q € A are projections.
To show: (a) p > ¢ if and only if gAq C pAp.

(a) First assume that p > ¢q. Then, ¢Aq = pgAgp C pAp. Conversely,
assume that gAq C pAp. Then, ¢ = qqq € qAq = pgAqp C pAp. So, there
exists a € A such that ¢ = pap. Thus, pq = ppap = pap = q and
subsequently, ¢ < p.

Next, assume that gAq = pAp. By part (a), ¢ < p and p < g. Since < is a
partial order, p = gq.

Before we proceed to proving the second statement, we first observe that
pAp is a Banach *-algebra. Moreover, if A is finite dimensional then A is
closed and pAp is a C*-subalgebra of A. It is also unital, with p = ppp
acting as a unit for the C*-subalgebra pAp.

To show: (b) If a € pAp is self-adjoint and o(a) = {\} for some A € C then
a is a scalar multiple of p.

(b) Assume that a € pAp is self-adjoint. Assume that there exists A € C
such that o(a) = {A}. If z € o(a) then the functions f(z) = z and g(z) = A
are equal. By the continuous functional calculus in Theorem [1.3.

a = f(a) = g(a) = Ap.
Hence, a is a scalar multiple of p.
Now suppose that pAp has dimension strictly greater than 1. By the

contrapositive statement of part (b), there exists a self-adjoint element
b € A such that o(b) contains at least two points. Let f be a surjective
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function from o(b) to {0,1}. Since {0, 1} is equipped with the discrete
topology, f must be continuous.

By the continuous functional calculus, the element f(b) = ¢ is a non-zero
projection. Since g € pAp, we must have pg = q. So, p > ¢ as required.

Finally, assume that A is unital and finite dimensional. By Theorem [1.5.3]
there exists a non-zero projection p € A. The dimension of the
C*-subalgebra pAp is at least one. If it is strictly greater than 1 then by
part (b) of the proof, there exists a non-zero projection ¢ € A such that

p > q. By part (a), this holds if and only if ¢Aq C pAp. Since q # p, ¢Aq is
strictly contained in pAp and dim ¢Aq < dim pAp.

By iterating this procedure, we eventually obtain a non-zero projection
¢’ € A such that dim¢’A¢’ = 1. Hence, ¢’ qualifies as a minimal projection
with respect to the partial order <. O

One consequence of Theorem [1.5.5|is that if p € A is a non-zero minimal
projection then pAp = Cp. Next, we want to now when a set of non-zero
minimal projections are linearly independent.

Theorem 1.5.6. Let A be a unital finite dimensional C*-algebra and
P1, ..., PK be non-zero minimal projections in A. Suppose that if

i,j €{1,2,...,K} such that i # j then p;Ap; = 0. Then, p1,...,pK are
linearly independent.

Proof. Assume that A is a unital finite dimensional C*-algebra and
D1, ..., Pk are non-zero minimal projections in A. Assume that p;Ap; =0
for i #j. Fixi € {1,2,..., K}. Suppose for the sake of contradiction that

pi = Z Q;Pj

JF
for some a; € C. By Theorem [1.5.5, we have

Cpi = piAp; = piA(Z a;p;) € ZpiApj = 0.
i i
This is a contradiction. Therefore, the minimal projections py,...,px are
linearly independent. O

Theorem tells us that a linearly independent set of non-zero minimal
projections cannot contain more than dim A elements. Hence, we can select
a maximal independent set of non-zero minimal projections and it will be
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finite.

Now suppose that A is a unital finite dimensional C*-algebra and
{p1,...,pk} is a maximal set of independent minimal non-zero projections
in A. Fixie€{1,2,...,K} and let a,b € Ap;. Then, ap; = a and bp; = b.
Observe that

b*a = (bp;)"ap; = p;b*ap; € p;Ap; = Cp;

as a consequence of the second statement in Theorem Let (a,b) € C
denote the scalar such that b*a = (a,b)p;. We claim that
(—,—) : Ap; x Ap; — C defines an inner product on Ap;.

First assume that a,a’,b, b’ € Ap;. Then,
(a+d',byp; = b*(a+a)

=b*a+ b*d
= ({a,b) + (d’, b)) p;

and
(a, b+ VYp; = (0" + (V')")a
=b'a+ (V)a
= (<a> b> + <CL, b,>)pi'
If A € C then
(Aa,b)p; = b*(Aa) = Ab*a = X (a, b)p;
and

{a, \b)p; = (Ab)*a = A\b*a = Xa, b)p;.

Hence, the map (—, —) is C-bilinear. Also, if a € A then (a,a) = 0 if and
only if a*a = 0 if and only if a = 0. Hence, (—, —) defines an inner product
on Ap;.

Since A is finite dimensional, Ap; is also finite dimensional and thus, a

closed subspace of A. We conclude that if ¢ € {1,2,..., K} then Ap; is a
finite dimensional Hilbert space.
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Next, we claim that if ¢ € {1,2,..., K} then the subspace Ap;A is a unital
C*-subalgebra of A. Taking advantage of the fact that Ap; is a Hilbert
space, we can let B; be an orthonormal basis for Ap;. If a € Ap; then

D bbta = bla,b)p; =Y (a,b)bp; =Y {a,b)b=a.

beB; beB; beB; beB;

In light of this computation, let ¢; = ), p 0b* = >, 5 bp;b*. Then,
q; € Ap;A is self-adjoint and from the previous computation, if a € Ap; then
gia = a.

We claim that ¢; is the unit of Ap; A. To this end, assume that a,d’ € A.
We compute directly that

Qi(apia/> = (Qiapi)a, = apia/

and

(ap;a’)q; = ((qi(a’)*pi)a*)* = ((a")"p;a*)* = apia’.
Therefore, Ap; A is a C*-subalgebra of A with unit g;.
Now if k, ¢ € {1,2,..., K} with k # ¢ then ppAp, = 0. So,

(AprA)(ApeA) = 0. In particular, ¢z Ap, = 0 and g ApyA = 0, which means
that the projections g are pairwise orthogonal (since gxg, = 0).

Now define

K
q= Z k-
k=1

Then, ¢ is a projection because each g, is self-adjoint and ¢ = ¢ since the
projections g are pairwise orthogonal. It is also a central projection. We
claim that ¢ = 14 in A.

Suppose for the sake of contradiction that ¢ # 14. Then, there exists b € A
such that bq # b. Hence, b — bq is a non-zero element of the set

¢-={a€ Al|qa=0}.

It is straightforward to verify that ¢+ is a C*-subalgebra of A. Hence, ¢
must be finite dimensional. Since ¢ contains a non-zero element, then it
must contain a non-zero minimal projection by the third part of Theorem

We denote this projection by p. Thus, if k € {1,2,..., K} then
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par < pq = 0.
If k€ {1,2,..., K} then pgp = 0. Therefore,

pApr € pAprA = pgrAprA =0

where the second last equality follows from the fact that ¢ is the unit for
the C*-subalgebra ApyA. The point here is that the projections

P, P1,--.,pr form an independent set of non-zero minimal projections by
Theorem [1.5.6, However, this contradicts the maximality of the set
{p1,-..,px}. Therefore, ¢ = 1,. The primary consequence of this claim is
that

K K K
A= (D a)A=PDauA=DAnA.
k=1 k=1 k=1

because g € AprA. Finally, recall that B(Ap;) is the C*-algebra of
bounded linear operators on the Hilbert space Ap;. Fori e {1,2,... K},
define the map

m: A — B(Ap)
a — (b ab).

The fact that 7; is a *-homomorphism follows from routine computations.

Observe that if k # i then the restriction ;| 45,4 = 0 because
(AprA)Api = A(prApi) = 0.

Now we claim that 7; is an isomorphism from Ap;A to B(Ap;). First, we
show that m; is injective. The key idea here is that the span of the
orthonormal basis B; is Ap; by definition. Hence, p;A = (Ap;)* is the span
of the adjoints of elements of B;. Hence, Ap;A = (Ap;)(Ap;)* is contained
in the span of elements of the form bc*, where b, c € B;. For b, ¢, by, co € B;,
let ap. € C. Then,

(i ( Z v bc*) o, bo)p; = Z vy (i (be™) co, bo)p;

b,ceB; b,ceB;
k
= E Oéb,c<bC 007170)]91
b,CEBZ’
k7 %
= E o, cbpbc™ co = e Di-
b,CEBZ’
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The last equality follows from the assumption that B; is an orthonormal
basis for the Hilbert space Ap;. To see that the restriction m;|4p, 4 is
injective, assume that m (), .cp. @b.cbc*) = 0. By the previous
computation, each coefficient oy, = 0 for b, c € Ap;. Therefore,

> been; Webc” = 0in Ap;A and consequently, 7|y, 4 is injective.

To see that ; is surjective, assume that a,b € Ap; so that ab* € Ap;A. If
c € Ap; then

mi(ab*)e = a(b*c)
= a((c,b)pi)
= (¢, byap;, = (c,b)a
= |a){ble.
The above computation reveals that the rank one operator |a)(b| is in the

image of m;. So, m; is surjective because the span of operators of the form
la)(b| is all of B(Ap;). Hence, ;| 4p,4 is a *-isomorphism.

Let us summarise our findings pertaining to the structure of finite
dimensional C*-algebras. This is [Putl9, Theorem 1.7.8]. Recall that A is a
finite dimensional C*-algebra and py, ..., px is a maximal set of
independent minimal non-zero projections in A.

1. If ke {1,2,..., K} then Apy is a finite dimensional Hilbert space
with inner product given by (a, b)pr, = b*a for a,b € Apy.

2. If ke {1,2,..., K} then ApiA is a unital C*-subalgebra of A, with
unit gx = Y p, O
3. P, App A=A
4. If k € {1,2,..., K} then 7, : A — B(Apy) is a *-homomorphism.
Moreover, if ¢ # k then m|4p,4 = 0 and 7| ap, 4 is @ *-isomorphism.
The next theorem describes the centres of the C*-algebra M,,«,(C).
Theorem 1.5.7. Let n € Z~o. The centre of My, (C) is

{al, | a € C}

where I, € My« (C) is the n x n identity matriz. Furthermore, if
ny,...,ng € Lso then the centre of the direct sum @p_, My, xn, (C) is
isomorphic to CX and is spanned by the identity elements of the direct
summands.
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Proof. Assume that n € Z~y. The case where n = 1 is trivial. So, assume
that n > 2. Obviously, we can identify M, «,(C) with the space of bounded
linear transformations B(C"). Assume that a : C* — C" is in the centre of
B(C") and ¢ € C" is non-zero. Note that

|a&) (€l = al§) (€] = [€){la = [§)(a™¢].
Subsequently,

ag(, &) = (&, a")¢.

We conclude that if £ € C" is non-zero then there exists a scalar r € C such
that a§ = r£&. We want to show that the scalar r is independent of the
choice of non-zero £ € C™.

Let n € C" such that the set {£,n} is linearly independent. Then, there
exists 7, s,t € C such that a(§ +n) =r(§ +1n), a§ = s€ and an = tn. So,
ré +rn = s€ + tn and by linear independence, r = s = t.

Therefore, if £ € C" is non-zero then a is a scalar multiple of ¢ and this
scalar is independent of £&. Consequently, a is a multiple of the identity
transformation idcn € B(C™) as required.

The second statement follows from the first. m
Now we can finally put together a proof of Theorem [1.5.1]

Proof of Theorem[1.5.1 Assume that A is a unital, finite dimensional
C*-algebra. By Theorem we can select a maximal independent set of
non-zero minimal projections, which has finite cardinality. Let {p1,...,px}
be such a set. We know that

K
A =D ApA.
k=1

Moreover, if k € {1,2,..., K} then the map

m: A — B(Apk)
a +— (b ab)

is a *-isomorphism from the C*-subalgebra ApyA to B(Apy). So, the direct
sum
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K K K
Pri: A= P ApA — P B(Ap) = P M, 0, (C)
k=1 k=1 k=1 k=1

is a *-isomorphism. Here, ny,...,ng € Zq are finite because each Hilbert
space Apy is finite dimensional for k € {1,2,..., K}.

To see that K, nq,...,ng € Z-g is unique, we first note that from Theorem

K is the dimension of the centre of @5 | My, xn, (C) = A. Hence, K
must be unique. Next, recall that if k, ¢ € {1,2,..., K} with k # ¢ then
ApiA has unit ¢, which satisfies ¢, ApyA = 0. By the *-isomorphism and
Theorem [1.5.7, we find that ny is the square root of the dimension of

qrA = ApiA. This completes the proof. O

We finish this section by stating [Putl19, Exercise 1.7.1] as a theorem about
partial isometries.

Theorem 1.5.8. Let A be a C*-algebra and e € A be a partial isometry so
that e*e is a projection. Then, ee*e = e and ee* is a projection.

Proof. Assume that A is a C*-algebra. Assume that e € A is a partial
isometry so that e*e is a projection.

To see that ee*e = e, consider the expression (ee*e — e)*(ee*e — e). By
computing this element, we find that

(ee”e —e)*(eee — e) = (e*ee” — e*)(ee’e — e)
= (e"ee’e)e’e — e*ee’e — e'ec’e — e”e

*

=e'e—e'e—c'e+ee=0.
By taking the norms of both sides, we find that

lee*e — e||* = ||(ee*e — e)*(ee*e —€)|| = 0.
Therefore, ee*e = e.
Next, to see that ee* is also a projection (or e* is a partial isometry), we

simply note that ee*ee* = (ee*e)e* = ee*. Since ee* is also self-adjoint, we
deduce that ee* is a projection as required. O
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1.6 Non-unital C*-algebras

The main idea we want to focus on in this section is that from a C*-algebra
which is not necessarily unital, one can always construct a unique unital
C*-algebra from it. This is stated more precisely in the following theorem.

Theorem 1.6.1. Let A be a C*-algebra. Then, there exists a unique unital
C*-algebra A such that A is contained in A as a closed two-sided ideal and
the quotient AJA = C.

Proof. Assume that A is a C*-algebra. As a vector space, we define
A =C® A. The next step is to endow A with the structure necessary for it
to be a C*-algebra — multiplication, involution and a suitable norm.

Multiplication: We define multiplication on A by

(A a)(p,b) = (A, Ab + pa + ab).
To be clear, A\, u € C and a,b € A.

Involution: We define an involution map on A by

(A a) = (X a").

Again, A € C and a € A. It is easy to check that multiplication and
involution defined as above satisfies the required properties.

Before we move on to the problem of defining a norm on A, we first make
the following observations:

1. It is straightforward to check that (1,0) € A is the multiplicative unit
for A.

2. Define the map

Lt A — A
a — (0,a).

Then, ¢ is an injective *-homomorphism. Moreover, its image

im ¢ = {(0,a) | a € A}

is a two-sided ideal in A. This shows that A is contained in {1 as a
closed two-sided ideal. Moreover by definition, the quotient A/A is
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isomorphic to C. For instance if (A, a) € A then [(\, )] = [(A,0)] in
A/A.

Norm: Before we proceed, let us highlight a useful remark from [Put19].
One initial guess for a norm on A is

1A @)lly = AL+ llal].

With this norm, A becomes a Banach *_algebra whose involution map is
isometric. However, this norm does not satisfy the C*-algebra condition. If
(A\,a) € A then

Ix a)llF = (AL + llall)?
= |A” +2[Alllall + [|a]*
= A" + 2[Allall + [la"al
= A"+ [Alllall + [Mlla™[| + [laa]

and

1N a) (A a)llr = I\, a)(A a)lx
= [[(|A]*, Aa + Aa* + a*a) |
= A+ HXCL + Aa* + a*all.

One can see that both expression are not equal in general. By the triangle
inequality, we only have ||(\,a)*(\,a)||1 < ||(A,a)||3 at best.

How do we proceed from here? The key tangential observation is that since
A is a Banach space, we can study the related Banach space B(A) of
bounded linear operators on A. Define the map

. A — B(A)
a +— (b ab)
By definition of the operator norm, we have ||w(a)| < ||a||. For the reverse
inequality, we note that
Iw(a)a*|| = llaa”|| = llall* = [lalla"].

So, |lal|/||a*|| < [|7(a)]/|[a*]] and consequently, ||a|| = ||7(a)||. In this way, we
see that the norm of A is simply the operator norm on B(A) acting on A

65



itself.

This observation suggests that we construct the required norm for A by
thinking of A as acting on A. If (\,a) € A then we define

1A @)l = sup{[A[, [|(A, @) (0, 0)1[, 10, b)(A, @) | b € A, [|bl <1} (1.6)

A quick computation shows that (A, a)(0,b) = (0, \b + ab) and

(0,b)(A,a) = (0, \b+ ba). So, the norm appearing on the RHS of equation
(1.6) is in fact, the norm on A. Here we implicitly use our embedding of A
in A via ¢.

First we will deal with the existence of the expression in equation (1.6]). By
its definition and the triangle inequality, we have

1A @) || = sup{[A[, [1(A, a) (0, b)[|, [[(0, b)(A, @) || [ b € A, [[b]] <1}
= sup{|Al, [[Ab + abl], [[Ab + bal| | b € A, [|b]| <1}
< sup (JA[[[b]| + [|el[lo]])
beA,||bl|<1
= [Al+ llall = |(A, a)[s
Therefore, the supremum in equation ([1.6)) does indeed exist.

To show: (a) The map ||—|| in equation ([1.6|) is a norm.

(a) Assume that u € C and (), a) € A. Then,

lu(r a)ll = [[(uA, pa)|
— sup{[uAl, (A, 1) 0, B) |, (0, B) (A pa)| | b € A, 5] < 1}
— sup{[uAl, 1A + pab], b+ puball | b € A, ] < 1}

= [ulll(A @)l

Next, assume that (o, ¢) € A. Then,
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[(A;a) + (o, c)| = [(A+0,a+ )|
=sup{|A+ |, [[(A+ 0)b+ (a + )b,
A+ o)b+bla+c)||be A |b|| <1}
< sup{|A| + |o], ||\b + ab|| + ||ob + ¢b]|,
A0+ bal| + ||lob+be|| | b€ A, |b|| <1}
< [\ a)[[ + [[(o, ).

By equation (1.6)), if (A,a) = (0,0) then ||(A, a)|| = 0. For the converse
statement, assume that |[(\,a)|| = 0. Then,

sup{|Al, [[Ab + abl, [[Ab + bal[ | b € A, [|b] <1} = 0.
Firstly, we have |A| = 0. Now if b = a*/||a|| then

laa”|

IAb + ab|| = ||Ab+ bal| = = |la]| = 0.

lal]

Hence, (A, a) = (0,0) as required. So, the map in equation (|1.6) is indeed a
norm.

To show: (b) ||(0,a)|| = ||a]|.

() [\ a) (o, )l < [[(A @) [l (o ).

(b) First observe that

10, a)[| = sup{|labl], [[ball | b € A, [|b] <1}

< sup all[|b]] = [|all
be A, [bl<1

Since [|(0,0)|| = 0 by equation (1.6)), we may assume for the reverse
inequality that a # 0. Then,

10, a)[| = sup{labl], [[ball | b € A, [|b] <1}

*

In the above computation, we set b = a*/||al|. Hence, ||(0,a)| = ||a]|.
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A notable consequence of this above computation is that if a € A then

la*all _, a

T~ 1! L7

(¢) Observe that if (X, a), (o, ¢) € A then

lall =

l(A,a) (o, 0)|| = ||(Aa, Ae + oa + ac)||
= sup{|Aa|, |[A\ab + Acb + gab + acb||,
|Aab + Abe + aba + bac|| | b € A, ||b]| < 1}
< supq{|Al, [|Ab + ab||, ||Ab+ bal| | b€ A, ||b]] < 1}
sup{|ca|, ||ob + ¢bl|, |lob+ bc|| | b € A, ||b]| < 1}

= [IA; a)llll(e, ).

Next, we will show that A is complete with respect to the norm in equation
(1.6). Let {(An, an)}nez., be a Cauchy sequence in A. By equation (|1.6]),
the sequence {\, }nez., in C is Cauchy and hence, converges to some A € C.

We claim that {a,}nez., is a Cauchy sequence in A. To this end, if
m,n € Z~q then

1
||am - an” - ||(am - a’n)*<am - an)||2
1 1
< Nam — anll2 [|(am — an)"||2

{0, if a,, —a,, =0,

@ — anl|2 || (am — @) e==|2  if a,, — a, # 0.

lam—anl|

1 1
<Nlam —an||2 sup |[(am — a,)b||?
beA,|bl<1

1 1
< ||am - an||2||(07am - an)||2-

In the third line, we used equation ([1.7). Consequently,

[am — anll < 1[(0, am — an)|]
< Ay am) = (Ans an) [ + [[(Am = A, O)
< H(An”wam) - ()‘naan)H + ‘)‘m - An’ —0

as m,n — o0o. To be clear, the second inequality follows from the triangle
inequality and the last inequality follows straight from the definition of the

68



norm on A. Therefore, {a, }nez., is a Cauchy sequence in A. Hence, it
must converge to some a € A.

Now we claim that the sequence {(\,, a,)}nez., converges to (A, a) € A.
Assume that € € R.y. Then, there exists Ny, Ny € Z~( such that if m > N;
and n > Nj then

€ €
A — Al < = d n—al < =.
A=A <5 and ey —af <3

So, if m > max{Ny, N2} then

1A am) = (X, @)l = |(Am = A, @ — a)]
< [[(Am = A am — a)lh
= [Am = Al + [lam —af]

€ € .
< 5 + 5 = €.

Hence, the sequence {(An, @n)}nez., in A converges to (\,a). This
demonstrates that A is a unital Banach *-algebra.

Now we will show that A is a unital C*-algebra. Again, assume that
(A\,a) € A. Then,

Il = IRl )

= sup{|Al, ||A\b+ a*b]|, ||\ + ba*|| | b€ A, ||b]| < 1}

= sup{[X], |30 + b |, |3 + o | | b€ A, ] < 1}
sup{ |, |+ ball, | Ab+ ab]| | b € A, ] < 1}
=l o)l

Since the involution * in A is isometric with respect to the norm in
equation (|1.6]), we have

Ix @) (N @)l < 1Y a)* ([T @)l = T ).
To obtain the reverse inequality, note that if b € A and ||b|| < 1 then
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1A, @) (A, @)(0,0)[| = 11(0,0)7[[[(A, )" (A, a) (0, b) |

1(0,0)"(, @)* (A, @) (0, b)|

|(Ab+ ab)*(Ab+ ab)|| (by part (b))

= ||\b+ ab||* (A is a C*-algebra)

(A, a)(0,b)[*  (by part (b)).

By replacing (A, a) with (), a*) and b with b*, we deduce that

(A, @)X, a)*(0,0)*|| > [[(A, a)*(0,b)*[|*. Using the fact that the involution
on A is isometric, we find that

10,) (X, a) (X, a)"[| = [1(0,b)(A, @) .

Finally, we have

1A @)* (A @)l = sup{|A%, 1A, @)* (A @) (0, D), [1(0, B)(A, a)* (A, )|

[be A b <1}
> sup{|A[%, [[(X, @) (0, B)[1%, 110, b)(X, @) |I* | b € A, [[b]] < 1}
= (A ).

Therefore, A is a unital C*-algebra as required.

Uniqueness: To see that A is unique, assume that B is another unital
C*-algebra which contains A as a closed two-sided ideal and the quotient
B/A=C. Let 15 € B be the unit of B. We define

p: A = B
(A\a) — Alp+a.

It is straightforward to check that p is a unital *-homomorphism. Now let
q: B — B/A be the quotient map. Since A is a closed two-sided ideal of B
which is not all of B, then 15 ¢ A and subsequently, ¢(15) # 0.

To show: (d) p is injective.

(e) p is surjective.

(d) Assume that (A, a) € ker p so that p(A\,a) = Alp + a = 0. Then,

M p = —a and by applying the quotient map ¢, we find that Ag(1p) = 0 in

B/A=C. Since q¢(1) #0, A=01in C and a = 0 in A. Therefore, p is
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injective.
(e) Assume that b € B. Note that the composite g o p sends (), a) € A to
A(1p) € B/A = C. Hence, g o p is surjective because if ;1 € C then

"
Cl(lB)7

So, there exists (o, c) € A such that

(gop)( 0) = p.

(gop)(o,c) =qlolp+c)=q(b).

This means that there exists ' € A C B such that ol + ¢ —a’ = b. Thus,
p(o,c—a') =b and p is surjective.

By part (d) of the proof, p is an injective *-homomorphism. By Theorem
[1.3.11] p is an isometry. In tandem with part (e), we conclude that p is a
*_isomorphism from A to B. Hence, A is unique which completes the
proof. O]

The C*-algebra A is referred to as the unitization of A. The next theorem
tells us how A as constructed in Theorem m is connected to A when A is
a unital C*-algebra itself.

Theorem 1.6.2. Let A be a unital C*-algebra. Let A be the unital
C*-algebra constructed in Theorem |1.6.1. Then, A=~ C & A as C*-algebras.

Proof. Assume that A is a unital C*-algebra. Assume that A is the unital

C*-algebra constructed in Theorem [1.6.1] Recall from Theorem [1.1.3] that
C @ A is a C*-algebra with scalar multiplication, multiplication, addition
and involution defined pointwise. It has norm given by

1A @)l p = max{[A], [|al]}-

In fl, scalar multiplication, involution and addition are the same as C & A.
However, multiplication is given by

(N, a)(p,b) = (A, Ab + pa + ab).

The norm on A is given explicitly by

(A @) [l = sup{[A], |Ab + ab][, [[Ab + bal| [ b € A, [[b]] <1}

The key is to observe how the norms ||—||p and ||—|| are related. In
particular, since A is unital,
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(A @ = A1a) || = sup{[A[, [labl], [[bal| | b € A, [|b]| < 1}.
By the triangle inequality, we obtain

1A @ = ALa) || < max{[A], [la[[} = [|(A, a)[[p.

But, we also have

1A @)l[p = max{|A], [|al|}
= max{|A[, [lalal, [[Laa][}
< sup{|A[, [|abl], [bal| | b € A, [[b] <1}
= [[(Asa = ALa)].

Therefore, if A € C and a € A then ||(A,a)|lp = ||(A,a — A14)||. This
suggests that we define the map

p: CpA — A
(Na) — (Na—Aly)

We claim that ¢ is an isometric *-isomorphism. By our previous
computation, ¢ is an isometry. Next, observe that if (A, a), (u,0) € CH A
and o € C then

(A, a) + (1,0)) = (A + p,a +b)
=(A+pu,a+b—A4—pla)
= (A\ya— M) + (1,0 — ply)
= oA a) + o(p,b),

p(o(X,a)) = ¢(oA,0a)
= (0,00 — aAly)
=o(Aa—Aly) =0p(Aa),

and
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w((A a)(p, b)) = p(A, ab)
= (A, ab — Auly)
= (A, Ab — Al g) + (ua — Apla) + (ab — pa — Xbo+ Auly))
= (A a = ALa)(p, b — pla)
= (A a)p(p, b).

Finally, to see that ¢ is bijective, observe that ¢ has an inverse given by

el A o CoA
(Aa) = (Na+Ala)

One can check by direct calculation that =1 is also a *-homomorphism.
Consequently, ¢ is an isometric *-isomorphism and A 2 C $ A as
C*-algebras. O

The unital C*-algebra A constructed in Theorem satisfies the
following universal property. This is discussed in the reference [Ter20].

Theorem 1.6.3. Let A be a C*-algebra. Then, the unital C*-algebra A in
Theorem [1.6.1] satisfies the following universal property: If B is a unital
C*-algebra and [ : A — B is a *~homomorphism then there exists a unique
unital *~homomorphism f : A — B such that the following diagram
commutes:

h
.
0 o

Here, 1 : A — A denotes the inclusion map a — (0,a).

Proof. Assume that A is a C*-algebra and that A is the unital C*-algebra
constructed in Theorem [1.6.1} Assume that B is a unital C*-algebra and
that f : A — B is a *~homomorphism. Define the map f by

f:r A - B
(A,a) — Mg+ f(a)

A barrage of brief computations shows that f is a unital *-homomorphism
such that fo.= f, where t: A — A is the inclusion map a +— (0, a).
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To see that f is unique, assume that g : A — B is another unital
*_homomorphism such that got= f. If a € A then

9(0,a) = (g o t)(a) = f(a) = (0, a).
Since ¢ is a unital *-homomorphism and (1,0) € A is the unit of A, we have
g(1,0) = 1. Subsequently, if A € C — {0} and a € A then

1
g0 ) = g(A(1, 5a)

= A\g(1, %a)
= 2((1,0) + (0, 5)
= Ag(1,0) +9(0, 1)

= AL + f(50)
= Ap+ fla) = f(\a).

Therefore, g = f which completes the proof. O

We will use the universal property in Theorem to extend Theorem
311

Theorem 1.6.4. Let A and B be C*-algebras and ¢ : A — B be an
injective *~homomorphism. Then, ¢ is an isometry.

Proof. Assume that A and B are C*-algebras and ¢ : A — B is an injective
*_homomorphism. By the universal property of unitization in Theorem
there exists a unique unital *-homomorphism qz; : A — B such that
the following diagram commutes:

Here, 14 and ¢p are the inclusion A < Aand B < B.

We claim that ¢ is injective. Explicitly, it is given by

o: A =
(A, a) = AM1,0)+(0,0(a)) = (X, ¢(a)).
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Assume that (11, ¢) € ker ¢. Then, ¢(u, ¢) = (11, ¢(c)) = (0,0). Then, =0
(

c
and ¢ = 0 because ¢ is injective. So, (11,¢) = (0,0) and ¢ is injective.

By Theorem [1.3.11] ¢ is an isometry. If a € A then
l¢(a) ]l = 110, (@)l = [16(0, )| = [|(0, @)[| = [lal.
Hence, ¢ is an isometry as required. O

Returning to the exposition in [Putl9], we are now interested in extending
Theorem [1.3.5 and the continuous functional calculus in Theorem [L.3.7 to
the case of non-unital C*-algebras. The most direct way to do this is to
remove the assumption that the C*-algebra is unital in both theorems.
Before we proceed, we remind ourselves of continuous functions which
vanish at infinity. First recall that a topological space X is locally
compact if for z € X, there exists an open set U and a compact set K
such that r € U C K.

Definition 1.6.1. Let X be a locally compact Hausdorff space. We say
that f € Cts(X,C) vanishes at infinity if for ¢ € R, there exists a
compact subset K C X such that if x € X\ K then |f(z)| < e. Equivalently,
if € € Ry then the set

{re X ||f(z)] =€}

is compact. Furthermore, we define

Ctso(X,C) = {f € Cts(X,C) | f vanishes at infinity}.

Theorem 1.6.5. Let X be a locally compact Hausdorff space. Then,

1. Ctso(X,C) is a subalgebra of the algebra

Ctsp(X,C) ={f € Cts(X,C) | f is bounded}.

2. Ctso(X,C) is a commutative C*-algebra with norm given by

If1l = sup| ()]
rzeX

for f € Ctsy(X,C).
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Proof. Assume that X is a locally compact Hausdorff space. Let
Ctsp(X, C) be the algebra of bounded functions from X to C.

To show: (a) Ctso(X,C) C Ctsy(X, C).

(b) Ctso(X,C) is closed under scalar multiplication.

(c) Ctso(X,C) is closed under addition.

(d) Ctso(X,C) is closed under multiplication.

(a) Assume that f € Ctso(X,C). If € € R.g then the set

Se=A{r e X | [f(x)] = €}

is a compact subset of X. Fix € € Ry. Since S, is compact and f is
continuous then the image f(S.) is a compact subset of C. By the
Heine-Borel theorem, f(S.) must be closed and bounded. So, there exists
r € Ry( such that

f(So) € B(0,r)={rAeC| |\ <}

So, if x € S, then |f(x)| < r. On the other hand, if x ¢ S, then |f(x)| <e.
Therefore, if x € X then

|f(z)] < max{r,e}.
So, f € Ctsp(X, C).

(b) Assume that A € C — {0} and € € R. If f € Ctso(X,C) then the set
£
R

is a compact subset of X. So, Af € Ctso(X,C). If A =0 then by definition
of Ctse(X,C), the zero function 0 = \f € Ctso(X,C).

{r e X ||(Af)(@)] =2 e} ={z e X |[f(2)| =

(c) Assume that f,g € Ctso(X,C) and € € Ry(. Define the sets

Ki={eeX||f@)|>=5} and K,={reX]|lg@) =5}

N
N

Also define
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K ={ze X[|(f+9)(x)] =€}

Then, K7 N K; C K¢ and by taking complements, K C Ky U K. Since
f,9 € Ctso(X,C) then K;U K|, is a compact subset of X. To see that K is
compact, it suffices to show that K is closed.

Assume that {k;, }rez., is a sequence in K which converges to some k € X.
We compute directly that

[(f +9) (k)| = [F(k) + g(k)|

= lim |(f + g) (k)| = €.
n—oo
Let us justify the inequality in the above working. Suppose for the sake of

contradiction that |(f + g)(k)| < e. Since {(f + g)(kn) }nez-, converges to
(f + g)(k) then there exists N € Z-q such that if m > N and ¢ € (0,¢) then

[(f +9)(En)| = [(f + 9)(B)| <t = [(f +9) ()]

So, |(f + g)(kn)| <t < e which contradicts the assumption that k,, € K.

Thus, |(f + g)(k)] > € and k € K. This means that K is a closed subset of
the compact set Ky U K, and subsequently, K itself is compact. We
conclude that f+ g € Ctso(X,C).

(d) Assume that f,g € Ctso(X,C) and € € R.g. Define the sets

Ly={zeX||f(x)] 2 ez}, Ly={reX||gx)>e}.

and

L=A{zeX|[(fg)(x)] = €},

Then, LN L; € L¢and L C Ly U L,. Since f,g € Ctsy(X,C) then Ly U L,
is compact. Arguing in the same manner as part (c), we deduce that L is
closed and hence, compact. This uses the fact that multiplication in C is
continuous. So, fg € Ctso(X,C).

By parts (a), (b), (c¢) and (d), we find that Ctsy(X,C) is indeed a
subalgebra of Cts,(X, C).
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Now Ctso(X,C) is commutative because multiplication is defined pointwise
and multiplication in C is commutative. To see that Ctso(X, C) is closed
under the involution inherited from Cts(X, C), assume that

f € Ctso(X,C). If € € Ry then

{reX||f@)za={reX||f(x)|>e}={reX|[f(z)]>¢}
is a compact subset of X. So, f € Ctso(X,C). The norm on Ctsy(X,C)

== Ctso(X,C) — R>o
f = SuPgex|f(2)]

which is inherited from the norm on Cts(X, C) satisfies the C*-algebra
property. Therefore, to see that Ctsy(X,C) is a commutative C*-algebra, it
suffices to show that Ctsy(X,C) is a closed subspace of Cts(X,C).

Assume that {g, }nez., is a sequence in Ctso(X, C) which converges to a
function g € Cts(X,C). If € € Ry then there exists N € Z-( such that if
n > N then

€
lgn — gl = sup|gn(z) — g(x)| < 7
rxeX

Fix m > N and define the sets

P={veX|lgm@)] =35}  Q={reX||gn(z)—glz) =

[NRNe

€
2
and

R={reX|lg(x)| = €}.

Then, P°NQ° C R°and R C P U (. But, by our construction of the index
N € Z+g, Q@ =0 and R C P. Since g,, € Ctso(X,C) then P is a compact
subset of X. By adapting the argument made in part (c), we find that R is
a closed subset of P and hence, compact. So, g € Ctso(X,C) and
Ctso(X,C) is a closed subspace of Cts(X,C). Consequently, Ctsyo(X,C) is
a commutative C*-algebra as required. O

There is a simple criterion to determine whether Ctsy(X, C) is unital.

Theorem 1.6.6. Let X be a locally compact Hausdorff space. Then,
Ctso(X,C) is a unital C*-algebra if and only if X is compact.
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Proof. Assume that X is a locally compact Hausdorff space.
To show: (a) If Ctsy(X,C) is a unital C*-algebra then X is compact.
(b) If X is compact then Ctso(X,C) is a unital C*-algebra.

(a) Assume that the C*-algebra Ctso(X,C) is unital. Let 1x : X — C be
the function defined by 1x(x) =1 for x € X. Then, 1x is the multiplicative
unit for Ctso(X, C).

Since 1x € Ctso(X,C) by assumption, there exists a compact subset

K C X such that if z € X — K then [1x(z)| < 3. However, 1x(z) =1 for
arbitrary z € X. Hence, X — K = () and consequently, X = K must be
compact.

(b) Assume that X is compact. To see that Ctso(X,C) is unital, it suffices
to show that 1y € Ctso(X,C). Assume that € € Rog. If € > 1 then

l1x(z)] <eforz e X =X —0. If e <1 then |1x(z)| < € for

r € =X —X. Since X and () are compact sets, we deduce that

1x € Ctso(X,C). So, Ctse(X,C) is a unital C*-algebra. O

If X happens to be a compact Hausdorff space then a particular
C*-subalgebra of Cts(X, C) can be related to functions which vanish at
infinity in the following manner:

Theorem 1.6.7. Let X be a compact Hausdorff space and xo € X. Then,
we have the isomorphism of C*-algebras

{f € Cts(X,C) | f(zg) =0} = Ctso(X — {x},C).
Proof. Assume that X is a compact Hausdorff space. Define the map

r: {feCts(X,C)| f(xg) =0} — Ctso(X —{z0},C)
¢ = (b’X—{fo}
The map r is restriction to X — {x¢}. To see that r is well-defined, assume
that ¢ € Cts(X,C) and ¢(xo) = 0. Firstly, X — {zo} is locally compact
because it is an open subset of the compact space X. Now assume that

e € R.q. Since ¢ is continuous, there exists an open neighbourhood Uy of X
such that zg € Uy and if u € Uy then |f(u)| < e.

Now the set X — Uj is a closed subset of X, which is compact. Hence,
X — Uy is also compact. Observe that
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{re X ||f(z)| > e} CX —Up.

Since the set {x € X | |f(z)| > €} is closed, it must be compact by the
above inclusion. Therefore, f|x_{z,} € Ctso(X — {20}, C) and consequently,
the map r is well-defined.

The fact that r is a *-~homomorphism follows from its definition. It is also
easy to see that r is injective. To see that r is surjective, assume that

g € Ctso(X — {xo},C). Define g: X — C by g(z) = g(z) if z # zo and
G(zg) = 0. Then, g € Cts(X,C) (see [Mur20]) and r(g) = g by
construction. So, r is surjective.

We conclude that r is a *-isomorphism and consequently, we obtain the
isomorphism of C*-algebras

{f € Cts(X,C) | f(xg) =0} = Ctso(X — {xo},C).

Now we will prove our extension of Theorem [1.3.5|

Theorem 1.6.8. Let A be a commutative C*-algebra and A be the unital
C*-algebra constructed in Theorem |1.6.1. Let m: A — AJA = C be the

canonical quotient map. Then, m € M(A). Moreover, the restriction of the
*-isomorphism in Theorem

A: A = Cts(M(A),QC)

a eV
to A is an isometric *-isomorphism from A to Ctso(M(A) — {r},C).

Proof. Assume that A is a commutative C*-algebra. Since (1,0) is the
multiplicative unit of A, 7((1,0)) =1 # 0. So, 7 is non-zero and ™ € M(A).

Assume that A is the *-isomorphism defined as above on A. If a € A then

A(a)(m) = evy(m) = w(a) = 0.

Hence, the image of A under A is contained in the C*-subalgebra

{f € Cts(M(A),C) | f(x) = 0} = Ctsy(M(A) - {7}.C)

by Theorem [1.6.7, The proof that the restriction A|4 is a *-homomorphism
and an isometry follows what was done in Theorem [1.3.5] To see that it is
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injective, assume that a;, a; € A and that A(a;) = A(az). Then, ev,, = ev,,
and if f € Cts(M(A),C) then f(ay) = f(as). Hence, a; = ay and A|, is

injective.

Finally to see that A|, is surjective, note that A has codimension 1 in A

since fl/{l = C. Also, Ctso(M(A) — {7}, C) has codimension 1 in
Cts(M(A),C) by Theorem Therefore, the restriction Al4 is an
isometric *-isomorphism from A to Ctsg(M(A) — {r},C). O

Observe that we have the following important consequence of Theorem

1638

Theorem 1.6.9. Let A be a commutative C*-algebra. Then, there exists a
locally compact Hausdorff space X such that A= Ctsy(X,C) as
C*-algebras.

Now we proceed to a generalisation of the continuous functional calculus in
Theorem [1.3.7] As stated in [Putl9, Page 39], there is a subtlety here which
needs to be addressed. If B is a possibly non-unital C*-algebra and a € B
is normal then we can consider the unital C*-algebra B and then apply
Theorem m to B. However, the image of the *-isomorphism in Theorem
M is the C*-algebra generated by a and the multiplicative unit of B,
which lies outside of B (since B is not assumed to be unital).

The way this issue is circumvented is to strengthen the conclusion of
Theorem [1.3.7] by showing if f € Cts(o(a),C) satisfies f(0) = 0 then

f(a) € B lies in the C*-subalgebra generated by a. In fact, this is useful
even if B is unital. Hence, our extension of Theorem will be stated for
unital C*-algebras.

Theorem 1.6.10. Let B be a unital C*-algebra and a € B be normal. The
*_isomorphism in Theorem |1.3.7 restricts to an isometric *-isomorphism
from Ctso(o(a) — {0},C) to the C*-subalgebra of B generated by a.

Proof. Assume that B is a unital C*-algebra and a € B be normal. We
have two different cases to consider.

Case 1: 0 € o(a).
First assume that 0 & o(a). Then, a is invertible and

Ctso(o(a) — {0},C) = Cts(o(a),C)
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because o(a) — {0} = o(a) is a compact Hausdorff space. Hence, we need to
show that the C*-algebra generated by a and its unit is the same as the
C*-algebra generated by a alone.

To this end, let f be a continuous function on o(a) U {0} satistying
f(0)=0and f(x) =1 for x € g(a). Such a continuous function exists by
Urysohn’s lemma. Assume that € € Ry. By Weierstrass’s approximation
theorem, there exists a polynomial p(z,Z) such that
_ €

p(=7) — £ < .
Now p(0,0) yields the constant term of the polynomial p(z,%). So,
p(z,Z) —p(0,0) is a polynomial with no constant term which satisfies

p(2,%) = p(0,0) = f(2)] = [p(2,Z) = p(0,0) = f(2) = fO)] <e.
By applying the map A~! in Theorem we deduce that f(a) = 15 and

Ip(a,a”) —1p| <e.
By Theorem [1.3.7], p(a,a*) is an element of the C*-subalgebra generated by
a. Therefore, 15 is also in the C*-subalgebra of B generated by a. This
demonstrates that the C*-subalgebra generated by the set {15,a} is exactly
the C*-subalgebra generated by a.

By Theorem [1.6.7, A~! maps Ctso(c(a) — {0}, C) to the C*-subalgebra
generated by a. Moreover, it is an isometric *-isomorphism by Theorem

3.7
Case 2: 0 € o(a).

Assume that 0 € o(a). Let f € Ctso(o(a) — {0}, C). By the isomorphism in
Theorem [1.6.7} we can think of f as a continuous function on o(a)
satisfying f(0) = 0. Again, assume that ¢ € R.y. By Weierstrass’s
approximation theorem, there exists a polynomial p(z,z) such that

Ip(2,2) — f(2)| < €/2. By repeating the same argument as in Case 1, we
find that f(a) is approximated to within € by p(a, a*) which is an element
of the C*-subalgebra generated by only a. Hence, f(a) is in fact, an
element of the C*-subalgebra generated by a.

As in Case 1, we conclude that the restriction of A= to Ctsg(o(a) — {0}, C)
is an isometric *-isomorphism from Ctsy(o(a) — {0}, C) to the
C*-subalgebra generated by only a. O
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1.7 Stone-Cech compactification

As an application of Theorem [1.3.5] we will take a locally compact
Hausdorff space X and derive its Stone-Cech compactification. The
Stone-Cech compactification of X is the “largest” compactification of X in
the sense of its universal property. The material in this section originates
from [HROO, Exercise 1.9.9].

So let X be a locally compact Hausdorff space and define

Ctsp(X,C) = {f € Cts(X,C) | f is bounded}.

Then, Ctsy(X,C) is a commutative unital C*-algebra. It is commutative
because multiplication in C'ts,(X, C) is defined pointwise:

CtSb(X, C) X Ctsb(X, (C) — Ctsb(X, (C)
(f,9) = (x> flo)g(x))

It is unital because the constant function

1: X — C
r — 1

is a multiplicative unit for Cts,(X,C). It is a C*-algebra because the
uniform norm on Cts,(X, C), which is given explicitly by

[=llsc = Ctsp(X,C) — R0
f = sup,ex|f(z)]
satisfies the C*-property.

By Theorem [1.3.5 there exists a compact Hausdorff space Z such that we
have an isomorphism of C*-algebras

Ctsy(X,C) = Cts(Z,C).

We claim that X is a dense open subset of Z. To see why this is the case,
we need the explicit form of the isomorphism given above. By Theorem
1.3.5 Z = M(Ctsp(X,C)) with the weak-* topology and the explicit
*_isomorphism is given by

ev: Cts(X,C) — Cts(M(Ctsp(X,C)),C)
f > evy

where if f € Cts,(X, C) then evy is the evaluation map

83



evy: M(Ctsp(X,C))
¢

C
o(f)-

%
—
To show: (a) X is dense in Z.

(b) X is open in Z.

(a) There is a map from X to Z given by

L X — Z=M(Cts(X,C))
T e (f = f(2))
To see that ¢ is continuous, let € € Ryg, o € Z and f1, ..., f, € Cts(X, C).
Define the open subset

(1.8)

Its preimage is

L_1<Nf1,‘..,fn,e,a) ={ze X |Ifie{l,...,n} then |fi(z) — a(fi)| < €}

=z X ||fila) — alf)] < ¢}

fi (Bla(fi).e€))

IDE

1

-
Il

which is a finite intersection of open sets in X and is consequently open in
X. Since the sets Ny, 1.« form a basis for the weak-* topology on Z, we
deduce that ¢ is continuous.

Now it suffices to show that the image (X)) is a dense subset of Z. Suppose
for the sake of contradiction that +(X) is not a dense subset of Z. Let

¢ € Z\t(X). By Urysohn’s lemma, there exists ¢ € Cts(Z, [0, 1]) such that
¢l = 0 and p(¢) = 1.

Using the *-isomorphism ev : Cts,(X,C) — Cts(Z,C), we find that
ev™ (i) is the zero function in Ctsy(X, C) because ¢|,(x) = 0. But this

contradicts the injectivity of ev. Therefore i(X) = Z.

(b) It suffices to show that the image ¢(X) is open in Z. The way we do
this is by the following theorem:
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Theorem 1.7.1. Let X be a Hausdorff topological space and D be a locally
compact and dense subset of X. Then D is open.

Proof. Assume that X is a Hausdorff topological space and that D C X is
locally compact and dense. Let d € D. Since D is locally compact then

there exists a compact subset K C D and an open subset U C D such that
delUCK.

By definition of the subspace topology on D, let V be an open subset of X
such that VN D = U. By construction, d € V. We claim that V' C D.

Distinguishing closures in X and D, we have

VAD NnD=U " nD=T".
Now U is a closed subset of D which is contained in the compact set K.
So T is compact. Hence, V' N D NDis compact and thus closed in X
because X is Hausdorff. In particular, U C V N D" N D and by definition
of the closure, UX cVvn DX NDCD. But

D NnvcVaD =U CcD
and by density of D, we conclude that V' C D. So D is open. [

Returning to the proof of part (b), we have by part (a) that +(X) is dense
in Z. By Theorem [1.7.1} we conclude that ¢(X) is an open subset of Z as
required.

Definition 1.7.1. The compact Hausdorff topological space
Z = M(Ctsy(X,C)) is called the Stone-Cech compactification of X.

More generally, a compactification of X is a compact Hausdorff space X’
such that X is an open dense subset of X".

The Stone-Cech compactification of a LCH space is the “largest” such
compactification. This is evidenced by its universal property, which we
prove below.

Theorem 1.7.2. Let X be a LCH space and Z = M(Ctsy(X,C)) be the
Stone-Cech compactification of X. Let v : X — Z be the inclusion map
defined in equation (L.8). Then Z satisfies the following universal property:
If 7' is a compact Hausdorff topological space and f : X — Z' is a
continuous map then there exists a unique continuous map ¢ : Z — 7'
which makes the following diagram commute:

85



Proof. Assume that X is a LCH space and 7’ is a compact Hausdorff
topological space. Let f € Cts(X,Z’). The function f induces the
*_homomorphism

Cr: Cts(Z',C) — Ctsp(X,C)
g = golf.
In turn, we obtain the continuous map
Mf 4= M(C'tsb(X, C)) — M(OtS(Z/,(C))

¢ = (o= 6(Cyla)) = ¢(ao f))
Now define the homeomorphism

Lz . 7! — M(CtS(Z/,(C))

zZ ev,

where ev, is evaluation at z € Z'. The map ¢, which is given by the
composite

—1

7z M M(Cts(7,C)) —Zs 7

is continuous because it is a composite of continuous functions.
Furthermore, if € X then

(tz0 0§ 00)(w) = (120 017 © My)(1(x)) = My(s(2))
and if a € Cts(Z’,C) then

My(u(x))(@) = t(z)(ao f) = (a0 f)(x) = evi@) (@) = 1z (f(2))(a).

Since 1z is injective then f = ¢ o . This defines the continuous map
¢ : Z — Z' uniquely on ¢(X). Since ¢(X) is dense in Z then ¢ must be
unique. ]
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1.8 Ideals and Quotients

Let A be a C*-algebra and I be a subspace of A. What conditions on [ are
required for the quotient A/I to be a C*-algebra itself? Algebraically, if [
is a two-sided ideal then A/I is a C-algebra. Topologically, if I is a closed
as a subset of A then A/I is a Banach space. This suggests that we focus
on closed two-sided ideals I of A in order to answer our question.

We begin by formalising and proving the topological statement about the
quotient A/I. First, we will recall a useful criterion for proving whether a
normed vector space is a Banach space.

Definition 1.8.1. Let V' be a normed vector space. A sequence {z, }nez.,
is called absolutely summable if the quantity

o0
D il < oo.
n=1

The sequence {x, }nez., is called summable if the sequence of partial
N
sums {) . _, Tn}nez., converges to some z € V.

Theorem 1.8.1. Let V' be a normed vector space. Then, V is a Banach
space if and only if every absolutely summable sequence is summable.

Proof. Assume that V' is a normed vector space.

To show: (a) If V' is a Banach space then every absolutely summable
sequence is summable.

(b) If every absolutely summable sequence is summable then V' is a Banach
space.

(a) Assume that V is a Banach space so that V' is complete with respect to
its norm. Assume that {z,},ez., is an absolutely summable sequence in V.
To see that the sequence of partial sums {320, z,}nez., converges, it
suffices to show that it is a Cauchy sequence.

Now the sequence {32 [|z||} nez., converges in R to 32 ||z,]| < oco.
So, it is a Cauchy sequence. Assume that € € R.. Then, there exists
N € Z>0 such that if Nl,NQ > N with N; < N; then

Ny No N
D daall =D Ml = D llzall <«
n=1 n=1 n=N1+1
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Therefore,

Ny No N3 No
D =D wall=1 D @l < Dzl <e
n=1 n=1 n=N1+1 n=N1+1

So, the sequence {ZnN:1 Tn}Nnez., in V is Cauchy and hence, converges.
Thus, the sequence {x,}nez., is summable.

(b) Assume that in V| every absolutely summable sequence is summable.
Assume that {x, }nez., is a Cauchy sequence in V. To see that {z;, }rez-,
converges, it suffices to construct a convergent subsequence {z,, }.

Assume that k € Z~y. Then, there exists N, € Z~q such that if m,n > N
then

2 — 22| < 27"
Now define n; = Zle N;. It 4,5 € Z~o and 7 < j then n; < n;. Moreover, if
k € Z~o then by construction,
—k
Hxnk - Ink+1|| <27

We claim that the subsequence {z,, } of {z,} converges. To this end,
consider the sequence {z,, — Zn,,, }rez., in V. This sequence is absolutely
summable because

oo (o]
Z||$nk - xnk+1|| < ZQ_k =1<o0.
k=1 k=1

By our assumption, we conclude that {z,, — %n,,, }rez., is summable,
which means that the sequence {35, z,, — Tp,.\ YLezs in V. But,

M=

(xnk - xnkJrl) = Tny — Tnpyq-

e
Il

1

Consequently, the sequence {z,, } converges and so does {x,}nez.,. So, V
is complete and hence, a Banach space. O]

Theorem 1.8.2. Let A be a Banach space and I be a closed subspace of A.
Then, the quotient space A/l is a Banach space equipped with the norm

|la + I|| = inf||a + b]|.
bel
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Proof. Assume that A is a Banach space and I is a closed subspace of A.
For a € A, we define

la + I|| = inf||a + b]|.
bel
To show: (a) The map ||—|| : A/I — Rx¢ is well-defined.

(a) Assume that a; + 1 =ag + I in A/I. Then, a; —as € I and

llar + I|| = inf|la; + b||
bel
= infl|as + (a1 — as + b)|
bel
— infllas + b = flaz + ]
bel

Hence, the map ||—|| : A/ — Rs is well-defined.
Next, we show that ||—|| defines a norm on A/I. If & € C then

la(a + D = [laa + 1]
= inf||aa + b|
bel

= inf||aa + ab||
bel

= Jalinflla +b] = lafla + T].

By definition of the map ||—||, if a + 1 € A/I then ||a + I]| > 0. Observe
that ||a + I|| = 0 if and only if

inf||a + b|| = 0.
bel
This means that there exists a sequence {b,, }nez., in I such that
lim,, || — b,|| = 0. Since [ is a closed subspace of A, a € [ and a+ 1 =0

in A/I.

Finally, if a; + I,as + I € A/I then
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[(ay + 1) + (az + )| = [[(ax + az) + I
= iIlf||CL1 + as + b||
bel

= inf|la; + b+ as + b||
bel

<inf|la; + b|| + inf||lay + b||
bel bel

= [lay + Il + flaz + 11].

Hence, ||—|| defines a norm on A/I.
To show: (b) A/I is a Banach space.

(b) We will use Theorem [1.8.1} Suppose that {a,, + I }nez., is an absolutely
summable sequence in A/I. Then, the quantity

S llan + 1] =3 inflla, + b < oo.
n=1 n=1

If n € Z~ then we can select b, € I such that ||a, + b,|| < 2infpe/||an, + b||.
We claim that the sequence {a,, + b, }nez., in A is absolutely summable.

To see why this is the case, we compute directly that

> llan +ball <2 lan + bl < oo
n=1 n=1

Since A is complete, the absolutely summable sequence {a, + b,} is in turn
summable by Theorem [1.8.1} Hence, the sequence {37 (a, + b,)}nez.,
converges to some ¢ € A. Consequently,

IO “(an+ D) = (c+ DI < 1D an—c)+ bl

WE

= II(

— 0

(an + bn)) = cl|

3
Il
—

as N — oo. Therefore, the sequence {a,, + [ },¢cz., is summable. By
Theorem [1.8.1} we deduce that A/ is complete and thus, a Banach
space. L]
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A natural application of Theorem [1.8.2|is to the case where A is a Banach
algebra — a Banach *-algebra without an involution operation. If A is a
Banach algebra and I is a closed, two sided ideal then the quotient A/T is
simultaneously a C-algebra and a Banach space. It is a Banach algebra
itself because if a + I,b+ I € A/I then

[(a+ )b+ D) = [lab+ 1]
inf||ab + j||
jel

inf ||ab + (ai + bj +ij)||
t,jel

ot D Cafllh
(inflla + ) (infllb + j)
= [la+ I[{lb+ 11|

Now let A be a C*-algebra. In order for the quotient A/I to be a
C*-algebra, there are two sticking points which must be addressed.

IN

1. What is the involution operation on A/I? The obvious definition of
an involution on A/I would be (a + I)* = a* + I, but in order for this
map to be well-defined, the closed two-sided ideal I must be closed
under involution.

2. Does the norm on A/ satisfy the C*-algebra condition?

Note that in order to answer the second question, we must have an answer
to the first question. We will prove shortly that any closed two-sided ideal
of a C*-algebra is closed under involution. The reference [Soll8| Section
A.5.2] proves this result for the special case of a unital C*-algebra. Our
proof uses the following technical result.

Theorem 1.8.3. Let A be a C*-algebra and a € A. If € € Roq then there
exists f € Cts([0,00),C) such that e = f(a*a) € A, is positive, |le|| < 1 and
la — ae|| < e.

Proof. Assume that A is a C*-algebra and a € A. First, recall that by
Theorem |1.4.5 the spectrum o(a*a) C [0, 00) since a*a is positive. Assume
that € € Ryg. Define the function f by

f: [0,00) — C

r __ 1 _ _¢€
T — m+€—1 pol

Note that f(0) = 0. By Theorem [1.6.10| and Theorem |1.6.7], the element

e = f(a*a) is contained in the C*-algebra generated by a*a and hence, in A.
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Now observe that if ¢ € [0,00) then f(t) € (0,1). By the continuous
functional calculus in Theorem [1.6.10}

lell = sup |f(t)] <1

te[0,00)

By the spectral mapping theorem in Theorem [1.3.14] and Theorem |1.4.5]
e = f(a*a) is a positive element of A.

To see that |la — ael| < ¢, we turn to the unitization A of A. Recalling that
(1,0) € A is the multiplicative unit of A, we compute directly that

la — ael|* = [|/(0,a — ae)||?
= 1(0,a)((1,0) = (0,¢))|I?
= 1(0,a)((1,0) - ( (aa>>)||2
= [((1,0) = (0, f(a*a)))(0,a") (1,0>—<0,f<a*a>>)||
= 11((1,0) — (0, f(a"a)))(0, a*a ( 0) — (0, f(a*a)))|
= llg(a*a)] < gl

where g(t) = t(1 — f(¢))?. The function g(t) obtains it maximum at ¢ = €
and g(e) = €/4. Therefore, ||a — ae|| < % and we are done. O

The main theorem of this section uses Theorem [[.8.3]

Theorem 1.8.4. Let A be a C*-algebra and I be a (topologically) closed,
two-sided ideal. Then, I is closed under the involution on A and A/I with
the quotient norm in Theorem is a C*-algebra.

Proof. Assume that A is a C*-algebra and I is a closed, two-sided ideal.
To show: (a) If a € I then a* € I.

(a) Assume that a € I and € € R.(. By Theorem [1.8.3] there exists a
sequence {¢; }icz., in A such that

€
la — ae;|| < 5

Each ¢; is in the C*-algebra generated by a*a. Since a € I, then a*a € I
and the C*-algebra generated by a*a is contained in I. Hence, if i € Z>g
then e; € I and {ae; }iez., is a sequence in I which converges (in the norm
topology on A) to a.
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Now

€
leia” — a”[| = lI(a — ae))"|| = fla — aeil| < ;.

Since e; € I and [ is an ideal, then {eia*}iezzo is a sequence in I which
converges (in the norm topology on A) to a*. Since I is closed topologically,
we deduce that a* € 1.

To show: (b) If a € A then |[(a + I)(a* + I)|| = ||a*a + I|| = |ja + I|*.

(b) Again, assume that a € A. By part (a), the involution operation on
A/I given by (a + I)* = a* + I is well-defined. Observe that

|la* + I]| = inf||a* + b]|
bel
= infl|a™ + b*|
bel
= inf||(a + 0)*|| = inf||la + b||
bel bel
= lla+ 1|

This means that

la*a+ 1| < lla+If[[la” + 1| = fla+ I]*.

To see that the reverse inequality holds, we claim that

|la+I|| =inf{|la —ae|| |e € I,e>0,]e]| < 1}.

First, note that if e € I is positive and ||e|| < 1 then o((0,¢e)) C [0, 1]. Here,
we used Theorem to consider the spectrum of an element of A in the
unitization A. By the continuous functional calculus in Theorem
applied to the unitization A and the spectral mapping Theorem 1.3.14 we
find that the spectrum o((1,0) — (0,¢)) C [0, 1] and

1(1,0) = (0, €)[| = [[(1, —e)|| < 1. So,

la+ 11} = inffla + bf| < inf{[ja —ae|[ [ e € I,e > 0, [|e]| < 1}.
S

For the reverse inequality, let b € I and € € R.y. By Theorem there
exists e € I such that e is positive, |le]| <1 and ||b — be|| < €. By the
reverse triangle inequality, we have
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la =+ 0l = 11(0,a + )|

> [1(0;a + b)[[[[(1,0) = (0, )]

> [1(0,a)((1,0) = (0, €)) | = (0, £)((1,0) = (0,¢)) |
= [0, a)((1,0) = (0, €))[| = [|b — be]|

> Ha—aeH —c

Since € € R was arbitrary, we deduce that

})n§||a +b|| > inf{|ja —ael| | e € I,e >0, |e|| < 1}.
=

Combined with the previous inequality, we obtain equality. With part (b),
we now compute for e € I positive with [|e|| < 1 that

la — ael* = 11(0,a)((1,0) — (0,e)) |
= [I((1,0) = (0,€)) (0, a"a)((1,0) = (0,¢))|
< [I((1,0) = (0,)) [[11(0, a"a ( 1 ,0) = (0,))
< [1(0,a"a)((1,0) = (0,¢))[| = lla"a — a”ae].

Taking the infimum over all such e, we find that

la +I]]* = inf{la + b]
bel

— it {lla —ael? | e € I,e > 0, |le]| < 1}
<inf{a’a - a’ael | e € I,e > 0,]|e] < 1}

= inf||a*a + b|| = ||a"a + ||
bel
Since we also have ||a*a + I|| < |la + I||?, then ||a*a + I|| = ||a + I||*. Thus,
A/I is a C*-algebra as required. ]

A direct consequence of Theorem is the following theorem regarding
the projection map A — A/I.

Theorem 1.8.5. Let A be a C*-algebra and I be a closed two-sided ideal
with I # A. Then, the projection map

T A — AJI
a — a+1

is a *-homomorphism with norm 1.
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Proof. Assume that A is a C*-algebra and I is a closed two-sided ideal of
A. The fact that the projection map 7 : A — A/I is a *~homomorphism
follows from direct computation.

To see that ||7|| = 1, first observe that if a € A then
Im(@)ll = lla + I = inflla + j]| < fla+ O] = [lall
So, ||7|| < 1. Alternatively, we could use Theorem [1.2.7]

To see that ||w|| > 1,letbe A—1I. Then, n(b) =b+1#0in A/I. Ifz €[
then

16+ Il = [[(0+2) + I|| = [[w(b+ )| < [[=[[l|b+ ]
By taking the infimum over all z € I, we deduce that

1o+ 11| < [l ink[|o + 2| = [l [}f]o + L.

So, ||7|| > 1. Hence, ||| = 1. O

It is remarked in [Putl9, Page 42] that the projection map being a
*_homomorphism is often useful. With Theorem we will prove some
more useful facts about *~homomorphisms. The first of these is [Put19,
Exercise 1.9.3].

Theorem 1.8.6. Let A and B be C*-algebras and ¢ : A — B be a
*-homomorphism. Then, the image ¢(A) is closed and is a C*-subalgebra of

B.

Proof. Assume that A and B are C*-algebras and ¢ : A — B is a
*_homomorphism.

To show: (a) The image ¢(A) is closed.

(a) Consider the kernel ker ¢, which is a closed two-sided ideal. By the
universal property of the quotient, there exists a unique *-homomorphism
¢’ such that the following diagram commutes:

A —"— Alker¢

¢ v
B
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Observe that ¢ is injective. If a + ker ¢ € ker ¢ then gg(q—i— ker ¢) = ¢(a) = 0.
Then, a € ker ¢ and a + ker ¢ = ker ¢ in A/ ker ¢. So, ¢ is injective.

By Theorem , ¢ must be an isometry. To see that the image

d(A/ ker ¢) is closed, assume that {b;}iez_, is a sequence in ¢(A/ ker @)
which converges to some b € B. If i € Z-( then there exists

a; + ker ¢ € A/ ker ¢ such that ¢(a; + ker ) = b;. Since {b; }icz., converges,
it must be Cauchy.

Assume that € € Roy. Then, there exists N € Z~( such that if m,n > N
then
16 — bn|| < €.

Using the fact that  is an isometry, we find that

lam +ker ¢ — (ay +ker §)|| = [|¢(am +ker ¢) — G(ap +ker )| = [[bp —bal| < €.
Hence, {a; + ker ¢} is a Cauchy sequence in the C*-algebra A/ ker ¢. So, it

must converge to some a + ker ¢ € A/ ker ¢.

Now we claim that ¢(a + ker ¢) = b. We argue that for m € Z-, large
enough,

16(a +Xker ¢) —bl| < [[@(a + ker ¢) — G(an + ker §)|| + [[¢(az + ker ¢) — 0]
= [[(a + ker @) — (am + ker §)[| + [|bm — b]

<e+e
—+-=c
2 2

Since € € R, was arbitrary, |é(a + ker ¢) —b|| =0 and d(a + ker ¢) = b.
Therefore, b € ¢(A/ ker ¢) and the image ¢(A/ ker ¢) is closed.

Subsequently, we deduce that ¢(A) = Q;(A/ ker ¢) is closed. Furthermore,

the image ¢(A) is closed under scalar multiplication, multiplication,
addition and involution. So, ¢(A) is a C*-subalgebra of B as required. [

1.9 Trace on a C*-algebra

By definition, a C*-algebra is a Banach space. By the Hahn-Banach
extension theorem, a C*-algebra has plenty of linear functionals. It is often
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useful to consider linear functionals with extra properties. For instance, a
C-algebra homomorphism from a C*-algebra A to C is simply a linear
functional on A which is multiplicative. These types of functionals featured
prominently in our analysis of commutative unital C*-algebras.

However, as remarked in [Put19, Section 1.10], most C*-algebras do not
have C-algebra homomorphisms to C. In order to deal with these
C*-algebras, we need to consider maps which are somewhere in between a
linear functional and a C-algebra homomorphism. This gives rise to the
notion of a trace.

Definition 1.9.1. Let A be a unital C*-algebra and ¢ : A — C be a linear
functional. We say that ¢ is positive if for a € A, ¢(a*a) > 0.

A trace on A is a positive linear functional 7 : A — C such that 7(14) =1
and if a,b € A then

7(ab) = 7(ba).

The last property is referred to as the trace property. The trace is called
faithful if 7(a*a) = 0 implies that a = 0.

Any C-algebra homomorphism satisfies the trace property. If A is a
commutative unital C*-algebra then every positive linear functional
¢: A— Cwith ¢(14) =1 is a trace.

In order to illustrate the concept of a trace, we will construct a trace on the
C*-algebra of bounded linear operators on a finite-dimensional Hilbert
space. Recall that if H is a Hilbert space then the C*-algebra of bounded
linear operators on H is denoted by B(H).

Theorem 1.9.1. Let H be a Hilbert space with finite dimension n € Z~y.
Let {&,...,&.} be an orthonormal basis for H. On the C*-algebra B(H),
define the map

7: B(H) — C
a — %Z?:1<a€i>€i>'

Then, T is a faithful trace on B(H), which is unique.

Before we delve into the proof, we note that by identifying B(H) with the
C*-algebra of matrices M,,«,(C), the map 7 is expressed for
A = (a;;) € Mpxn(C) as
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:%gau:—TrA

Proof. Assume that H is a Hilbert space with finite dimension n € Z-.
Assume that {&;,...,&,} is an orthonormal basis for H. Assume that 7 is
defined as above. By linearity of the inner product, we deduce that 7 is a
linear functional on B(H).

To show: (a) 7 is positive and if idy € B(H) is the identity operator then
T(ZdH) = 1.

(b) If a,b € B(H) then 7(ab) = 7(ba).
(¢) 7 is unique.
(d) 7 is a faithful trace.

(a) Assume that a € B(H). We compute directly that

n

T(a%a) = %Z(a*afi,§i>

i=1

= %i(a&,a@
1 n
= 2l 2 0

So, T is a positive linear functional. Assume that idg € B(H) is the
identity operator. By the above computation,

T(idy) = 7(idyidy) = Z||fz||2

(b) Since the linear span of rank one operators on H is B(H), it suffices to
prove the trace property for rank one operators a and b. We first observe
that if £&,7 € H then
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r(€0al) = (e e, &)
S MRS

1 n
= ﬁz<fi,n><f,§i>
i=1
1 n
- > aEn
i=1
1
= ﬁ<§ﬂ7>-
Now let a = |oy1)(n1| and b = |o2) (12|, where o1, 09,1m1,1m2 € H. Then,

ab= (o2, m)|o1)(n2|  and  ba = (o1, m2)|02)(m].
We compute directly that

(@) = ~ (o, m) 1, 72) = 7).

Since the linear span of rank one operators on H is all of B(H), T satisfies
the trace property and is therefore, a trace.

(c) Assume that ¢ is another trace on B(H). Let i,7 € {1,2,...,n} with
1 # j. We will first show that ¢ and 7 agree on the rank one operator

1) (&1
Let a = |&)(&| and b = |)(&;]. Then, ab = |&;)(¢;| = b and ba = 0.
We compute directly that

8(8) = 9lab) = plba) = 0 = = (,6) = 7(0).

Now assume that 4, j € {1,2,...,n}, which may or may not be distinct.

Observe that b*b = (|€;)(&:[)(16:)(§5]) = 1£;)(&;] and bb™ = &) (& Since ¢ is

a trace, we must have

P16 (1) = @(b7b) = H(bb") = &(|&:) (&il)-

Now observe that
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1= o(idn) = 6()_|&)(&l) = no(1&) (&l).

i=1

So,

SlIENED) = dlleal) = - = ()&,

Hence, we have shown that 7 and ¢ agree on the set
{1&) (&1 4,5 € {1,2,...,n}}, which is a spanning set for B(H). Hence, 7
and ¢ agree on all of B(H), rendering the trace T unique.

(d) Assume that @ € B(H) and 7(a*a) = 0. Then,

1 n
= Jag|* =0
n =1

and subsequently, if i € {1,2,...,n} then ||a&| =0. So,a =0 and 7 is a
faithful trace on B(H). O

Here are a few consequences of Theorem [1.9.1

Theorem 1.9.2. Let H be a finite-dimensional Hilbert space with
dimension dim H € Z~q. Let T be the unique trace on B(H) constructed in
Theorem (1.9.1,. If p is a projection then dimpH = 7(p) dim H.

Proof. Assume that H is a finite dimensional Hilbert space. Assume that 7
is the trace on B(H) constructed in Theorem [1.9.1] Assume that p is a
projection. We choose an orthonormal basis {3, ...,&,} for H in such a
way that {&1,...,&} is a basis for pH.

We compute directly that

n

r(p)dim H =n -~ 3" (96, &)
=1
n k

=St = (66

i=1 =1

=k =dimpH.
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Theorem [1.9.2) states that if the trace is applied to projections then it
recovers the geometric notion of the dimension of the range. Theorem [1.9.]]
also tells us that if n € Z-; then there is no non-zero *-homomorphism

from M,,«,(C) to C.

Theorem 1.9.3. Let n € Z~1. Then, there does not exist a non-zero
*-homomorphism from M, «,(C) to C.

Proof. Assume that n € Z~,. We identify M, (C) with B(H), where H is
a Hilbert space with finite dimension n. Let {&,...,&,} be an orthonormal
basis for H. Suppose for the sake of contradiction that o : B(H) — C is a
non-zero *-homomorphism. Then, « is a trace.

By uniqueness in Theorem a = 7 where 7 is the trace constructed in
Theorem [1.9.1] However, if p € B(H) is the projection operator onto the
span of {&,...,&} (with k < n) then 7(p) = 7(p*) = 7(p)*. But, by the
computation in Theorem [1.9.2]

I 9
T(P)—E E—T(p)-
This yields the desired contradiction. So, there is no non-zero
*-homomorphism from M, (C) to C. O

1.10 Representations of C*-algebras

As mentioned at the beginning of this document, the prototypical example
of a C*-algebra is the space of bounded linear operators B(H) on some
Hilbert space H. This particular C*-algebra was studied extensively in
[Sol18]. Keeping this example in mind, we would like to find the ways an
arbitrary C*-algebra can act as bounded linear operators on H. This gives
rise to representations of C*-algebras.

Definition 1.10.1. Let A be a *-algebra (a C-algebra with an involution
map). A representation of A is a pair (7, H), where H is a Hilbert space
and 7 : A — B(H) is a *~homomorphism.

We also say that 7 is a representation of A on H. In this section, we will
focus on the basic definitions and properties regarding representations of
*_algebras. We will begin with the necessary definitions.

Definition 1.10.2. Let A be a *-algebra. We say that two representations
of A, (my, Hy) and (m, Hy) are unitarily equivalent if there exists a
unitary operator u : H; — H, such that if a € A then
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umy(a) = my(a)u.
If the representations (71, Hy) and (ms, Hs) are unitarily equivalent then we

write (7?1,H1) ~, (7T2,H2) O 701 ~q Tr2.

As remarked in [Putl9, Page 46|, unitarily equivalent representations are
considered to be the same. Before we press on with the definitions, we will
formalise this remark and prove that unitary equivalence is an equivalence
relation.

Theorem 1.10.1. Let A be a *-algebra. The relation of unitary equivalence
between two representations of A, denoted by ~,, is an equivalence relation.

Proof. Assume that A is a *-algebra. For reflexivity, if (71, Hy) is a
representation of A then (m, Hy) ~, (m, H;) because if a € A and
idg, € B(H) is the identity operator then

z'dHlm(a) = Wl(a)idyl.

For symmetry, assume that (my, Hy) ~, (72, Ha). Then, there exists a
unitary operator u : H; — Hj such that if a € A then um (a) = ma(a)u. Its
inverse u~! : Hy — H, is also unitary,

mi(a) = u tme(a)u and  m(a)u !t =ulmy(a).

SO7 (WQ,HQ) ~u <7T1,H1).

For transitivity, assume that (7, Hy) ~, (72, Hy) and (mq, Hy) ~, (73, H3).
Then, there exists unitary operators s : H; — Hs and ¢t : Hy — Hj3 such
that if @ € A then sm(a) = m2(a)s and tmy(a) = w3(a)t. The composite

ts : Hy — Hjs is a unitary operator which satisfies

tsm(a) = tmy(a)s = m3(a)ts.
Hence, (71, Hy) ~, (73, H3) and ~,, is therefore an equivalence relation. [J

A major operation one can perform on representations of a fixed *-algebra
is to take the direct sum of representations.

Definition 1.10.3. Let A be a *-algebra and {(m;, H;) }sc; be a family of
representations of A. The direct sum of the representations {(m;, H;) }ier
is given by the pair

@D
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where

P H: = {(&)ier | D_lGI° < o0}

icl icl

and @, ; m; is the *-homomorphism

@ie[ﬂ-i: A = B(@iejHi)
a = ((&ier = (mi(a)&i)ier)

For a refresher on the direct sum of Hilbert spaces, a good reference is
[Con90, Chapter I, §6]. The next few definitions mirror foundational
definitions in representation theory.

Definition 1.10.4. Let A be a *-algebra and (7w, H) be a representation of
A. A subspace N C H is called invariant if for a € A, w(a)N C N.

Definition 1.10.5. Let A be a *-algebra and (7w, H) be a representation of
A. We say that the representation (7, H) is non-degenerate if the
following statement is satisfied: If £ € H, a € A and 7(a)§ = 0 then £ = 0.

Otherwise, the representation is called degenerate.

Definition 1.10.6. Let A be a *-algebra and (7, H) be a representation of
A. Let £ € H. We say that £ is cyclic if the linear subspace m(A)¢ is dense
in H. We say that the representation (mw, H) is cyclic if there exists a cyclic
vector £ € H.

Observe that if A is *-algebra and (7, H) is a cyclic representation of A then
(w, H) must be non-degenerate. Assume that £ € H is the cyclic vector,
n € H,a € A and w(a)n = 0. Using the inner product on H, we have

0= (m(a)n,&) = (n,m(a)*€) = (n, m(a")§).
So, n € (m(A)¢€)* and since 7(A)¢ is dense in H, (1(A)¢)+ = {0}.
Therefore, n = 0 and the representation (7, H) is cyclic as required.

Definition 1.10.7. Let A be a *-algebra and (7, H) be a representation of
A. The representation (m, H) is called irreducible if the only closed
invariant subspaces of H are the zero subspace 0 and H. Otherwise, the
representation is called reducible.

When dealing with representations of *-algebras, we are generally interested
in invariant subspaces which are closed topologically. The following
theorem tells us when a closed subspace is invariant.
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Theorem 1.10.2. Let A be a *-algebra and (w, H) be a representation of
A. Let N C H be a closed subspace. Then, N is invariant if and only if the
orthogonal complement N+ is invariant.

Proof. Assume that A is a *-algebra and (7, H) be a representation of A.
Assume that N C H is a closed subspace.

To show: (a) If N is invariant then N+ is invariant.
(b) If N+ is invariant then N is invariant.

(a) Assume that the closed subspace N is invariant. This means that if
a € A then m(a)N C N. To see that N+ is invariant, assume that a € A
and n € Nt. If £ € H then

(m(a)n, &) = (n,m(a)"¢) = (n,m(a”)§) =0
because 7(a*)€ € N and n € N+. Hence, 7(a)n € N+ and the subspace N+
Is Invariant.

(b) Assume that Nt is invariant. If we apply part (a), we find that
(N+)t = N is invariant because N is closed. O

In the scenario of Theorem [1.10.2] we can define two further representations
of A, by restricting the operators to either N or N*. More precisely in the
case of N, the Hilbert space N together with the *~homomorphism

min: A — B(N)
a — 7(a)|y

is a representation of A. Unsurprisingly, the following two representations
of A are unitarily equivalent

(7Tv H) ~u (7T|N7 N) D (7T|Nl7 NL)'
The following result is a direct consequence of the definitions introduced.

Theorem 1.10.3. Let A be a unital *-algebra with multiplicative unit 14
and (w, H) be a representation of A. The representation (m, H) is
non-degenerate if and only if m(14) = idy where idy is the identity operator
on H.

Proof. Assume that A is a unital *-algebra and (7, H) is a representation of

A.
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To show: (a) If (m, H) is non-degenerate then m(14) = idy.
(b) If 7(14) = idy then (mw, H) is non-degenerate.

(a) Assume that the representation (7, H) is non-degenerate. Assume that
¢ € H — {0} is non-zero. Since the representation (7, H) is non-degenerate,
there exists a € A such that m(a)¢ # 0. But,

0 = m(a)¢ — m(a)€ = m(14)m(@)§ — idy (r()E).
Since 7(a)& # 0, we deduce that m(14) = idy as required.

Since the representation (7, H) is non-degenerate, then m(a) = 0.

(b) Assume that 7(14) = idy. Assume that { € H satisfies 7(a){ = 0 for
a € A. Then,

€% = (€, €) = (r(La)&, m(14)€) = 0.
So, £ = 0 and the representation (m, H) is non-degenerate. O
Here is a useful characterisation of non-degenerate representations.

Theorem 1.10.4. Let A be a *-algebra and (w, H) be a representation of
A. Then, (m, H) is non-degenerate if and only if m(A)H = H.

Proof. Assume that A is a *-algebra and (7, H) is a representation of A.

To show: (a) If (7, H) is non-degenerate then 7(A)H = H.

(b) If m(A)H = H then (7w, H) is non-degenerate.

(a) Assume that (7, H) is non-degenerate. Since H = (n(A)H)* & n(A)H,
it suffices to show that (m(A)H)* = {0}. To this end, assume that
ne(n(A)H)L. If a € A and € € H then

(m(a®)&,m) = (& m(a)n) = 0.
So, m(a)n = 0 and since (7, H) is non-degenerate, n = 0. Hence,
(r(A)H)* = {0} and 7(A)H = H.

(b) Assume that 7(A)H = H. Assume that £ € H satisfies 7(a){ = 0 for
a € A. Since 1(A)H = H and H = (n(A)H)* & m(A)H, (xr(A)H)+ = {0}.
If 7(b)n € m(A)H then
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(w(b)n, &) = (n,7(b")) = 0.
So, £ € (m(A)H)* = {0} and & = 0. Hence, (7, H) is a non-degenerate
representation of A. O

When dealing with representations of *-algebras, we can focus on
non-degenerate representations, as evidenced by the following theorem:

Theorem 1.10.5. Let A be a *-algebra and (w, H) be a representation of
A. Then, (m, H) is the direct sum of a non-degenerate representation and
the zero representation.

Proof. Assume that A is a *-algebra and (7, H) is a representation of A.
Consider the closure m(A)H, where m(A)H is the subspace

T(A)H ={m(a) |a € A, € H}.
Then, H can be written as the direct sum
H= (n(A)H)* @ 7(A)H.

We claim that (7| (a)m), (m(A)H)*) is the zero representation. If a € A4,
¢ e (m(A)H)* and n € H then

(m(a)€,n) = (& m(a”)n) = 0.
We deduce that if a € A and € € (7(A)H)* then

m(a)§ = 7(a)|(raym) € = T (maym- (@) = 0.

Thus, the representation (7| (x(aymL, (7(A)H )1) is the zero representation.

To see that the representation (7| 7z, 7(A)H) is non-degenerate, it
suffices to show that

Traa(A)m(A)H = m(A)H
by Theorem [1.10.4] Hence, it suffices to show that

m(A)r(A)H = m(A)H.

We already have the inclusion 7(A)m(A)H C 7(A)H. For the reverse
inclusion, assume that 7(a)§ € 7(A)H. Write £ = & + &, where

& € m(A)H and & € (n(A)H)*. Then, m(a)¢ = w(a)é; € m(A)w(A)H
because m(a)és = 0 as found previously. Therefore, 7(A)H C w(A)r(A)H
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and m(A)H = w(A)m(A)H. Consequently by Theorem [1.10.4} the
representation (7| gz, 7(A)H) is non-degenerate.

Finally, we observe that as representations of A,

(77', H) ~au (W’(w(A)H)J-a (W(A)H)J') D (7T|m, W(A)H)

Next, we link irreducible representations to cyclic representations.

Theorem 1.10.6. Let A be a *-algebra and (w, H) be a non-degenerate
representation of A. Then, (7, H) is irreducible if and only if every
non-zero vector is cyclic.

Proof. Assume that A is a *-algebra and (7, H) is a non-degenerate
representation of A.

To show: (a) If (7, H) is irreducible then every non-zero vector is cyclic.
(b) If every non-zero vector of H is cycilc then (m, H) is irreducible.

(a) Assume that (7, H) is an irreducible representation. Assume that
¢ € H—{0} and let

m(A)§ = {m(a)¢ | a € A}.

Then, m(A)¢ is an invariant subspace of H and its closure 7(A)¢ is a closed
invariant subspace of H. Since (m, H) is irreducible, either m(A){ = 0 or

m(A)¢ = H. Suppose for the sake of contradiction that m(A)¢ = 0. Then,
m(A)¢ = 0 and the representation (7, H) is degenerate. This contradicts our

original assumption that (7, H) is non-degenerate. So, m(A){ = H and ¢ is
cyclic.

(b) We will prove the contrapositive statement. Assume that the
representation (7, H) is reducible. Then, there exists a closed invariant
subspace N C H. Select a non-zero n € N. If a € A then 7(a)n € N since
N is invariant. Since N is closed and N # H, the subspace 7(A)n cannot
be dense in H. So, n € H — {0} is not a cyclic vector. O

We have another, more useful criterion, for a representation to be
irreducible.
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Theorem 1.10.7. Let A be a *-algebra and (7w, H) be a non-degenerate
representation. Then, (w, H) is irreducible if and only if the only positive
operators which commute with its image are scalars.

Proof. Assume that A is a *-algebra and (7, H) is a non-degenerate
representation.

To show: (a) If the only positive operators which commute with operators
in the image m(A) are scalars then (7w, H) is irreducible.

(b) If (m, H) is an irreducible representation then the only positive
operators which commute with operators in the image w(A) are scalars.

(a) We will prove the contrapositive statement. Assume that the
representation (w, H) is reducible. Then, there exists a non-trivial closed
invariant subspace N C H. Now let p € B(H) be the projection operator
onto N. Since p is a projection, it satisfies p = p* = p? and is positive.
Moreover, p is not a scalar operator because both N and N+ are non-zero
subspaces of H.

Now assume that a € A. We will show that the operator m(a) commutes
with p. There are two different cases to consider:

Case 1: £ € N.

Assume that £ € N. Since N is invariant, then 7(a){ € N and

(pm(a))(§) = p(7(a)§) = 7(a)§ = (7(a)p)¢.
Case 2: £ € N+,

Assume that £ € N*. By Theorem [1.10.2, N+ is also an invariant subspace
of H and 7(a)€ € N*. So,

(pm(a))(§) = p(w(a)§) = 0 = w(a)(0) = 7(a)(pS) = (7(a)p)(§)-
By combining both cases, we deduce that as operators on H, p is a

non-scalar, positive operator which commutes with 7 (a) for a € A.

(b) Again, we proceed by proving the contrapositive statement. Assume
that h is a positive non-scalar operator on H which commutes with every
element of 7(A). We claim that the spectrum o(h) contains at least two
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points.

Suppose for the sake of contradiction that the spectrum o(h) contains a
single point. By the continuous functional calculus in Theorem h

must be a scalar operator. This contradicts our assumption that h is a

non-scalar operator. So, o(h) must contain at least two points.

By Urysohn’s lemma applied to o(h) (which is a normal topological space
with the subspace topology inherited from C), we can construct two
non-zero functions f, g € Cts(o(h),C) such that if z € o(h) then
f(z)g(z) = 0. By using the continuous functional calculus in Theorem
the operator f(h) € B(H) is non-zero because the function f is

non-zero on o(h).

Now let N =im f(h). Then, N is a non-zero subspace of H. However by
the same reasoning as before, g(h) € B(H) is a non-zero operator which is
zero on im f(h) and hence, on N. This means that N is a proper subspace
of H.

Next, we claim that f(h) commutes with the operators in w(A).
To show: (ba) If a € A then 7w(a)f(h) = f(h)n(a).

(ba) Assume that a € A and € € R.(. By the Weierstrass theorem, there
exists a polynomial function p € Cts(o(h),C) such that ||p — f|le < €. By

Theorem [1.3.7, ||p(h h)|| <e.

Since 7(a) commutes with h by assumption, 7(a) must also commute with
p(h). By the standard e argument, we have

[m(a)f(h) = f(R)m(a)l] = |lw(a) f(h) = m(a)p(h) + p(h)7(a) — f(R)m(a)]
< [lw(a) f(h) = m(@)p(R)[| + || ()7 (a) = p(h)m(a)]]
< 2[w(a)[[llf(h) = p(R)]]
< 2||m(a)]le.

Since € € Ry was arbitrary, we deduce that f(h) commutes with the
operators in m(A).

Our final claim is that if @ € A then N is invariant under 7(a). Since
= im f(h), then it suffices to show that the image im f(h) is invariant.

109



If ¢ € H and a € A then by part (ba),

7(a)(f()E) = (x(a) f ()€ = (f()m(a))€ € im .

We conclude that N is a non-trivial closed, invariant subspace of H. So,
(m, H) is a reducible representation of A as required. ]

1.11 Representations of matrix C*-algebras

Complementary to the theory developed in the previous section, we will
this time investigate representations of the matrix C*-algebra M,,,(C)
where n € Z.

We first need to prove various properties about M, «,(C). The next few
results originate from [Putl9, Exercise 1.9.2].

Theorem 1.11.1. Let n € Z+q and A = M,,»,(C). Let I C A be a right
tdeal. Then, the set

IC" ={aé |a€cl,£ecC"}
is a subspace of C".

Proof. Assume that n € Z-, and A = M,,«,(C). Assume that [ C A is a
right ideal. Assume that IC" is defined as above. To see that IC" is closed
under scalar multiplication, assume that a € I, £ € C" and X\ € C. Then,

Aa€ = a(X) € IC™.

Checking that IC" is closed under addition is more tricky. Assume that
a,b € I and §,n € C". If at least one of § or n is the zero vector in C" then
aé 4+ bn € IC™ by inspection. So, assume that both £, 1 # 0. Let £ = HE_H
and ) = m Then

ag + by = a[¢[1€ + bllnl|7.
The key here is to realise that

&)l = (0, m)¢ = €.
Therefore, a& + bn further simplifies to

al|€|1€ + bl = all€ll|€) @G + bllnlla = (all€)l|€) @] + bllnl) 7.
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For A € C, define D, = diag[],...,\] € M,xn(C). Then,

a& + by = (aDjg|€) (7] + bDyy ) 7.

~

Since a,b € I, aDyg|§) (] + 0Dy € I (because [ is a right ideal) and
a& 4+ bn € IC™ as a result.

Hence, IC" is a vector subspace of C". O]

There is a correspondence between right ideals of M, (C) and vector
subspaces of C". This is illustrated by the following theorem.

Theorem 1.11.2. Let n € Z~y and A = Myx,(C). Then, there is a
bijection of sets

{Right ideals of A} — {Vectar subspaces of (C”}
1 > ncr

where

IC" ={al|acl,¢ecC"}.

Proof. Assume that n € Z-; and A = M,,,.,,(C). Let © denote the set
function I — IC", where IC" is defined as above. By Theorem [1.11.1, IC"
is a vector subspace of C".

Firstly, to see that © is injective, assume that I € ker © so that /C" = {0}.
Then, I =0 as a right ideal in A. Therefore, © is injective.

To see that © is surjective, assume that V' is a vector subspace of C". Let
{v1,v9,..., v} be a basis for V| where k € {1,2,...,n}. For
ie{l,2,...,k}, write v; = (v;1,0;2,...,0x). Let V; € M,,4,,(C) be the
matrix whose 7" column is v]. The remaining entries of V; are zeros. Let
e; € C" be the vector with a 1 in the i"® position and zeros elsewhere. If
i€ {l,2,... k} then Vie; = v;.

If we let (Vi, Vs, ..., Vi) be the right ideal generated by the matrices
Vi, Va, ..., Vi then ©((V4, Va, ..., Vi) = V. So, © is surjective and
consequently, bijective. O]

The next result requires a definition.

Definition 1.11.1. Let A be a C*-algebra. We say that A is simple if the
only two closed two-sided ideals of A are the zero ideal 0 and A itself.
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We will now prove that the matrix C*-algebra M,,,,(C) is a simple
C*-algebra.

Theorem 1.11.3. Let n € Z~; and A = M, «,(C). Then, A is simple.

Proof. Assume that n € Z-, and A = M,,.,(C). Suppose for the sake of
contradiction that [ is a non-trivial ideal of A. By using the bijection © in
Theorem [1.11.2] we obtain a vector subspace IC" of C".

Assume that a € [ and £ = (&,...,&,) € C" so that

al = (&£, ...,&,) € IC" — {0}. Let &, be the first non-zero element of the
vector a€. Fori € {1,2,...,n}, let W; € M,«,(C) be the matrix whose ik
entry is é and whose remaining entries are zeros. If i € {1,2,...,n} then

W;a& = e;

where e; € C" is the vector with a 1 in the i** position and zeros elsewhere.
Crucially, I is both a left and right sided ideal. So, W;a € I and
subsequently, e; = W;a§ € IC" for i € {1,2,...,n}. So, IC" = C", which
means that ©() = ©(A). Here, O is the bijection in Theorem [1.11.2]

Since O is injective, I = A. However, this contradicts the assumption that
I is a non-trivial ideal of A. Therefore, A does not have any non-trivial
two-sided ideals. So, A is a simple C*-algebra. O

Let us assume that n € Z>y and A = M,,,,(C). We have the representation
(p,C™) of A, where p is the *-homomorphism given by matrix
multiplication:

p: A — B(C") = M,y,(C)
a (& — af).

We will return to this representation later. Let (w, H) be a non-degenerate
representation of A. If i, j € {1,2,...,n} then let e, ; € A be the matrix
with a 1 in the ¢j position and zeros elsewhere.

We highlight the following result about simple C*-algebras.

Theorem 1.11.4. Let A be a simple unital C*-algebra and B be a unital
C*-algebra. Let ¢ : A — B be a unital *-homomorphism. Then, ¢ is
injective.

Proof. Assume that A is a simple unital C*-algebra and B is a unital
C*-algebra. Assume that ¢ : A — B is a unital *-homomorphism. Then,
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®(14) = 1p. In particular, the *-homomorphism ¢ is non-zero.

The kernel ker ¢ is a closed two-sided ideal of A. Since A is simple, then
either ker ¢ = {0} or ker ¢ = H. If ker ¢ = H then ¢ is the zero map, which
contradicts the fact that ¢(14) = 15. Hence, ker ¢ = {0} and ¢ is

injective. [l

Since (m, H) is a non-degenerate representation of A = M,,,,(C), then by
Theorem [1.10.3| 7 is a unital *-homomorphism. Utilising Theorem [1.11.4
we deduce that 7 is injective. In particular, m(ey ;) # 0.

Next, let £ € m(e11)H be a unit vector. Then, there exists n € H such that
¢ =m(e11)n. Note that if i € {1,2,...,n} then e; je;1 = €;1. We claim that
the set

{&,m(e2q)E, ... ,m(en1)E} C H

is an orthonormal set. Firstly, if i € {2,3,...,n} then

By a similar computation, if i, 7 € {1,2,...,n} are distinct then

(m(ein)€, m(ej1)€) = (&, mlein) m(ej1))
= (¢, 7T(61.z‘)7T(€j,1)§>
= (£,08) = 0.

Hence, {¢,m(e21)&, ..., m(e,1)E} is an orthonormal set in H. We would like
to find the span of this set. We claim that

W(A)f - Span{éu 7T(€2,1)§7 s 77T(€n,1)§}'
We certainly have the inclusion span{¢, m(e21)¢, ..., m(en1)é} C m(A)E
because 7(e11)¢ = €. Now assume that

> Aim(era)€ € span{€, w(ean)é, .. m(en)S}
i=1
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where \; € C for i € {1,2,...,n}. Then,

Z )\1‘71'(6171)6 = W(Z )\i€1’1>£ € W(A)f
i=1 =1

Therefore,

m(A)¢ = span{&, m(ezq)E, ..., m(en1)E} (1.9)

as required. Note that 7(A)¢ is a finite dimensional subspace of the Hilbert
space H and is thus, closed. We now have enough to state our first main
result.

Theorem 1.11.5. Let n € Z>y and A = M+, (C). Let (m, H) be a
non-degenerate representation of A. Let & € w(e11)H be a unit vector.
Then, the restriction (m|x(aye, T(A)E) is unitarily equivalent to (p, C") where
we recall that p is the *-homomorphism

p: A — B((C") =
a (& — af).

Proof. Assume that A = M,,,(C) and (7, H) is a non-degenerate
representation of A. Assume that £ € m(ey1)H is a unit vector.

To see that the representations (7|r(aye, m(A)§) and (p, C*) are unitarily
equivalent, it suffices to show that there exists a unitary operator
u: m(A)§ — C" such that if a € A then

um|xay(a) = pla)u.
Recall from equation (1.9) that 7(A)¢ is the C-span of the set
{&,m(e21)E, ..., m(en1)E}. Define the map u by

u: wAE — cr
7(61,1)5 — Ei:(O,...,O,l,O,...,O)

where i € {1,2,...,n} and E; is the n-tuple with a 1 in the i** position and
zeros elsewhere. To see that u is unitary, observe that if 7,5 € {1,2,...,n}
then

0ij = (B, Ej) = (u(m(ein)§), ulm(e;n)s)) = (m(ein)€, m(eja)é).
By linearity of the inner product, we find that if &,&; € m(A)E then
(u&y,u&s) = (£1,&). Hence, u is a unitary map.
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Now assume that n € m(A)¢. Then, there exists v, ...,7, € C such that

n=>Y et
i=1

We compute directly that

(pla)u)(n) = (p(a)U)(Z i (€in)§)
= P(a)(z 1 E;)
= CL(Z%Ez‘) = Z’Yz‘@(Ei)

and

(um(a))(n) = (W(a))(z Vi (€,1)€)
= u( Z %W(aei71)§)

=u(D ) vajim(ein)d)

i=1 j=1

= Z Z%’aj,z‘Ez’ = Z%'G(Ez’).
i=1

i=1 j=1

Hence, if a € A then um|z(a)e(a) = p(a)u. So, the representations
(7] r(aye, T(A)§) and (p, C") are unitarily equivalent as required. O

Theorem tells us that our non-degenerate representation of A is
unitarily equivalent to the “matrix multiplication representation” of A,
provided that we restrict our representation appropriately. This suggests
that we can build the non-degenerate representation (7, H) by using a
direct sum of matrix multiplication representations. It turns out that this is
indeed the case and the clue here is that we took & € m(ey1)H to be an
arbitrary unit vector. This in turn, suggests that we consider an
orthonormal basis for the Hilbert space m(e;1)H.
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Let B be an orthonormal basis for m(e;1)H. We claim that if n,& € B are
distinct then 7(A)¢ and 7(A)n are orthogonal subspaces to each other.
Recall that

m(A)E = span{&, m(e21)S, - - . m(en1)E}-
A similar statement holds for w(A)n. If i,7 € {1,2,...,n} then

(m(ein)€, mej)n) = (€ m(ein)” ()m
<£7 6116]1
_ lfwéy,
N m(erq)n), ifi=j.

_ ,lfwéj,
€, =0, ifi=j.

Therefore, m(A)¢ and 7(A)n are orthogonal subspaces to each other.

Next, we can decompose H as the direct sum H = 7(A)¢ @ (m(A)E)*L. Since
7(A)n C (w(A)E)*, then 7(A)n is a closed subspace of (7(A)¢)L because it
is finite dimensional. So, H decomposes further as

H = n(A)¢ @ n(A)n @ ((r(A)E)* N (m(A)n)*).
Since the subspaces 7(A)n are all mutually orthogonal for n € B, we can
repeat the above argument to obtain

H = (@ r(am) @ ((x(Am)*

neB neB

Now if § € (), cg(m(A)n)" then (,7) = 0 for n € B. Since B is an
orthonormal basis, then § = 0. So,

H:@WA

neB
as required. With this, we can now state the main theorem of this section.
Theorem 1.11.6. Let n € Z>y and A = M,»,(C). Let (m, H) be a

non-degenerate representation of A. Let B be an orthonormal basis for
m(e11)H. Then, (w, H) is unitarily equivalent to the direct sum
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PD.cm)

neB
where p is the *-homomorphism
p: A — B(C") = M,y,(C)
a (& — af).

Proof. Assume that n € Z>y and A = M,,«,(C). Assume that (7, H) is a
non-degenerate representation of A and B is an orthonormal basis for

m(e11)H. By Theorem [1.11.5] if £ € B then

(7] r(aye, T(A)E) ~u (p, C).

By taking direct sums over all elements of B, we find that

(ED 7lrare. D 7(A)8) ~. E(p.C).

ceB ¢eB ¢eB
But, we know that H = P, 5 7(A)n. Therefore,

<7T7 H) ~u @(,0, Cn)

¢eB
[

Thus, Theorem demonstrates that any non-degenerate representation
of Myxn(C) can be built directly from the matrix multiplication
representation (p, C"). In this sense, the representation (p, C") is the only
representation of M, y,(C) one needs to know in order to understand
arbitrary non-degenerate representations of M, (C).

In fact, (p, C") is irreducible, as proven below.

Theorem 1.11.7. Let n € Z>y and A = M,,x,(C). Then, the matriz
multiplication representation (p, C") is irreducible.

Proof. Assume that n € Z>, and A = M,,«,(C). Since (p,C") is a
non-degenerate representation of A, it suffices to prove that every non-zero

vector of C" is cyclic by Theorem [1.10.6]

Assume that n = (n1,...,n,) € C* —{0}. If i, 5 € {1,2,...,n} then let
e;j € A denote the matrix with a 1 in the ¢j position and zeros elsewhere.
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Let 7y be the first non-zero element of the n-tuple . If i € {1,2,...,n}
then

1 1
p(—eix)n = —eixn = E;
Mk Mk

where E; € C" is the n-tuple with a 1 in the i** position and zeros
elsewhere. Therefore,

C" = span{E, Es, ..., E,} C p(A)E.
So, p(A)¢ = C™ and ¢ is a cyclic vector as required. By Theorem [1.10.6| the

representation (p, C") is irreducible. O

1.12 The Gelfand-Naimark-Segal
construction

In the last few sections, we defined representations of C*-algebras,
investigated a few of their properties and in the case of the last section,
delved into a particular example of a representation. Here, we are
interested in constructing a representation of an arbitrary C*-algebra.

To motivate this sections, let us consider the parallel situation for groups.
Groups naturally occur as symmetries and one often looks for ways that
abstract groups act as symmetries. The simplest way this occurs is to
consider a group G acting on itself via left multiplication. The main result
stemming from this is Cayley’s theorem (see [DF04], Section 4.2]).

As remarked in [Putl9, Section 1.12], we will apply a similar line of
thinking to producing representations of a C*-algebra. The multiplication
operation on a C*-algebra allows one to think of its elements as linear
transformations acting on the C*-algebra itself. The problem here is that
C*-algebras are not generally Hilbert spaces. The GNS construction
(Gelfand-Naimark-Segal) produces the desired inner product on the
C*-algebra by using the linear functionals on the C*-algebra.

The key property for the functionals we consider in the GNS construction is
positivity, which was introduced in the context of traces. We briefly recall
that a linear functional ¢ on a C*-algebra A is positive if for a € A,

¢(a*a) > 0.
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Definition 1.12.1. Let A be a unital C*-algebra and ¢ be a linear
functional on A. We say that ¢ is a state if ¢ is positive and ¢(14) = 1.

We have the following characterisation of states.

Theorem 1.12.1. Let A be a unital C*-algebra and ¢ be a linear
functional on A. If ¢(14) = ||¢|| = 1 then ¢ is a state.

Proof. Assume that A is a unital C*-algebra and ¢ is a linear functional on

A. Assume that ¢(14) = [|¢]] = 1.
To show: (a) ¢ is positive.

(a) We will first show that if a € A is self-adjoint then ¢(a) € R. So,
assume that a € A is self-adjoint. Suppose for the sake of contradiction
that Im(¢(a)) # 0. Without loss of generality, we may assume that
Im(¢p(a)) > 0. Select r € Ryq satisfying the inequality

0 <1 < Im((a)) < [lall.
Then, define the function f by
f: R — R

s = y/|a]]?+s? —s.

Observe that f(0) > r. Observe that the limit

lim f(s) = lim (v/]la]® + 5% — s)
o el + 52— 5
s=oo \/lal|? + s% + s
]I
s=oo \/al|? + 52 + s
= 0.

Hence, there exists so € R such that f(sg) = r.

The argument we make here is geometric in nature. Here is a diagram of
the situation.
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Let B(—isg, So + 7) be the open ball centred at —isy with radius sg + r.

Note that so + 1 = so + f(s0) = v/[|a|?> + 3. So,

[—lall, |[|al]] € B(—iso, so + ). Since a is self-adjoint, then the spectrum
o(a) € [=lall, llall]. So, o(a) C B(—iso, o +1).

From the diagram, we also see that ¢(a) & B(—isg, o + ) because by
construction,

r=(so+71)—s0 < Im(¢(a))

With this information, we now compute

|p(a —isola)| = |p(a) — isod(1a)]
= |¢(a) — isg| (since ¢(14) =1 by assumption)

> 1+ 0=/ all? + 55

Note that by the diagram, the spectrum o(a) is contained in
B(—iso, so + 1) and consequently,

la —isolall < \/llall* + s5.

( a—1Soly )

¢ - -
Vllall* + 53
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which contradicts the assumption that ||¢]| = 1. So, Im(¢(a)) = 0 and
¢(a) € R.

Now let a € A be positive. By the previous part, ¢(a) € R. It suffices to
show that ¢(a) > 0. By Theorem [1.4.2} ||[|a]|14 — a|| < ||a||. Since
o(14) =1 =1¢|, we have

|o(llall1a = a)| = [llall = ¢(a)|a

= llal[|[t = ¢(5—7)
lal
< lall
So, ¢(a) > 0 as required. O]
Next, we prove some more properties of positive linear functionals.

Theorem 1.12.2. Let A be a unital C*-algebra and ¢ be a positive linear
functional.

1. Ifa,b € A then |p(b*a)|* < ¢p(a*a)p(b*D).
2. If a € A then ¢(a*) = ¢(a).

3. ¢(1a) = |4l

4. If a,b € A then ¢(b*a*ab) < ||a||*¢(b*b).

Proof. Assume that A is a unital C*-algebra and ¢ is a positive linear
functional. Assume that a,b € A and A € C. Then,

0 < ¢((Aa+b)*(Aa + b)) = |A\*d(a*a) + Xp(a*b) + Ap(b*a) + ¢(b*b). (1.10)

Since |A2¢(a*a), p(b*b) € R, the sum

Ap(a*b) + Ap(b*a) € R.

Now set A =i and b = 14. Then, ip(a) —i¢(a*) € R. On the other hand, if
we set A =1 and b = 1,4 then ¢(a*) + ¢(a) € R. Now let ¢(a) = a + (i and
¢(a*) = v+ di. By the two equations, we find that « — v = 0 and
B+6=0. So,

¢(a”) =+ 0i = a — Bi = ¢(a).
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To prove the first statement, note that by equation ((1.10J),

—Aé(a*b) — Ap(b*a) = —Ap(b*a) — Ao(b*a)
= —2Re(Ap(b%a))
< |[A¢(a*a) + ¢(b7b).

There are two cases to consider.
Case 1: ¢(a*a) = 0.

Assume that ¢(a*a) = 0. Then, —Re(Ap(b*a)) < ¢(b*D). Since this holds
for arbitrary A € C, then ¢(b*a) = 0. So, the inequality
|p(b*a)|? < p(a*a)p(b*b) holds in this case.

Case 2: ¢(a*a) # 0.

Assume that ¢(a*a) # 0. Select z € C such that |z| =1 and
zp(b*a) = |p(b*a)|. If A = —z¢(a*a)"24(b*b)2 then

—2Re(Ap(b*a)) = 2Re(z¢(a"a) 2 ¢(b"b) 2 p(b*a))
= 2¢(a*a) "2 6(b°D)* |6 (b"a)|
< |\Pé(a*a) + ¢(b°D)
= 6(0°D) + 6(b°b) = 26(b"D).

By the above calculation,

20(a"a) 2 6('b) "2 |p(ba)| < 20(0°D).
So, |p(b*a)| < ¢(a*a)%¢(b*b)%. Squaring both sides, we obtain the first
statement of the theorem.

Next, we show that ¢(14) = ||@]|. Since ||14]] = 1, we have by definition of
the operator norm |p(14)] < |||

Now let b = 14 in the inequality |¢(b*a)|* < ¢(a*a)p(b*b). Then,
[6(a)|* < (a*a)p(14). So,

[6(a)] < éla’a)*6(14)*
< llgl*a"al 20
= 19113 llall(La
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Taking the supremum over all a € A satisfying ||a|| = 1, we deduce that
1 1 .
loll2 < @(la)z. So, ¢(1a) = ||¢|| as required.

To the prove the fourth and final statement, define the map v : A — C by
(c) = ¢(b*ch). Then, 1 is a positive linear functional and by the third
part, ||¢] = (1) = ¢(b*b). Therefore,
¢(b"a"ab) = ¢(a*a) < [[¢][|a"a] = H(b°b)|lal*.
]

Now we begin the GNS construction. Let A be a unital C*-algebra and ¢
be a state on A. Define

Ng={a€ Al ¢(a*a) = 0}.
To see that N, is a left ideal in A, assume that a,b € Ny4. Then,

¢((a +0)"(a +0))

¢(a*a+ a*b+ b"a+ b*b)
p(a*a) + ¢(a™b +b*a) + ¢(b*b)
= ¢(a*b+ b%a).

By the first statement in Theorem [1.12.2]

[B(a”b+b"a)| < [¢(a"b)| + [¢(b"a)| < 26(a"a)2$(b"b)= = 0.
Hence, ¢((a +b)*(a+b)) =0 and a +b € Ny.

Now assume that ¢ € A. Then,
¢((ca)’ca) = p(a*c*ca)
< Jlel*¢(a*a) = 0.

The inequality follows from the fourth statement in Theorem [1.12.2] Hence,
ca € Ny and N, is a left ideal of A.

To see that N, is closed, suppose that {a, },ecr is a net in N, which
converges to some a € A. Since ¢ is continuous,

¢(a*a) = ¢(lima)a,) = lim¢(aya,) = 0.

nel nel
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S0, a € Ny and Ny is therefore a closed left ideal of A.

Next, we take the quotient A/N,. The next task is to define an inner
product on A/Ny. Define the map

<—, —> : A/N¢) X A/N¢ — C
(@4 Ng, b+ Ny) —  o(b*a).
First, we have to show that the above map is well-defined. Assume that

a1 + Ny = ag + Ny. Then, ¢((a1 — az)*(a1 — ag)) = 0 and by the first
statement of Theorem [1.12.2]

|6(b" (a1 — a2))* < 6(b"b)((a1 — a2)" (a1 — az)) =0
for b € A. Hence, if b € A then ¢(b*(a; — ag)) = 0 and consequently,

<CL1 + N¢, b + N¢> == ¢(b*a1)
= ¢(b"(a1 — az)) + ¢(b"az)
= gb(b*ag) = <6L2 + N¢, b + N¢>

By a similar argument, the map (—, —) is well-defined in the second
argument. So, the map (—, —) is well-defined overall. It is straightforward
to check that (—, —) is linear in the first argument and antilinear in the
second argument.

To see that the map (—, —) is a non-degenerate inner product, assume that
(a 4+ Ny, a+ Ng) = 0. This holds if and only if ¢(a*a) = 0 if and only if

a € Ny. So, a+ Ny = N, in A/N,. Thus, (a+ Ny, a + Ny) = 0 if and only
lf a + N¢ = N¢>.

Hence, (—, —) defines an inner product on A/N,. Now define H, to be the
completion of the inner product space A/Ny. Then, H, is a Hilbert space.

Next, we need to define a *-homomorphism on H,. To do this, we will first
define the *-homomorphism on A/N, and then use the universal property
of the completion to extend it to a *-homomorphism on #,.

Let b+ Ny € A/Ny. Define the map 7, on A by

my(a)(b+ Ny) = ab+ N,
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First, we show that if a € A then 7,(a) is a well-defined and bounded
operator. First, assume that by + N, = by + Ny in A/N,. Then,

by — by € Ny. Since Ny, is a left ideal of A, ab; — abs € Ny and

aby + Ny = abs + Ny. So, my(a)(by + Ny) = m4(a)(ba + Ny) and me(a) is
well-defined.

To see that m4(a) is bounded, we compute directly that

Img(@)l|* = sup  [lab+ Ny

b+ N =1
= sup o¢(b*a*ab)

[[b+Ng =1

< sup |al*¢(b*b) (by Theorem [1.12.2)
Ib+N =1

= sup |lall*l[b+ No|I* = [lall*.

Ib4+-N =1

Hence, m4(a) is a bounded operator on A/Ny.

Next, we show that 7, is a *-homomorphism. The fact that 7, is linear and
multiplicative follows from direct computations. To see that 74 preserves
adjoints, assume that a,b,c € A. Then,

(mg(a*)(b+ Ng),c+ Ny) = (a*b+ Ny, c+ Ny)
= o(c"a’d) = ¢((ac)"d)
= (b+ Ny, ac+ Ny)
= (b + Ny, mp(a)(c+ Ny))
= (me(a)"(b+ Ny), ¢ + Ng).
Since b, ¢ € A was arbitrary, we deduce that 74(a)* = m4(a*). So, 7, is a
*_homomorphism. If a € A then by the universal property of the

completion, my(a) extends to a bounded operator on H, (the completion of
A/N,). Therefore, 7, defines a representation of A on H,.

Finally, define the vector

u¢:1A+N¢€A/N¢§H¢.

We claim that u, is a cyclic vector for the representation (g, H,) with
norm 1.
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Assume that b+ N, € A/N,. Then, b+ N, = 74(b)(u,) and
A/Ny C my(A)ug. Since A/N, is dense in Hy, then my(A)uy is dense in H
and so, u, is a cyclic vector.

Since ¢ is a state, ¢(14) = 1 and

lugll = 114 + Noll = ¢(1a) = 1.
This completes the GNS construction. We summarise it below with the

following definition.

Definition 1.12.2. Let A be a unital C*-algebra and ¢ be a state on A.
The triple (7, Hg, up) is called the GNS representation of ¢. This is a
representation of A, as shown previously.

In summary, the GNS construction takes a state ¢ on a unital C*-algebra A
and produces a representation (7, H,) and a unit cyclic vector u,. The
next theorem shows that this process can be reversed — from a
representation with a unit cyclic vector, we can construct a state on A.

Theorem 1.12.3. Let A be a unital C*-algebra and (w, H) be a
representation of A with unit cyclic vector &. Then, the map
p: A — C
a = (m(a)§,&)

is a state on A. Moreover, the GNS representation of ¢ is unitarily
equivalent to (m, H).

Proof. Assume that A is a unital C*-algebra. Assume that (7, H) is a
representation of A and that £ € H is a unit cyclic vector of this
representation. Assume that ¢ is the linear functional defines as above.

To show: (a) ¢ is a state.

(a) First observe that ¢ is a positive linear functional because if a € A then

¢(a’a) = (r(aa)§,€) = (m(a)¢, m(a)§) = ||T(a)¢]* > 0.
Now, if a € A then

¢(a) = (mr(a)s, )
= (r(1aa)€, &) = (w(1a)m(a)§, €)
= (m(a)¢, m(14)§).
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This means that if a € A then

= (m(a)¢, m(14)§ — ).
Since £ € H is cyclic, the subspace m(A)¢ is dense in H. So,
(m(A))+ = {0} and 7(14)¢ = &. Therefore,
o(1a) = (m(14)€,€) = [I€]* = 1.
Therefore, ¢ is a state.

Next, we show that (m, H) is unitarily equivalent to the GNS representation
(mg, Hy, €y) of ¢. Define the map u : m(A){ — A/Ny by

w: m(A)E —  A/Ng
m(a) — a+ Ng.

We will use (—, —), to represent the inner product on H, constructed in the
GNS representation. To see that wu is isometric, we compute directly that

(m(a), m(a)f) = (m(a*a)§, §)
= ¢(a*a) = (a+ Ng,a+ Ny)y
= (u(r(a)§), u(r(a)f))y-

We also have u(§) = u(m(14)€) = 14 + N, = &;. By the universal property
of the Hilbert space H (which is complete), u extends to a unitary operator
u:H — Hy.

To see that ar(a)u* = my(a) for a € A, assume that h € Hy so that there
exists a net {h,, + Ny },er which converges to h. Then,

my(a)(h) = mg(a)lim(hy + Ny))
— timy(a)(h, + N,)
= Lig}(ahn + Ny) = ah

and
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am(a)u*(h) = ﬂw(a)&*(}lig}(hn + Ny))
= lim (um(a)u’ (h, + Ny))
— lim um(a)(x(h,)€)
= Eg}(ah” + Ny) = ah.

Hence, the representations (w, H) and (my, Hy, ) are unitarily
equivalent. O

The GNS construction, in tandem with Theorem [1.12.3] tells us that if A is
a unital C*-algebra then there is a bijection of sets

Representations of A
{States on A} «— {With unit cyclic VGCtOI"}
¢ — (g, Hy, &s)
(@ (m(a)s,§)) <« (m, H.,¢)
The next question we will answer is this: where do the irreducible
representations of A map to under the above bijection? As remarked in
[Put19], irreducible representations of A map to the “extreme points” in
the set of states. Theses states are often called pure states.

Theorem 1.12.4. Let A be a unital C*-algebra and ¢ be a state on A. The
GNS representation (my, Hy, &) is irreducible if and only if ¢ is not a
non-trivial convex combination of two other states — if there exists states

¢o, 01 and t € (0,1) such that ¢ = tpy + (1 — )y then ¢ = ¢g = ¢1.

Proof. Assume that A is a unital C*-algebra and ¢ is a state on A.

To show: (a) If ¢ is not a non-trivial convex combination of two other
states then the GNS representation of ¢ is irreducible.

(b) If the GNS representation of ¢ is irreducible then ¢ is not a non-trivial
convex combination of two other states.

(a) We will prove the contrapositive of this statement. Assume that the

GNS representation (7, Hy, &s) is reducible. Then, there exists a
non-trivial closed invariant subspace N C H,.
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Since Hy = N & N+, we can decompose &; = & + &1, where & € N and
& € Nt We claim that &, & # 0.

Suppose for the sake of contradiction that & = 0. Then, &, = & € N.
Consequently, w(A)¢, C (AN C N. However, since 4 is a cyclic vector,
the subspace 7(A)&, is dense in Hy. Therefore, N'= N = H,, which
contradicts the assumption that A is a non-trivial closed, invariant
subspace of Hy. So, & # 0. The argument that & # 0 is similar and uses

Theorem [.10.2

If a € Aand i€ {0,1} then define

¢i(a) = ||&l7*(mp(a)&i, &)
We claim that ¢; is a state. If a € A then

di(a“a) = & |mo(a)&]* > 0.

So, ¢; is a positive linear functional. Now since A/ and Nt are both closed
invariant subspaces of Hg,

¢i(1a) = &l (me(14)&, &)

= [1GlI7*(mp(14)6:, & + 1)
= [l&)1 72 (mp(1a)Es, €6)
||§z|| 2<§Z7W¢(1A) >

= 1&1172(&: &)

= [l&I72(1&]1° = 1.

Hence, ¢y and ¢, are both states.

Next, we claim that ¢ = ||&]|?do + ||€1||?¢1. We compute directly that if
a € A then

¢(a)

T(a)€s, Ep)

(mp(a)

(mg(a)(€o +&1), 60 + &1)
= (mo(

(o

3

s(@)&o, &0) + (mp(a)So, &) + (m(a)én, So) + (me(a)é, &1)
me(a)éo, §o) + (my(a)ér, &)
= [&lPdo(a) + [[E1]17 1 (a).
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Finally, we claim that ¢g # ¢1. Let C' = min{||&], [|£1]|} > 0. Since the
vector g4 is cyclic, there exists a € A such that

I7s(a)és — &oll < 27*C.

Now, mg(a)éy = my(a)éo + my(a)ér, where my(a)éy € N and mg(a)é € N
Then,

—~

Img(a)ér]]? = (ms(a)ér, my(a)ér)
= (74(a)p, my(a)S1)
(my(a) (

= (mg(a)§s — &0, mg(@)é1)
< lmg(@)éo — Sollllmg(@)éal-

3
sy

and
[mg(a)éo — &oll” = (ms(a)éo — &o, mp(a)o — &)
)éo + Tp(a)é1 — &0, mp(a)o — o)
= (my(a)€p — o, mg(a)éo — o)
< |Img(a)és — Sollllmg(a)§o — Eoll-

Hence, we have the inequalities

Iro(@al <27'C and (e - &l <27C.

From both inequalities we obtain the upper bounds

(60(a) — 1] = [l 2mg (@), &) — 1]
— 0]l (mo(a)on €0) — 1Eoll 2ol
= &0l 2 {(ma(a)o — &,£0)]
< Jléol M lms(a)éo — &l
< el M2e <

and

61(@)] = [[ea]l > (ma(a)er, 1))
< &l ms(@)é]
<laleie <y
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From these upper bounds, we deduce that ¢g(a) # ¢1(a). Hence, the state
¢ is a non-trivial convex combination of the states ¢y and ¢;.

(b) We will prove the contrapositive of this statement. Suppose that there
exists states ¢g, 1 and t € (0,1) such that ¢ = t¢o + (1 — t)¢;. Define the
bilinear form

B: A/N¢ X A/N¢ — C
(G+N¢,b—|— N¢) — t¢0(b*a)
Observe that B(a + Ng, b+ Ny) is bounded above as follows:

[B(a + Ng, b+ Ng) [ = t*|go(b"a) [
< |tgo(a*a)|[tgo(b*d)| (by Theorem [1.12.2)
< |¢o(a”a)||po(b7D)]
= lla + Ng|[*[[b+ No||*.

By a similar argument to Theorem [1.12.3] we find that the bilinear form B
is well-defined on A/Ny. Since it is also bounded (and hence, continuous),
B extends to a bounded bilinear form B : Hy x Hy, — C.

Since H, is a Hilbert space, there exists a unique positive operator
h € B(H,) such that if a,b € A then

t¢0(b* ) (G+N¢,b+N¢) <h(G+N¢),b+N¢>

By Theorem [1.10.7] it suffices to show that h commutes with 7,(a) for
a € A and that h is not a scalar multiple of the identity operator idpy,.

To show: (ba) h is not a scalar multiple of idy,.
(bb) If a € A then mg(a)h = hry(a).

(ba) Suppose for the sake of contradiction that h = Xidp, for some A € C.
Then,

t¢0(b* ) = )\<Cl + N¢,b+ N¢

)
If b= 14 then t¢o(a) = ANa + Ny, 14 + Ny) = Ap(a). Thus, ¢ is a multiple
of ¢g. However, ¢ and ¢, are both states. So, ¢(14) = ¢o(1a) = 1.
Therefore, ¢ = ¢g. Since ¢ =t + (1 — t)pq, then ¢y = gb This contradicts
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the assumption that ¢y # ¢1. Hence, h is not a scalar multiple of idg, .

(bb) Assume that a,b,c € A. Then,

(h(b+ Ny), ms(a)"(c + Ny))
(h(b+ Ny),a*c+ Ny)

= too((a*c)"b) = too(c*ab)
(h(ab+ Ng),c+ Ny)
(hmg(a)(b+ Ng),c+ Ng)

Since b, ¢ € A were arbitrary, we deduce that if @ € A then hry(a) = my(a)h.

(b) By combining parts (ba) and (bb), we find that by Theorem [1.10.7} the
GNS representation (my, Hy, &) is reducible as required. ]

One of the most important applications of the GNS construction is the
following strong theorem:

Theorem 1.12.5. Let A be a C*-algebra. Then, there exists a Hilbert space
H and a C*-subalgebra B C B(H) such that A= B as C*-algebras.

Put simply, every unital C*-algebra is isomorphic to a C*-algebra of
operators, reinforcing the notion that the space of bounded linear operators
B(H) is, in this sense, the prototypical example of a C*-algebra.

In order to prove Theorem [1.12.5] we require the following preliminary
result.

Theorem 1.12.6. Let A be a C*-algebra and a € A be self-adjoint. Then,
there exists an irreducible representation w of A such that ||w(a)|| = ||a].

Proof. We will first prove Theorem [1.12.6| for unital C*-algebras. Assume
that A is a unital C*-algebra and a € A is self-adjoint. The idea is to use
the GNS construction to construct the required representation of A.

However, we first need a state on A to do this. Let B be the C*-subalgebra
of A generated by the set {14,a}. Then, B is commutative and unital.
Recall that M(B) is the set of non-zero C-algebra homomorphisms from B
to C. By Theorem [1.3.4] M(B) is homeomorphic to the spectrum o(a),
which is a compact subset of R.
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Since a is self-adjoint, its spectral radius r(a) is equal to ||a|| by Theorem

Now choose ¢y € M(B) such that

|¢o(a)| = sup || = [[al].

z€o(a)

Note that ¢o(14) = 1 by definition of M(B). By the Hahn-Banach
extension theorem, we obtain a linear functional ¢ on A which extends ¢

and has [|¢|| = ||¢o||. Hence,

¢(La) = ¢o(1a) = 1 = [lgo]| = [|0]].
By Theorem [1.12.1] ¢ is a state on A. Note that by construction of ¢,
[6(a)] = |go(a)] = [lall.

Now let (74, Hp, &) be the GNS representation of ¢. Since , is a unit
vector, we have the inequality

Imo(a)ll = Ims(@)lllsll* = [(ms(a)és, €)] = 1d(a)] = |lall.
Recall from the GNS construction that if a,b € A then 7, is defined by
7T¢(&)(b + N¢) =ab+ N¢.

In particular, m4(14) = idy, (the identity operator on Hy). So, 7y is a
unital *-homomorphism and by Theorem [1.2.7] 7, is a contraction which
means that ||a|| < ||7s(a)|. Therefore, ||a|| = ||ms(a)]|.

It remains to show that the representation (my, Hg,&,). The idea is to use
Theorem [1.12.4] Let S be the set of states ¢ on A satisfying

|6(a)] = |po(a)| = ||a]|. Let B be the closed unit ball in the dual space A*.
Then, S C B.

To show: (a) S is a convex set.

(b) S is closed with respect to the weak *-topology on A*.

(a) Assume that o, 5 € S and t € [0,1]. Then, the convex combination
ta+ (1 —t)p is a positive linear functional on A which satisfies

ta(la) + (1 —t)p(la) =t+1—t=1.
Hence, ta + (1 — )3 is a state on A. Moreover,
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lall = tllall + (1 = t)[[a]l = tla(a)] + (1 = #)|B(a)].
Hence, ta + (1 —t)3 € S and S is a convex set.

(b) Assume that {c, }ner is a net in S which converges to some o € A*
with respect to the weak *-topology on A*. We want to show that @ € S.

We find that

|a(a)] = [lim a (a)] = limla]| = a].

To see that « is a state on A, note that

a(ly) = Ligllan(lA) =liml=1

nel
If d € A then
a(d*d) = 111111 ay,(d*d) > 0.
ne
So, a is a state on A satisfying |a(a)| = ||a||. Therefore, o € S and S is

closed with respect to the weak *-topology.

Since the closed unit ball B is compact with respect to the weak *-topology
on A (Banach-Alaoglu), S is also compact by part (b). Note also that S is
non-empty because by construction, ¢ € S. Due to parts (a) and (b), we
can apply the Krein-Milman theorem (see [Zim90), Section 2.3]) to deduce
that S is the closure of the convex hull of the extreme points of S.

In particular, S has extreme points. So, we can choose ¢ € S so that ¢ is
one of the extreme points of S. By the definition of S, it is straightforward
to show from this that ¢ is extreme among the set of states — it cannot be
written as a convex combination of states. By Theorem [1.12.4] we deduce
that (7, Hy, &s) is an irreducible representation of A.

For the general case, assume that A is a C*-algebra and a € A is
self-adjoint. Then, there exists an irreducible representation (my, Hg, &) of
the unitization A such that ||74(a)| = ||la]|. Since A is a closed two-sided
ideal of A, the restriction (744, Hy) defines a representation of A with

[7s(a)ll = llall
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Note that the GNS representation (my, Hy, &) of A is non-degenerate
because it is a cyclic representation. By Theorem [1.10.6} every non-zero
vector of A is cyclic. In particular, every non-zero vector of A C A is cyclic.
Since the restricted representation (my|4, Hy) is also non-degenerate, then
by Theorem [1.10.6] it is an irreducible representation as required. O

Now we prove Theorem [1.12.5|

Proof of Theorem[1.12.5. Assume that A is a C*-algebra. Let

B ={acAlla] <1}

denote the closed unit ball in A. By Theorem [1.12.6} if a« € B then there
exists an irreducible representation (m,, H,) such that |7, (a*a)| = ||a*al|.
Since B(H,) and A are both C*-algebras,

« ik « L
[ma(a)|l = [Ima(a*a)|[> = ||a*al|z = [|a]|.
Taking the direct sum over all a € B, we obtain the *-~homomorphism

Ducpm: A = DucpB(H.)
d — (7ma(d))een

where on the RHS, we have a direct sum of C*-algebras. If d € A then

(P 7o) (D] = [|(ma(d))acll

a€B
— sup||(d)|
aEB
—sup<||7ra(”d”)llll I)
> Jm s (2ol = ],
i ]

Next, we will show that @, 7, is injective. Suppose for the sake of
contradiction that there exists k € A — {0} such that

(Bocp ma) (k) = (0)aep- For clarity, (0)aen € P ep B(Ha) is a sequence of
zero operators. By the above inequality, we have

0= () &) > Ikl

a€eB

So, k = 0. This contradicts the assumption that k is non-zero. So,
ker @, 5 7o = {0} and .5 7, is an injective *-homomorphism.
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By Theorem , P.c5 ma is an isometric *-homomorphism and an
isometric *-isomorphism onto its image Z. By Theorem [1.8.6] Z is a
C*-subalgebra of @, .5 B(H,) = B(@,cp Ha). This proves Theorem
L1235 O

136



Chapter 2

Topics from [Mur90]

2.1 The Gelfand representation for abelian
Banach algebras

In this section, we follow [Mur90} Section 1.3]. The goal of this section is to
make precise the Gelfand representation, a way to represent an abelian
Banach algebra as an algebra of continuous functions on an appropriate
LCH (locally compact Hausdorff) space.

Note that we already accomplished this for commutative C*-algebras, as
seen from Theorem [I.3.5] and Theorem [1.6.8] Thus, we will recycle results
from if their proofs also work for abelian Banach algebras.

We will commence by proving a few preliminary results.

Definition 2.1.1. Let A be a C-algebra. An ideal I C A is called
modular if there exists an element u € A such that if a € A then

a—au €l and a—wua €.

Theorem 2.1.1. Let A be a Banach algebra and I be a modular ideal. If I
s a proper ideal then its closure I is also a proper ideal. If I is a maximal
ideal then it is closed (topologically).

Proof. Assume that A is a Banach algebra and I is a modular ideal. Then,
there exists u € A such that if a € A then a —au € I and a — ua € I. First,
assume that I s a proper ideal of A.

To show: (a) If b € I then ||u — b|| > 1.
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(a) Suppose for the sake of contradiction that there exists b € I such that
|lu —b|| < 1. Consider the unitization A of A (which is a Banach algebra by
the construction in Theorem |1.6.1) and let v =15 —u + .

We claim that v € A is invertible. Consider the sum

> =)l

Note that (u — b)° = 1;. This is a convergent sum in R because

|lu —0b|]| < 1. By Theorem , the sequence {(u — b)"}>°, in A is
summable. Thus, the sequence {32V (u — b)"}%_, converges to an element
of A. We call this element S"°° (u — b)".

To see that Y ,(u — b)" is the inverse of v, we compute directly that
00 N
v( Z(u —b)") = lim o Z(u —b)")

N—o0
n=0 n=0

= lim (15— (w—b) (> (u—0)")

N—oo e
T (e YNHLY
= Jim (1 —(u—=0)"") =14
Similarly, (Zfzo(u — b)")v = 14. Hence, v™! = (ZZO:O(U — b)") and v is

invertible in A.

By Theorem , Ais a closed two-sided ideal of A. So, Av C A. Since v
is invertible in A, A = Av~!'v C Av. Thus, A = Av. Now if a € A then

av = (a —au) +abe .

Thus, A = Av C I. However, this contradicts the assumption that [ is a
proper ideal of A. We conclude that if b € I then [ju —b|| > 1.

Now define

1 1
Bu,5) ={e€ Al Ju—d| <}

By part (a), B(u, %) NI =0. Hence, u € A but v & I. Therefore, I is a
proper ideal of A.
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Finally, if I is a maximal ideal of A then I is a proper ideal of A containing
I. So, I =1 and I is closed. O

We briefly remark that if L is a left ideal of a Banach algebra A then it is
called modular if there exists © € A such that if a € A then a — au € L.
Theorem 2.1.1] carries over for modular left ideals.

Theorem 2.1.2. Let A be a commutative Banach algebra and I C A be a
modular mazximal ideal of A. Then, A/I is a field.

Proof. Assume that A is a commutative Banach algebra. Assume that [ is
a modular maximal ideal of A. Let u € A be such that if a € A then
a—au € [ and a —ua € I. Then, [ is closed by Theorem [2.1.1, Thus, we
can form the quotient Banach algebra A/I. It is abelian and unital, with
multiplicative unit uw + 1 € A/I.

Let m: A — A/I be the canonical projection map. Then, 7 is a C-algebra
homomorphism. So, if J is an ideal of A/I then by the correspondence
principle, the preimage 7—!(J) is an ideal of A containing I. Since [ is a
maximal ideal, then either 77!(J) = I or 7 '(J) = A. Therefore, either
J=A/Ior J=0.

We conclude that A/I and 0 are the only ideals of A/I. So, A/I is a
field. [

Now recall from that if A is a C-algebra then M(A) is the set of
non-zero C-algebra homomorphisms from A to C. In [Mur90], the elements
of M(A) are referred to as characters.

By Theorem [1.3.1] if A is a commutative unital C*-algebra then every
element of M(A) has norm 1. A close examination of the proof of Theorem
[L.3.1] shows that this conclusion also extends to the case where A is a
commutative unital Banach algebra.

A relevant fact about M(A) which we have not proved yet is a bijection
from M(A) to the set of maximal ideals of A.

Theorem 2.1.3. Let A be a unital abelian Banach algebra. Then, there is
a bijection of sets

K: M(A) — {Mazimal ideals of A}
T — ker 7

Moreover, M(A) # (.
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Proof. Assume that A is a unital abelian Banach algebra. Assume that K
is the function of sets defined as above. First, we will show that K is
well-defined.

Assume that 7 € M(A) so that K(A) = ker 7. Then, ker 7 is a closed ideal
of A. Since T € M(A), 7 is not the zero map. So, ker 7 is a proper ideal of
A. Now if a € A and 1,4 is the unit of A then

T(a —7(a)ls) =7(a) — 7(a)7(14) = 7(a) — 7(a) = 0.

We conclude that if a € A then a — 7(a)14 € ker 7. This means that
ker 7 4+ Cl, = A as ideals. To see that ker 7 is a maximal ideal of A,
suppose for the sake of contradiction that I is a proper ideal of A which
contains ker 7. We claim that I C ker 7. Assume that o € I. Since
ker 7+ Cl, = A, there exists A € C and k € ker 7 such that

&:H+)\1A.

Now My =a —«k € I. Hence, 14 € I and I = A. This contradicts the
assumption that I is proper. Hence, ker 7 is a maximal ideal and the map
K is well-defined.

To show: (a) K is injective.
(b) K is surjective.

(a) Assume that 7, 7% € M(A) such that K(r) = K(72). Then,
ker 7y = ker 7. Note that if a € A then a — 75(a)l4 € ker 75 and

T1(a — 1o(a)ls) = 11(a) — 12(a) = 0.

So, 71 = 7 and K is injective.

(b) Assume that I is a maximal ideal of A. Since A is unital, [ is also a
modular ideal. By Theorem [2.1.1] I is a closed (two-sided) ideal. This
means that we can form the quotient Banach algebra A/I. By Theorem
A/I is a field with unit 14 + 1.

In particular, A/I is a unital Banach algebra where every non-zero element
is invertible. Now we claim that A/I = C(14 + I). Suppose for the sake of
contradiction that A/I # C(14 + I). Then, there exists a + [ € A/I such
that a + I & C(14 + I). In particular, a 4 I is non-zero. If A € C then
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(A4 —a) + I is a non-zero element of A/I and is thus invertible.
Consequently, the spectrum o(a + I) = () which contradicts the fact that
o(a + I) must be non-empty (because a + I is non-zero and A/I is a unital
Banach algebra).

Hence, A/l =C(14+ ) and A =1 @& Cl4. Now define the map

qf): A:I@ClA — C
a+/\1A = A

Then, ¢ is a non-zero C-algebra homomorphism such that
K(¢) =ker¢ = I. So, K is surjective.

By parts (a) and (b) of the proof, we find that K is a bijection. Note that
since A is unital, it has maximal ideals. By the bijection K, M(A) # 0. O

Now we will use Theorem to generalise part 1 of Theorem [1.3.1]

Theorem 2.1.4. Let A be an abelian Banach algebra and a € A. If A is
unital then

o(a) = {r(a) | 7 € M(A)}.
Furthermore, if A is non-unital then
ola) =Ar(a) | 7€ M(A)} U{0}.

Proof. Assume that A is an abelian Banach algebra and a € A. First,
assume that A is unital with multiplicative unit 14. By the proof of part 1
of Theorem [1.3.1], we have the inclusion

{r(a) | T € M(A)} Co(a).

For the reverse inclusion, assume that A € o(a). Then, A\14 — a is not
invertible in A and the ideal I = (A14 — a)A is a proper ideal of A. Hence,
I must be contained in a maximal ideal I,,,,. By the bijection established

in Theorem [2.1.3} I,,,, = ker ¢ for some ¢ € M(A).

Now observe that ¢(Als —a) = 0. We find that ¢(a) = A. Hence,
o(a) C{r(a) | T € M(A)} and subsequently,

oa) ={r(a) | T € M(A)}.
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For the more general case, assume that A is non-unital. Let o 3(a) denote
the spectrum of a € A, where A is the unitization of A. By the previous
case, we have

04(a) = {r(a) | T € M(A)}.

By the universal property of unitization in Theorem [1.6.3] we have

M(A) = {7 | 7€ M(A)}U {7}

where 7 is the unique homomorphism extending 7 from the universal
property and 7o ((A,0)) = A for A € C and b € A. Since a € A, we find that

o(a) = 04(a) = {7(a) | T € M(A)} = {#(a) | 6 € M(A)} U{0}

because 7 ((0,a)) = 0 as required. O

By Theorem [2.1.4] if A is an abelian Banach algebra then M(A) is
contained in the closed unit ball of the dual space A*. This is analogous to
Theorem [1.3.2) The space M(A) with the weak *-topology is called the
character space of A or the spectrum of A.

The proof of Theorem [1.3.2| readily extends to the case where A is an
abelian unital Banach algebra. Here is what happens in the non-unital case.

Theorem 2.1.5. Let A be an abelian Banach algebra. Then, M(A) is a
locally compact Hausdorff space when equipped with the weak *-topology
from A*.

Proof. Assume that A is an abelian Banach algebra. If 7 € M(A) then

||7]] <1 by the proof of Theorem In this case, M(A) is still
contained in the closed unit ball of A*.

By the same argument in Theorem |1.3.2, M(A)U{0} is a compact subset of
A* with respect to the weak *-topology. By the one point compactification,
M(A) is a locally compact Hausdorff space as required. O

If A is an abelian Banach algebra and a € A then we can again define the
evaluation map

C
7(a)
By definition of the weak *-topology on M(A), the evaluation map ev, is
continuous. We claim that ev, € Ctso(M(A),C). That is, the evaluation

ev, 1 M(A)

_>
T
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map on a vanishes at infinity.
Assume that € € R.y. We want to show that the set

M(A)e = {1 € M(A) [ |7(a)] = €}
is compact with respect to the weak *-topology on M(A) and A*. By the
Banach-Alaoglu theorem, it suffices to show that M(A). is closed. To this
end, assume that {7,},cr is a net in M(A), which converges to 7 € M(A)
in the weak *-topology. Then, 7,,(a) — 7(a) in C in the limit over n € I. To
see that |7(a)| > €, note that if m € Z-( then there exists V,,, € I such that
if n > N,, in I then

So,

()] > [|7(a) = 7ula)| = |=Tu(a)l] > e——

Since m € Z~o was arbitrary, we deduce that |7(a)| > €. Hence, M(A). is
closed with respect to the weak *-topology and the evaluation map

ev, € Ctso(M(A),C).

The evaluation map ev, is called the Gelfand transform of a. Now we are
able to extend Theorem [1.3.5| and prove the Gelfand representation.

Theorem 2.1.6 (Gelfand representation). Let A be an abelian Banach
algebra and assume that M(A) is non-empty. Define the map

A: A = Ctsy(M(A),C)

a evq.

Then, A is a norm-decreasing C-algebra homomorphism (and hence, a
homomorphism of Banach algebras) with r(a) = ||evy||so. Furthermore, if A
is unital then ev,(M(A)) = o(a) and if A is non-unital then

o(a) = ev,(M(A)) U{0}.

Proof. Assume that A is an abelian Banach algebra and that M(A) is
non-empty. Assume that A is the map defined as above. By Theorem [2.1.4}
we have
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if A is unital and ev,(M(A)) U {0} = o(a) if A is non-unital. Recalling the
definition of the spectral radius, we have for a € A,

|evalloc = sup |T(a)| = sup [A| =1(a).
[|7]|=1 Aeo(a)
This means that
[A(@)]| = llevallco = r(a) < [al|

and consequently, ||A]| < 1. The fact that A is a C-algebra homomorphism
follows from direct computation. O

The Gelfand representation A in Theorem [2.1.6 allows us to define the
notion of a radical.

Definition 2.1.2. Let A be an abelian Banach algebra. Let A be the
Gelfand representation in Theorem [2.1.6, The radical of A, denoted by
Rad(A), is defined as

Rad(A) =kerA = {a € A| Ala) = ev, = 0}.

The abelian Banach algebra A is said to be semisimple if the radical
Rad(A) = ker A = {0}.

One consequence of the Gelfand representation in Theorem [2.1.6is that we
can prove further properties about the spectral radius.

Theorem 2.1.7. Let A be a Banach algebra. Let a,b € A satisfy ab = ba.
Then, r(a+0b) < r(a) +r(b) and r(ab) < r(a)r(b).

Proof. Assume that A is a Banach algebra. Assume that a,b € A such that
ab = ba. Without loss of generality, we may assume that A is abelian and
unital (if not, pass to the unitization A and consider the commutative
Banach subalgebra generated by the set {14, a,b}).

By the Gelfand representation in Theorem [2.1.6, we have

r(a+b) = [levarplloo = [leva + evplloe < [levallos + [levp]loo = 7(a) +r(b).

and

r(ab) = [|evap]loo = [levactvs|loo < [levalloollevelloo = (a)r(b).
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It is mentioned in [Mur90] that proofs of Theorem which do not use
the Gelfand representation are much more complicated that the proof we
gave. In fact, in [Soll8| Section 1.2], the inequality r(ab) < r(a)r(b) is
mentioned as one of the properties of spectral radius, but is not proved.

Returning to Theorem [2.1.7, we note that if a,b € A do not commute then
the inequalities do not necessarily hold. As an example, let A = Msyo(C),

01 00
a—(o 0) and b—(1 O)‘

Then, r(a) = r(b) = 0. But, r(a 4+ b) = 1 and r(ab) = 1. Therefore,
Theorem does not hold in this general case.

Now we will state and prove the appropriate generalisation of Theorem

3.4

Theorem 2.1.8. Let A be a unital Banach algebra generated by the set
{14,a} where a € A. Then, A is abelian and the evaluation map
ev, € Ctso(M(A),C) is a homeomorphism from M(A) to the spectrum

o(a).

Proof. Assume that A is a unital Banach algebra generated by the set

{14, a} for some a € A. Since 14 and a commute with each other, A must
be abelian. By Theorem the evaluation map ev, is a bijection from
the compact space M(A) to the compact Hausdorff space o(a) C C. Hence,
ev, is a homeomorphism. O]

We end this section with a particular application of the material, taken
from [Mur90, Example 1.3.1].

Example 2.1.1. Let (}(Z) denote the set

MNZ)={f:Z—=C| Y |f(n)| < oo}.

n=—oo

We know that ¢!(Z) is a Banach space, with scalar multiplication and
addition defined pointwise. The norm of ¢'(Z) is given by

Ifll =D 1f(m)].

n=—0oo

If f,g € (*(Z) and m € Z then we define the convolution of f and g by
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(f % g)(m Zf (n).

n=—oo

We claim that f * g € *(Z). A quick computation reveals that

1f*gli= > I(f*g)(m

m=—0oQ
o0

= > 1> fm=n)g(n)

m=—00 N=—0o0

< 33 i m - n)g(n)

m=—0o0 N=—00

= > > Ifm—n)g(n)

n=—000 m=—0o0

= > lg(n |§IU — ) = I fllillgll < oo.

n=—oo m=—0o0

Hence, f * g € (*(Z).

Next, we claim that ¢!(Z) is an abelian unital Banach algebra with
multiplication defined by convolution. The established bound

Ilf *glli < Ifll1llgll: shows that multiplication is continuous in ¢*(Z). Let
x{o} denote the characteristic function on the set {0}. Then, xqo € ¢*(Z)
and

(f * xqop)(m) = Z f(m = n)x1(n)

n=—oo

— f(m—0) = f(m).

Similarly, if m € Z then (xqoy * f)(m) = f(m). So, X0 is the multiplicative
unit for (1(Z).

Finally, to see that ¢!(Z) is abelian, we compute directly that if f,g € (}(Z)
and m € Z then
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So, ¢}(Z) is an abelian unital Banach algebra. Hence, we can look at its

Gelfand representation in Theorem m First, observe that if f € (1(Z)
then

F=Y fmxa)™

n=—oo

where (x{13)" is the convolution of xy} with itself n times for n positive. In
fact, one can show that if n € Z then (x13)" = Xqn}. Let
U={2€C||z] =1} and z € U. We define 7, by

.: (MZ) — C
foom X f(n)2"
Note that 7, € M(¢}(Z)). In particular, if f,g € ¢*(Z) and z € U then

[e.9]

n(fxg)= > (fxg)(n)"

n=—oo

=3 - mgm)”

n=—00 Mm=——00

= Y > f(n)gm)z"

n=—00 MmM=—00
o0

— i F=) (Y alom)e")

= 7:(f)7=(9)

Thus, we have a map given by

T: U — M((NZ))

z T,.
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Next, we claim that I' is a bijection. To see that I' is injective, assume that
21,2 € U such that 7., = 7.,. If f € (1(Z) then

Yo f) =) fn)a.

n—=——oo n—=——oo

In particular, if f = x1y then z; = 2z5. So, I is injective.

To see that T is surjective, assume that ¢ € M(¢*(Z)). First, observe that
if f=3%0"fn)(xm)" e (*(Z) then

S(f)=o( Y f)xuy)") = D fmoxpy) = Y f)elxm)™

n=—oo n=—oo n=—oo

Since ¢ € M({*(Z)), then ||¢|| =1 and |¢(x(13)] < 1. We also have

1= |o(xio))] = 160cy)o0cy) ™ = loOca)lo(x-1)l-
Since [¢p(x¢-13)| < 1, then |¢(xq13)| > 1 and consequently, |¢(x3)| = 1. So,
¢(X{1}) € U and

¢ = Totxpy = L(0(x(1y))-

Thus, I' is surjective and hence, a bijection.

Let us now take a step further and prove that I' is in fact, a
homeomorphism. Since U is a compact subset of C and M(¢*(Z)) is a
Hausdorff space, it suffices to show that I' is continuous.

To this end, it suffices to show that if f € ¢'(Z) then the composite
evpol': U — C is continuous. This is straightforward to see because if
z € U then (evyoT')(z) = 7,(f) is the uniform limit of the sequence of
continuous functions of z

{2 sy
In|<N

In turn, this holds because the sum Y>> _ |f(n)z"| = || f|l1 < 0. So, I is
a homeomorphism and U can be identified with M (¢*(Z)) as topological
spaces.
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If f € ('(Z) then the Gelfand transform of f is the evaluaton map
evy : M(0*(Z)) — C. By the homeomorphism I', the Gelfand transform of
f is a continuous function f : U — C such that

f(z) = (evs o T)(z) = 7(f Z f(n

n=—oo

We recognise that fis similar to a Fourier transform. Indeed, the
coefficients f(n) are given by

2
2i f( zt) —imt dt = 2]' Z f lnt —imt dt
T N
1
- z(n m)
Con Z f(n
Z / f z(n m)t
= % S 20 f(0)6n = fm).

We conclude that the set of Gelfand transforms of ¢*(Z) is the set of
functions h € Cts(U, C) whose Fourier series is absolutely convergent.

2.2 More on positive elements of unital
C*-algebras

In this section, we will prove various results about positive elements of
unital C*-algebras. The relevant sections we will follow are [Mur90, Section
2.2] and [Soll8|, Section 3.1]. First, we begin with [Mur90, Remark 2.2.1].

Example 2.2.1. Let A = Ctsy(X,C), where X is a LCH space. Let Ay, be
the set of real-valued functions in A. We can turn A,, into a poset given by
the relation f < g if and only if f(x) < g(z) for z € X.

In this case, the function f € A is positive if and only if there exists g € A
such that f = gg. Also, f has a unique positive square root, which is the
function z — \/f(z). In this section, we want to generalise this situation to
an arbitrary C*-algebra.
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First, we will prove the existence of a unique square root of a positive
element. Usually, the proof is done using the continuous functional
calculus. However, the proof we will give relies on the Gelfand
representation of a commutative C*-algebra in Theorem [1.6.8]

Definition 2.2.1. Let A be a C*-algebra. We define A* to be the set of
positive elements of A.

Theorem 2.2.1. Let A be a C*-algebra and a € A™. Then, there exists a
unique element b € AT such that b* = a.

Proof. Assume that A is a C*-algebra and a € A'. Define B to be the
C*-subalgebra generated by the set {a}. Since a is positive, it is
self-adjoint. So, B is a commutative C*-algebra.

The idea is to apply the Gelfand representation in Theorem to B. As
a C*-algebra, B is isomorphic to Ctsy(X,C) for some locally compact
Hausdorff space X. Let A denote the isometric *-isomorphism from B to
Ctso(X,C). Since a is positive, A(a) is a positive function in Ctso(X, C).

By the previous remark, A(a) has a unique square root, which we denote by
A(b) € Ctso(X,C). By applying the inverse map, we obtain a positive
element b € A such that

B = ATHAD)? = AY(A(D)?) = AN (A(a)) = a.

Now we will address the uniqueness of b. Assume that there exists c € A"
such that ¢ = a. Then, ¢ must commute with a. Since b € B and B is the
C*-subalgebra generated by {a}, ¢ must also commute with b, as b is the
limit of polynomials in a.

Now let C' be the C*-subalgebra of A generated by the set {b,c}. Then, C
is a commutative C*-algebra. By another application of Theorem [1.6.8] let
Ao : C — Ctso(Y, C) be the isometric *-isomorphism defining the Gelfand
representation of C. Here, Y is a LCH space.

Observe that Ac(a) = Ac(b)? = Ac(c)?. So, Ac(b) and Ac(c) are positive
square roots of Ac(a) € Ctsy(Y,C) because b and ¢ are positive. By the
previous remark again, we deduce that by uniqueness, A¢(b) = Ac(c) and
so, b = c. This proves uniqueness. O

The square root of a positive element a is denoted by az.
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Definition 2.2.2. Let A be a unital C*-algebra and a,b € A. We say that
a < b if the element b — a € A™. That is, the element b — a is positive.

With the relation in Definition [2.2.2) we will prove that the pair (A, <) is a
poset. Let us first prove some more properties about the relation in
Definition [2.2.2]

Theorem 2.2.2. Let A be a unital C*-algebra. Define

—At={-z|xe At}
1. Ifx € A" and A € R then Az € A™.
2 Ifw,ye AT thenx +y e AT,
3. Atn(—=A*") ={0}
4. If v € AT and y € A then y*zy € AT.
Proof. Assume that A is a unital C*-algebra.

(1) Assume that x € AT and A € R5¢. Then,

o(Az) = {a € C| aly — Az is not invertible}
={A\3 € C| f1l4 — x is not invertible} C R.

Hence, Az € A™.

(2) This follows from Theorem and Theorem [1.4.5]

(3) Assume that x € AT and © € —A*. Then, the spectrum o(z) C [0, 00).
By the spectral mapping theorem in Theorem o(—z) C (—o0,0].
But since z € —AT, —x € AT and o(—z) C [0, 00). Consequently,

o(—xz) = {0}. This means that the spectral radius r(—z) = 0 and by
Theorem [1.2.6] ||—z|| = r(—z) = 0. So, z = 0 and we conclude that

AT N (—=A") ={0}.

(4) Assume that x € AT and y € A. By Theorem [1.4.2] there exists t > ||z|
such that [|[t14 — x| < t. Now consider t||y||* € Rsq. Then, t||y||* > [Jy*zy||
and

tlylP1a — yrzy|| < tlyll® + lly 2yl < tlyl* + tlyll® = 2t)y]>.

By Theorem [1.4.2] we deduce that o(y*zy) C [0,00) and consequently,
y*ry € AT as required. H
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Now we are ready to prove that (A, <) is a poset.

Theorem 2.2.3. Let A be a unital C*-algebra and < be the relation defined
in Definition [2.2.9, Then, the pair (A, <) is a poset.

Proof. Assume that A is a unital C*-algebra. Assume that < is the relation
defined in Definition 2.2.2

To show: (a) If z € A then z < z.

(b) If z,y,z € A, x <y and y < z then x < 2.

(c)lfz,ye A,z <yand y <z then z =y.

(a) Assume that € A. Then, z —2 =0¢€ A*. So, xz < z.

(b) Assume that z,y,2 € A, z <y and y < z. Then, y —z,z —y € AT and
since AT is closed under addition,
z—z=(2—y)+(y—=z)€ A"

So, x < z.

(c) Assume that z,y € A, x <y and y < z. Then, y —z,2 —y € A*. This
means that y —x € AT N (—=AT). But, AT N (—A") = {0} by Theorem
Hence, y —z =0 and z = y.

Consequently, the pair (A, <) is a poset. O]

We will prove some more properties about positive elements in a unital
C*-algebra. The next few results originate from [Mur90, Theorem 2.2.5].

Theorem 2.2.4. Let A be a unital C*-algebra. Let a,b,c € A. If a <b
then c*ac < c*be.

Proof. Assume that A is a unital C*-algebra. Assume that a,b,c € A and
a <b. Then, b —a € A" and by part 4 of Theorem [2.2.2]

c*be — c*ac = c*(b—a)c € AT,
Therefore, c*ac < ¢*be. O

Theorem 2.2.5. Let A be a unital C*-algebra. Let a,b € A such that
0<a<b. Then, |al <.
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Proof. Assume that A is a unital C*-algebra. Assume that a,b € A and

0 < a <b. First, we claim that b < ||b||14. Let C}, be the C*-subalgebra of
A generated by the set {14,b}. Then, C) is a commutative C*-algebra and
thus, we can consider its Gelfand representation from Theorem |1.6.8

Let Ay : Cy — Ctso(Xp, C) be the isometric *-isomorphism from Cj, to
Ctso(Xp, C), where X, is a locally compact Hausdorff space. Since A, is
isometric, then

sup|Ap(b) ()] = [[Ao(0)]| = [|b]]-

zeX
Now let 1 be the multiplicative unit of C'tso(X,, C) (the constant function
1). Then, the function ||b||1 — Ay (b) is positive and by applying the inverse
map A; ', we deduce that the element ||b||14 — b € C, is positive. So,
14 = b

Since 0 < a < b by assumption, then a < ||b||14. Next, let C, be the
C*-subalgebra of A generated by the set {14,a}. Again, C, is a
commutative C*-algebra and thus, we let A, : C, — Ctso(X,, C) denote the
Gelfand representation of C,. Then, the function ||b]|1 — A,(a) is positive
and if x € X, then

0 < Au(a)z < b

By taking the absolute value and then the supremum over all x € X, we
find that ||a|| = [[As(a)]| < H||b||llH Hence, (||b|| — ||a||)1 is a positive
function and consequently, ||b]] > ||al|. O

Theorem 2.2.6. Let A be a unital C*-algebra and a,b € A be positive
invertible elements of A. If a < b then 0 < b~ <a~!.

Proof. Assume that A is a unital C*-algebra. Assume that a,b € A are
positive invertible elements of A.

To show: (a) If ¢ > 14 then c is invertible.
(a) Assume that ¢ € A such that ¢ > 14. Let C. denote the C*-subalgebra
generated by the set {14, c} and A, : C. — Ctsy(X,, C) be the Gelfand

representation of C.. Here, X, is a locally compact Hausdorff space.

Since ¢ > 14, then the function A.(c) — 1 is positive. Here, 1 is the
multiplicative unit of Ctsy(X,, C). Since 0 < ¢, the function A.(c) is
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real-valued and positive. If x € X, then A.(c)(x) > 1. Thus, we can define
the inverse function A.(c)~! by

A(o)™h: X,

C
T 1

Ac(e)(z)”

Then, A.(c)™! € Ctso(X,,C) and A.(c)A.(c)™* = 1. By applying the inverse
map A !, we find that ¢ is an invertible element of A, with inverse given by

_>
|_>

ct =AY A(e)Th).

C

Note that by construction, we also have ¢! < 14.
Now assume that a < b. Since a is invertible, then

_1 1 _1, 1
la=a 2aa 2 <a 2ba 2.

By part (a), we deduce that

azblaz < 14.

Consequently, b=} < a"2a~2 = a~! as required. O

2.3 Approximate units

Theorem [1.8.3 can be strengthened, giving rise to the powerful notion of an
approximate unit. It is powerful because every C*-algebra has an
approximate unit.

Definition 2.3.1. Let A be a C*-algebra. An approximate unit is an
increasing net {uy}er of positive elements in the closed unit ball of A (L is
a upwards directed set) such that if a € A then

a = lim auy = limu,a.
A b

Let A be a C*-algebra and A" be the poset of positive elements in A (see
Theorem [2.2.3)). Let Af denote the set of positive elements in A with norm
less than 1. Then, A7 is a poset, inheriting its relation from A*. We will
prove that the set A} is upwards directed.

Theorem 2.3.1. Let A be a C*-algebra and A] be the poset of positive
elements of A with norm less than 1. Let a,b € AT. Then, there exists
c € Al such that a < c and b < c.
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Proof. Assume that A is a C*-algebra and A is the poset of positive
elements of A with norm less than 1. If a € A" then 1; + a is invertible in
the unitization A (since 04(a) = 0 ;(a) and 7(a) < ||a]| < 1) and
a(lA—l—CL)fl =1;— (1[1—}—&)71.

To show: (a) If a,b € AT and a < b then a(lz+a)™' <b(1;+0b)7".

(a) Assume that a,b € A and a <b. Then, 15 +a <15+ bin the
unitization A. By Theorem [2.2.6, (15 +b)~' < (1; 4+ a)~". Therefore,

a(lj+a) " =13-(13+a) <1;—(13+b) " =b1;+0b)"

as required.

Next, we claim that if a € AT then a(1; +a)™t € Af. Let C be the
C*-subalgebra of A generated by the set {1;,a} and A : C — Ctsy(X,C)
denote the Gelfand representation of C, where X is a locally compact
Hausdorff space. Since A is isometric, we have

MH
1+ A(a)"™

where 1 € Ctso(X,C) is the unit (the map x — 1). Obviously, a(1; +a)™*
is still positive.

la(1z +a)~ = | <l

Now assume that a,b € Af. Define a’ =a(l;—a) ! and ¥ =b(15; —b)"".
By the spectral mapping theorem in Theorem and the fact that if
x € [0,1) then

T

>0

— Y

11—z
we deduce that the elements @’ and b are both positive. Furthermore,
d(lz+a) " =a(lz—a) (i +alli—a)) ' =a
and similarly /(14 +0')~! = b. Now define ¢ = (¢’ + b')(1;+d + ).
Then, @’ < a4+ and ¥ < @’ +¥'. By the proof of part (a), c € A and thus,
a=d(l;+ad) ' <(@+b)(1;+d+V) " =c
Similarly, b < c¢. Therefore, the poset A is upwards directed. O

Now we will proceed to prove the existence of an approximate unit.
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Theorem 2.3.2. Let A be a C*-algebra. Let A = A be the set of positive
elements of A with norm less than 1, which is an upwards directed poset by
Theorem . If A € A then define uy = A. Then, {uy}xren is an

approximate unit for A (sometimes called the canonical approximate unit).

Proof. Assume that A is a C*-algebra and that A is defined as above. By
Theorem , {ur}ren is an increasing net of positive elements contained
in the closed unit ball of A. Hence, it suffices to show that if a € A then

a = limy uya. Since A linearly spans A, we may assume that a € A.

Assume that € € Ry and C*(a) is the C*-subalgebra of the unitization A
generated by the set {14,a}. Using Theorem [1.6.8] let

v : C*(a) = Ctso(X,C) denote the Gelfand representation of C*(a), where
X is a compact Hausdorff space. If f = ¢(a) then

K={weX||flwzeCX

is compact. By Urysohn’s lemma, we can construct a continuous function
g : X — [0,1] with compact support such that if w € K then g(w) = 1. Let
0 € Ry such that 6 <1 and 1 — ¢ < €. Then,

1f = 09flloe < [I.fllocll L = dglloc = [lallI1 = dgllec <e.

The last inequality follows from the assumption that a € A = A]. Now
define \g = ¢ 1(dg). Then, Ay € A and by the above inequality,

la =uxall = [la = roall = [[p(a = Aoa)lloo = If = 09 fllec <€

To see that limy uya = a, let A € A such that A\ > \g. Then,
15 —uy < 14— uy, and by Theorem [2.2.4]

a(l; —upy)a=a"(17 —ur)a <a*(1; —uy)a=a(lz—uy)a.

Therefore,
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1
la —urall® = (11 —wn)2 (15 — ur)2alf?
1
< (1 = w2 P —ur)2alf?
1
=15 —wllll(15 — ur)2al?
< 114115 = ux)2al> (Theorem R.2.5)
= l[(Li = w)zal|”
= lla(1z — ua)all
< |la(1 4z — upy)a|| (Theorem [2.2.5))
< llalllla — ux,all <

Nl N

So, limy uya = a. The equality lim) auy = a follows from an analogous
argument. OJ

The rest of this section is dedicated to proving useful properties about
approximate units.

Theorem 2.3.3. Let A be a C*-algebra and I be a closed left ideal of A.

Then, there exists an increasing net {uy}rer of positive elements contained
in the closed unit ball of I such that if a € I then a = limy au,.

Proof. Assume that A is a C*-algebra and I is a closed left ideal of A.
Define B = I N I*. Then, B is a C*-algebra and thus, we can use Theorem
to construct an approximate unit {uy}rer. If a € I then a*a € B. So,

liin a*a(lg —uy) = li)r\n(a*a —a*auy) =0
and subsequently
lim|la — aux[* = lim|la(15 — u,)|
— tim (15— w)a'a(L; — )|
< limf|(15 —uy)llla*a(lz —un)l]

B
< li§n||a*a(1]§ —uy)|| = 0.

So, a = lim, au,. O

Theorem 2.3.4. Let A be a C*-algebra and (¢, H) be a non-degenerate
representation of A. Let {uy}ren be an approximate unit for A. Then,
{@(up)}ren is an approximate unit for the image ¢(A) which converges
strongly to the identity operator idy.
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For a refresher on the strong operator topology on B(H), consult the

beginning of

Proof. Assume that A is a C*-algebra and (p, H) is a non-degenerate
representation of A. Assume that {u)} ea is an approximate unit for A.
Since ¢ is continuous, the net {¢p(uy)}rea is an approximate unit for the
C*-algebra p(A).

If b € ¢(A) then

liin bo(uy) = h)I\Il o(uy)b =b.

Since (¢, H) is non-degenerate, we can use Theorem [1.10.4] to show that
©(A)H = H. If £ € H then

lim(bp(ux))E = lim(p(ur)b)§ = bE.

Since this holds for arbitrary b € p(A)H, we deduce that if ¢ € H then

limp(ur)y = 9.

Therefore, the net {p(uy)}rea converges strongly to the identity operator
1dp. ]

Theorem 2.3.5. Let A be a C*-algebra and T be a bounded linear
functional on A. The following are equivalent:

1. T 1s positive.
2. If {ur}aer is an approzimate unit for A then ||7|| = limy 7(uy).

3. There exists an approximate unit {uy}rer, for A satisfying
||| = limy 7(wy).

Proof. Assume that A is a C*-algebra and 7 is a bounded linear functional
on A. Without loss of generality, assume that ||7]| = 1.

First assume that 7 is positive and {u)},er is an approximate unit for A.
By the construction in Theorem [2.3.2] u, is positive (and self-adjoint) for
A € L and the sequence {7(uy)}rer is increasing in R. Hence, it must
converge to its supremum. Since ||7|| = 1 then sup,.;, 7(uy) < 1.
Consequently, limy 7(uy) < 1.
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Now assume that a € A and ||la|| < 1. Then,

[m(ua)* < r(ud)7(a"a) = 7(w)r(a"a) < 7(wy)l|7lla"al| < lim7(uy).

By taking the limit over A € L, we deduce that |7(a)|* < limy 7(uy). Taking
the supremum over all @ € A with |Ja|| < 1, we find that 1 <lim) 7(uy).
Therefore, 1 = limy 7(uy).

It is obvious that the second statement implies the third. Finally, assume
that there exists an approximate unit {uy}rer such that 1 = limy 7(uy).
First, assume that a € A is self-adjoint and ||a|| < 1.

To show: (a) 7(a) € R.

(a) Assume that 7(a) = a + i3, where a, f € R. We may assume further
that 8 < 0. If n € Z~( then

|7(a — inuy) |* < [|7]1%]la — inuy||?

=|la — mu,\H2

= ||(a + inuy)(a — inuy)||

= ||a* + n*u3 — in(auy — uxa)||

<1+ n®+nlauy — ural|.
Taking the limit over A € L, we find that by our assumption
I7(a) — in|* = li/I\n]T(a —inuy)|?
< li/{n(l +n® + nllauy — upal|)
=1+n%

So, |a +i(8 — n)|* <1+ n? By expanding the LHS of the inequality and
then rearranging, we find that

—26n<1—p?—a?

Since # < 0 and the above inequality holds for n € Z~(, then § = 0. Hence,
7(a) € R.
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Finally, assume that a is positive and ||a|| < 1. Then, uy — a is self-adjoint
and [Juy — al| < |lua]| <1 by Theorem 2.2.5] By part (a), 7(uy —a) € R and
subsequently, 7(uy —a) < ||7||||ux — a|| < 1. Taking the limit over A € L, we
find that

1> li/{n T(uy —a) = li;\n(T(u,\) —7(a)) =1—71(a).
Hence, 7(a) > 0 and 7 must be positive. This completes the proof. O
An intriguing consequence of Theorem [2.3.5]is the following result.

Theorem 2.3.6. Let A be a C*-algebra and 7,7 be positive linear
functionals on A. Then, |7 +7'|| = ||7]| + ||7’]-

Proof. Assume that A is a C*-algebra. Assume that 7 and 7’ are positive
linear functionals on A. Let {uy}rea be an approximate unit for A. By

Theorem [2.3.5, ||7|| = limy 7(uy) and ||7'|| = limy 7/(uy). So,
17+ 7'l = lim(7 (un) + 7(ur)) = 7] + [I7”]]-
[

Theorem 2.3.7. Let A be a unital C*-algebra and 7 : A — C be a bounded
linear functional. Then, T is positive if and only if T(14) = |||

Proof. Assume that A is a unital C*-algebra. Assume that 7: A — Cis a
bounded linear functional. Let {u)}rer, be an approximate unit for A. By
Theorem [2.3.5] 7 is positive if and only if

7] = li/r\nT(u,\) = liinT(lAuA) =7(14).
Il

Our next use of approximate units is to generalise certain results contained

in Theorem [1.12.2]

Theorem 2.3.8. Let A be a C*-algebra and 7 : A — C be a positive linear
functional.

1. If a € A then t(a*a) =0 if and only for b € A, 7(ba) =0
2. If a,b € A then T(b*a*ab) < ||a*a||T(b*D).
3. If a € A then 7(a*) = 7(a).
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4. If a € A then |T(a)|]? < ||7]|7(a*a).

Proof. Assume that A is a C*-algebra and 7: A — C is a positive linear
functional. The map

(—,—): AxA —» C
(a,b) +— 7(b*a)

defines a sesquilinear form on A and thus, satisfies the Cauchy-Schwarz
inequality. If a € A satisfies 7(a*a) = 0 then this holds if and only if for
be A,

I7(ba)|? < 7(a*a)T(bb*) = 0
if and only if 7(ba) = 0.
For the second statement, assume that a,b € A. Observe that if 7(b*b) =0

then by the first part, 7(b*a*ab) = 0 and the inequality is trivially satisfied.
So, assume that 7(b*b) > 0. Define the function

p: A — C
7(b*cb)
C = T

It is easy to verify that p is a positive linear functional. Now let {uy}rcr be
an approximate unit for A. By Theorem [2.3.5]

L A G T(0*b)
Hence,
T(0*a*ab . .
o) — pfaa) < ol

which gives the desired inequality. For the third statement, assume that
a € A. Then,

T(a*) = liin T(a*uy) = li{ﬂ T(ura) = 7(a

~—

Note that the second last equality in the above equation follows from the
fact that (—, —) is a sesquilinear form on A. For the final statement, we
argue directly that
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(@) = limlr(ua)]
< li§n|7'(u?\) |7 (a"a) (Cauchy-Schwarz inequality)

< [Irl[r(a’a).

2.4 An introduction to von Neumann
algebras

Recall Theorem [1.6.9] which states that if A is a commutative C*-algebra
then there exists a locally compact Hausdorff space X such that

A = Ctso(X,C) as C*-algebras. In this sense, the theory of C*-algebras can
be thought of as a theory of “non-commutative topology”.

Von Neumann algebras are a specific class of C*-algebras which happen to
be the setting for “non-commutative measure theory”. The reason for this
is because abelian von Neumann algebras are, up to isomorphism, of the
form L>(X, p), where (X, u) is a measure space. This section serves as an
introduction to the rich theory of von Neumann algebras, with [Mur90,
Chapter 4] serving as the main reference. The main result we cover is the
well-known double commutant theorem.

Let H be a Hilbert space. There are a wide variety of topologies on the
space of bounded linear operators B(H). The most important one for this
section is the strong operator topology, which we will introduce in a more
general context.

Definition 2.4.1. Let V and W be Banach spaces and B(V, W) be the
Banach space of bounded linear operators 7' : V' — W. The strong
operator topology on B(V,W) is the F-weak topology, where F is the set

F=A{ev, : BV,W)—=>W |veV}

and ev,(T) = T'(v). That is, the strong operator topology on B(V, W) is
the weakest topology on B(V,W) which makes the evaluation maps in F
continuous.

Note that the ordinary norm topology on B(V, W) also makes the
evaluation maps in F continuous. Hence, the strong operator topology is

162



weaker than the norm topology. Here is how convergence is expressed in
the strong operator topology.

Theorem 2.4.1. Let V and W be Banach spaces and B(V, W) denote the
Banach space of bounded linear operators T :' V' — W. Then, a sequence
{An ez, in B(V,W) converges to an operator A in the strong operator
topology if and only if forv eV, Ayv — Av in W.

Proof. Assume that V' and W are Banach spaces and B(V, W) is the
Banach space of bounded linear operators.

To show: (a) If a sequence A,, — A in the strong operator topology on
B(V,W) then for v e V, A,v — Av in W.

(b) If for v € V' A,v — Av in W then A,, — A in the strong operator
topology on B(V,W).

(a) Assume that {A,},ez., is a sequence in B(V, W) which converges to
A € B(V,W) in the strong operator topology. Assume that € € R.o. Then,
there exists N € Z-( such that if n > N then

A, —A€L,oe={T € B(V,IW) | |Tv| < e}
So, ||(A, — A)v|| < € and consequently, A,v — Av in W.
(b) Assume that if v € V' then A,v — Av in W. Assume that € € R.,.
Then, there exists N € Z~q such that if n > N then ||4,v — Av|| < e. This
means that

A, — A€ Lyoe={T € B(V,W) | |Tv| < ¢}

Since L, is a basic open set in the space B(V, W) with the strong
operator topology, we deduce that A,, — A in the strong operator
topology. O

Using Theorem [2.4.1] we will provide an example illustrating the difference
between the strong operator topology and the norm topology.

Example 2.4.1. Let V = W = (*(C). For n € Z-,, define

L,: *(C)
(r1,29,...)

*(C)

—
= (xn-i-l? Tn+2, - - - )
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We will show that the sequence L,, converges to zero in the strong operator
topology, but does not converge in the norm topology.

If z = (z1,79,...) € £*(C) then

Loz = 3 Jaf? = 0

i=n+1

as n — oo. Hence, L,z — 0x and consequently, L,, — 0 in the strong
operator topology.

To see that L, does not converge to zero in the norm topology, observe that

[Ln]l = sup || Lnz]|
Jall=1

> [[La(0,0,...,1,0,...)]
=[/(1,0,0,...)]] = 1.

Since || Ly, || > 1 for n € Z~, L, can never converge to zero in the norm
topology.

If H is a Hilbert space then B(H) is a topological vector space. So, the
operations of addition and scalar multiplication are continuous with respect
to the strong operator topology on B(H). However, multiplication and
involution are not in general strongly continuous.

Example 2.4.2. Let H be an infinite-dimensional Hilbert space with
orthonormal basis {e,}>° . If n € Z~q then let u,, = |e1)(e,|. If z € H then

un(z) = (z,€,)e€1.
and
Tim flup (2)[| = lim |(z, en)[ =0

because if we write z = Y .~ (z, e;)e; then all but finitely many of the
coefficients (x,e;) are zero.

Now, u’ = |e,){e1| and if x € X then

lim [Jug, (2)[| = Tim [(z, eq)].
n—00 n—00
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This clearly does not converge in the strong operator topology on B(H)
because if z = e; then lim,, . ||u*(x)|| = 1. Hence, the involution operation
on B(H) is not strongly continuous.

So far, we have mentioned that the strong operator topology on B(H)
behaves badly in some aspects. Next, we will discuss a useful feature of the
strong operator topology. Let B(H),, denote the set of self-adjoint
operators on H. Then, (B(H )y, <) is a poset, where z < y if and only if

y — x > 0 or alternatively, if and only if y — z is a positive operator. This is
elaborated on further in [Soll8| Section 3.1].

We will prove that if we have a net {u;};c; of self-adjoint operators which is
increasing (with respect to the partial order <) and bounded above then it
must strongly converge.

Theorem 2.4.2. Let H be a Hilbert space over C and {z;}ic; be a net of
self-adjoint operators such that if i > j, then x; > x;. Assume that there
exists C' € Rwg such that if i € I then ||z;|| < C.

Then, there exists a self-adjoint operator x € B(H) such that if i € I then
x > x; and if y € B(H) is an operator satisfying y > x; for i € I then
y > x. Moreover, {x;}ier converges to x in the strong topology.

Proof. Assume that {z;};c; is a net of self-adjoint operators satisfying the
properties above. If € € H then the net {(£, z;(£)) }ier in R is bounded and
non-decreasing. Hence, it must converge to its supremum:

lim (€, ;(S)) = Sg)(&wi(é))-

Now observe that by the polarization identity, the net {({, z;(n)) }ier in C
must also converge. To see why this is the case, write

3

> i€+ P, i€ + i)

k=0
for j € I and then take the limit of both sides as j — oo. Since the RHS
converges in the limit, the LHS must converge as well.

A

(& 2i(n) =

Now let F'(&,n) = lim; 00 (€, z;(n)). This is a sesquilinear form which is
bounded because

F(& )] = [ lim (€, ()| = T (€, z:(n))] < Ol ]
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For n € H, define the map

gbg: H — C
n — F(n)

This is a continuous/bounded linear functional. By the Riesz
representation theorem, there exists unique 7 € H such that

F(&n) = lim(¢, z:(n)) = (€ 7).

Consequently, there exists a unique operator « € B(H) such that

F(&m) = (& =) = lim{¢, z:(n))

for &, m € H. Notice that F'(£,£) € R since it is the limit of a sequence in R.
Hence, x must be a self-adjoint operator.

To see that x > x; for ¢ € I, we compute directly that
(6, 2(8)) = lim(g, 25(¢)) = S‘u?@,xj(f)) > (&, z:(8)).
j€
Now assume that y € B(H) satisfies y > z; for i € I. If £ € H then
1€
So, y > z. Finally, to see that {z;} converges to z in the strong topology,
we find that if £ € H then

l2(&) — 2O = ll(z — z:)é]I*

=|l(x — z;)2(x — x,)2€*  (since z > z;)
1 1
< (@ =) 2|l (2 — @:) 2]
1
= ||z — zi||||(z — =) 2¢|)? (since & — x; is self-adjoint)

< (lall + i )| (2 — @) 2€]
< 2CH(9€—~"Q)I€H2

= 20((x — 2:)?€, (v — ;)€
=20, (x —x;)(£)) = 0

in the limit over 7 € 1. L]
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Note that by multiplying by -1, Theorem [2.4.2] also tells us that a
non-increasing sequence of self-adjoint operators which is bounded below
must be strongly convergent.

Now suppose that H is a Hilbert space and that {p;};cr is a net of
projections in B(H), which strongly converges to an operator p. Firstly, p
is self-adjoint by similar reasoning to Theorem [2.4.2] To see that p is
idempotent, we compute directly that if &, € H then

(p€;m) = (lim pi€, )
= Zliglo@z‘& n)
= lim (pi¢, n)
= lim (p;; pin)
= (p&, ) = (P*&,m).

Therefore, p = p? and p is a projection.

Recall that if V' is a normed vector space then a sequence {z, }nez., is
summable if the sequence of partial sums {3 2, } yez., converges to
some x € V. We will extend this definition to locally convex spaces.

Definition 2.4.2. Let X be a locally convex space and {x;};c; be a net in
X. The net {z;};cs is summable to a point x € X if the net

{D ier TitPcr, F finite converges to x. We write x = )., x;. Note that F
runs over all non-empty finite subsets of .

Here is a result regarding nets of pairwise orthogonal projections.

Theorem 2.4.3. Let H be a Hilbert space and {p;}ic; be a net of
projections which are pairwise orthogonal. That is, if 1,7 € I are distinct
then p;p; = 0. Then, {p;}icr is summable to a projection p with respect to
the strong operator topology on B(H). Moreover, p satisfies for & € H

gl = O _lImig)*)?
iel
and if p =idy then the map

Gaiel pi(H)

H —
§ (pi€)ier

18 a unitary operator.
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Proof. Assume that H is a Hilbert space and {p;}ics is a net of projections
which are pairwise orthogonal. If F'is a non-empty finite subset of I then
> icr Di is itself a projection because the projections {p; }ic; are pairwise
orthogonal.

So, the net {> ..y pi}rcr, F finite 18 increasing and bounded above. By
Theorem [2.4.2] it must strongly converge to some projection p.
Alternatively, the net {p;};c; is strongly summable. Moreover, if £ € H then

2 7 2 1 2 — 2
Ip€]1% = Timl Y pi€]l® = tim > llpicll* =D _lIpi&.
ieF icF iel
The second equality follows from the fact that the projections {p;};cr are
pairwise orthogonal.

Now consider the case where p = idy (p is the identity operator on H).
Define the map

A @ie[pi(H) - H
(pi€)ier = Z,;ejpif =¢.

The map A is bijective. To see that A is a unitary operator, we compute
directly that if £, € H then

((pi&)ier, A n) = (A((pil)ier).m) = (€, n)

and

((pi€)ier, A™'n) = {(pi€)ier, (pm)ier) = D> _(pi&pim) = Y (i, pm) = (£ m).

icl ijel
So, A* = A~! and consequently, A is a unitary operator as required. n
Here is the one of the most important definitions in this section.

Definition 2.4.3. Let A be a C-algebra and C' be a subset of A. The
commutant of C, denoted by C’, is defined as the set

C'={a€ A|lf c e C then ac = ca}.
Let us prove the following useful properties satisfied by the commutant.

Theorem 2.4.4. Let A be a C-algebra and C' be a subset of A.
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1. The commutant C" is a subalgebra of A.
ccc.
Cl — Ci///‘

If A is a normed algebra then the commutant C' is closed.

A

If A is a *algebra and C is closed under involution then C' is a
*_subalgebra of A.

Proof. Assume that A is a C-algebra and C'is a subset of A. Assume that
a,b € C"and A € C. If ¢ € C then (Aa)c = a(Ac), (a+ b)c = c¢(a+ b) and
(ab)e = acb = c¢(ab). Hence, C’ is a subalgebra of A.

If ¢ € C then ¢ commutes with C” by assumption. Hence, C' C C”. In
particular, this means that ¢/ C C”. On the other hand, if £k € C" then k
commutes with the double commutant C”. Since C' C C”, k must commute
with C. Hence, k € C" and C"" C C". Subsequently, we have C"" = (C".

Now assume that A is a normed algebra. To see that C” is closed, assume
that {c], }nez., is a sequence in C” which converges to some ¢ € A. If c€ C
then

led = de|| = ||ed — e, + e — ||
< fled’ = e[l + [lee — del]
< llelllle” = eull + llen, = €Illlel

€
< 2|lell(5=) = €
2|<]

Since € € Ry was arbitrary, we deduce that ¢ = ¢’c and ¢ € C’. Hence,
C" is closed.

Finally, assume that A is a *-algebra and that C' is closed under involution.
We know from the first part that A is a C-subalgebra of A. If ¢ € " and
¢ € C then the adjoint ¢* € C and

Hence, C" is a *-subalgebra of A as required. n

As we will see shortly, the double commutant theorem is a consequence of
the following theorem.
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Theorem 2.4.5. Let H be a Hilbert space and A a *-subalgebra of B(H).
Assume that idg € A. Then, A is strongly dense in its double commutant
A”. That is, A is dense in A" with respect to the strong operator topology

on B(H).

Proof. Assume that H is a Hilbert space and A is a *-subalgebra of B(H).
Assume that idg € A. If £ € H then define

K =To(©) [ve 4},

Then, K is a closed vector subspace of H. Let p € B(H) denote the
projection onto K.

To show: (a) p e A'.
(a) Assume that n € H. Then, pn € K. Hence, there exists a net {v,&}ner
in K which converges to pn. Now, if w € A and n € [ then wv,£ € K.

Since w is a bounded operator, the net {wv,&},e; converges to wpn € K.

In particular, wpn = pwpn and since n € H was arbitrary, we deduce that if
w € A then wp = pwp.

Now if w € A and &, € H then

n,w'pf) (since A is a *-algebra)

So,pe A.
Assume that u € A”. Since p € A" by part (a), pu = up. Recall that by

assumption, the identity operator idy € A. Hence, £ € {v€|v e A} C K
and

ué = upé = pué € K.

Assume that € € R.y. Since ué € K, then there exists v € A such that
||lu§ — v€|| < e. This means that

ve{we B(H) | ||wE —ugl|| < €}
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We recognise that the set {w € B(H) | |[w& — u&|| < €} is a basic open set
in the strong operator topology on B(H). Consequently, every open set of
B(H) containing u € A” contains an element of A. Hence, A” is the strong
closure of A. ]

Now we introduce the notion of a von Neumann algebra.

Definition 2.4.4. Let H be a Hilbert space. A von Neumann algebra
on H is a strongly closed *-subalgebra of B(H).

Notice that if A is a von Neumann algebra then A is strongly closed and
hence, closed with respect to the norm topology. Hence, A is also a
C*-algebra.

One example of a von Neumann algebra is B(H) for a Hilbert space H. We
will give another example from [Putl9, Example 1.13.3].

Example 2.4.3. Let (X, 1) be a measure space. The space of essentially
bounded functions L*°(X, ) acts on the Hilbert space L*(X, ) as
multiplication operators (see [Soll8, Section 4.1]). It turns out that
L>(X, p) is a commutative von Neumann algebra.

A useful result which gives us some more examples of von Neumann
algebras is that the commutant of a *-algebra on a Hilbert space is a von
Neumann algebra.

Theorem 2.4.6. Let H be a Hilbert space and A be a *-subalgebra of
B(H). Then, the commutant A" is a von Neumann algebra.

Proof. Assume that H is a Hilbert space and A is a *-subalgebra of B(H).
By Theorem [2.4.4] the commutant A’ is a *-subalgebra of B(H).

To show: (a) A’ is strongly closed.

(a) Assume that {a/ },cs is a net in A" which strongly converges to some
a’ € B(H). To see that o’ € A’, assume that a € A and € € R.g. Then,
there exists N € I such that if n > N in I and £ € H then

€
2||all
By taking the supremum over all £ € H with [|£]| = 1, we obtain the

inequality ||a!, — d'|| < 3ar- Hence,

la, (&) — (&)l <
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ld'a — ad'|| = ||a'a — al,a + aal, — ad||
< 2[afllla’ — |

Since € € Ry was arbitrary, we deduce that a’a = aa’ and o’ € A’ as
required.

Since A’ is strongly closed by part (a), we deduce that A’ is a von Neumann
algebra. n

Now we will state and prove the important double commutant theorem,
attributed to von Neumann himself.

Theorem 2.4.7 (Double commutant theorem). Let H be a Hilbert space
and A be a *-subalgebra of B(H). Assume that the identity operator
idy € A. Then, A is a von Neumann algebra on H if and only if A = A".

Proof. Assume that H is a Hilbert space and A is a *-subalgebra of B(H).
Assume that the identity operator idy € A. If A is a von Neumann algebra
then it is strongly closed. By Theorem [2.4.5, we have A = A = A”.

On the other hand, if A = A” then by Theorem [2.4.5, A = A” = A. So, A is
strongly closed and is therefore, a von Neumann algebra. O]

Example 2.4.4. If H is a Hilbert space then B(H)" = Cidg. To see why,
note that Cidy, = B(H). Now Cidy is a von Neumann algebra containing
the identity idy. By the double commutant theorem, Cid}, = Cidy. So,
Cidy = Cid};, = B(H)'.

In particular, B(H)" = Cid}; = B(H). By the double commutant theorem,
we deduce that B(H) is itself a von Neumann algebra.

As we will see later, the important elements of a von Neumann algebra are
its projections. First, we will prove some results related to projections.

Theorem 2.4.8. Let H be a Hilbert space and K be a closed vector
subspace of H. Let p: H — K be the projection of H onto K. Then, the
map

P: pB(H)p — B(K)
u = U, = Ul

is a *-isomorphism.
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Proof. Assume that H is a Hilbert space and K is a closed vector subspace
of H. Assume that P is the map defined as above. It is straightforward to
check that P is a *-homomorphism.

To see that P is injective, assume that u,v € pB(H )p such that
P(u) = P(v). Then, there exists u',v" € B(H) such that u = pup and
v = pv'p. Since u|x = v|k then

u= (pu'p)p = up = vp = (pv'p)p = v.
So, P is injective. Now assume that w € B(K). Then,

P(pwp) = pwp|x = pw = w.

So, P is surjective. Thus, P is a *-isomorphism. O

If H is a Hilbert space, A is a *-subalgebra of B(H) and p € A’ is a
projection then we define

A, = {u, | ue A},

Theorem 2.4.9. Let H be a Hilbert space and A be a *-subalgebra of
B(H). Let p € A’ be a projection. Then, pAp is a *-subalgebra of B(H), A,
is a *-subalgebra on B(pH) and the map

P: pAp — A,
(T

is a *-isomorphism. Moreover, if p € A" then (A4’), = (4,)’.

Proof. Assume that H is a Hilbert space and A is a *-subalgebra of B(H).
Assume that p € A’ is a projection.

To show: (a) pAp is a *-subalgebra of B(H).
(b) A, is a *-subalgebra of B(pH).

(c) P is a *-isomorphism.

(d) If p e A” then (A4'), = (A,)".

(a) This follows from direct computations. We note that pAp is closed
under multiplication because p? = p and that pAp is closed under
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involution because p* = p.
(b) First assume that u € A. Recall that

A, =A{u, |ue A}
By definition, u, = u|,y and if £ € H then

uy(p€) = u(p§) = p(uf) € pH

where the last equality follows from the fact that p € A’. Hence,
u, € B(pH) and A, C B(pH). From here, the fact that A, is a
*_subalgebra of B(pH) follows from direct computation.

(c) We omit the computation necessary to show that P is a
*_homomorphism. To see that P is injective, assume that pap, pbp € pAp
such that P(pap) = P(pbp). Then, pap|,n = pbp|,n and

pap = (pap)p = papl,ur = pbplya = (pbp)p = pbp.

So, P is injective. To see that P is surjective, assume that u € A,. Then,
there exists v € A such that v = v, = v|,z. We compute directly that

P(pvp) = puplpr = ppvlpr = vlpr = v, = u.

Hence, P is surjective. We conclude that P is a *-isomorphism.

(d) Assume that p € A”. Assume that w € (A’),. Then, there exists v € A’
such that w = v, = v|,u. To see that w € (A,)’, assume that u, € A,. If
¢ € H then

wuy(pg) = vpup(pé) = vpupp(§) = pupv(p) = puyvy(pé) = upw(pf).

For clarity, we used the fact that u, € B(pH) in the last equality.
Therefore, w € (A,) and (A"), C (A,)".

Conversely, assume that z € (4,)". If u, € A, then zu, = u,z. We want to
show that z € (A’),. So, write z = pup for some v € B(H). Then,

ZUp = pUppUp = PUpUp = pupvp = Upz.

So, as operators in A, C B(pH), pvpu = pupv. Therefore, vu = uv and
consequently, v € A’. Hence, z € (A’), which completes the proof. O
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In [Mur90, Page 118], it is mentioned that sometimes, a von Neumann
algebra on a Hilbert space H is defined to be a *-subalgebra A of B(H)
such that A” = A. This ensures that idg € A and that A is unital. We will
see in the next result, that von Neumann algebras are indeed unital, even if
we stick to our original definition.

Theorem 2.4.10. Let A be a non-zero von Neumann algebra. Then, A is
unital.

Proof. Let H be a Hilbert space and A C B(H) be a von Neumann algebra.
Let {uy}rea be an approximate unit for A (see Theorem [2.3.2)). By
Theorem m, the net {uy}rea converges in the strong operator topology
to a self-adjoint element p. Since A is a von Neumann algebra, it is strongly
closed and so p € A.

We claim that p € A is the unit of A. If £ € H and u € A then

pué = h)r\n u ué = ué.

So, pu = u. By a similar argument, up = u (use Theorem [2.3.2]). Therefore,
p is a unit for A and A is unital. O]

Let H be a Hilbert space and A be a von Neumann algebra on H. By
Theorem [2.4.10, A has a unit which we denote by p. Since p is a unit, it is
a projection and p € A’. By Theorem [2.4.9 the map

A=pAp — A,

u U (2.1)

is a *-isomorphism. So, A, C B(pH) is a von Neumann algebra on pH.
Furthermore, id,y = p, € A,. By Theorem m, (A,)" = A,. This
construction is frequently used to reduce to the case where a von Neumann
algebra is equal to its double commutant.

Definition 2.4.5. Let H be a Hilbert space and u € B(H). Define the
range projection of u to be the projection of H onto uH. The range
projection of u is denoted by [u].

Recall that if H is a Hilbert space and = € B(H) then « = u|z|, where u is
a partial isometry and |z| = (z*z)2. This is called the polar
decomposition of z. See [Soll8, Section 3.4] and [Mur90, Theorem 2.3.4]
for the details on polar decomposition.
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Theorem 2.4.11. Let H be a Hilbert space and A C B(H) be a von
Neumann algebra. Then,

{[u] |ue A} C A.

That is, A contains the range projections of all of its elements.

Proof. Assume that H is a Hilbert space and A C B(H) is a von Neumann
algebra. Let u € A. In order to show that [u] € A where [u] is the range
projection of u, we want to reduce to the case where u is positive.

To show: (a) [u] = [(uu*)2].

(a) In order to show that [u] = [(uu*)2], it suffices to show that
., ——1L
ul = (uu*)2H . We compute directly that

—1 N
uH™ = keru® = ker(uu®)2 = (uu*)z H .

The middle equality follows from the polar decomposition of u*.

By part (a), we may assume that u € A is positive. By scaling, we can also
assume that ||u| <1 so that u < idy (see the proof of Theorem [2.2.5). If
n € Z~o then let u, = u?". By our assumptions, {tn }nez., 1s an increasing
sequence of positive elements contained in the closed unit ball of A. To see
why it is increasing, we have u < idy and by applying Theorem [2.2.4]

=

1
u2:u2

w\»—a

1.
< wuz2idguz = u.

If i € Z~ then |Ju;|| < 1 since ||u|| < 1. Hence, u; < idy and we can replace
u with u; in the above computation. This yields u;_1 < u;.

By Theorem [2.4.2] the sequence {u, }nez., strongly converges to a positive
operator, which we denote by p. Since A is strongly closed, p € A. Now if
x € H then

1(p* — ) (@)

<N = unp) (@) + [|(unp — uiy) ()|
<

(P = un) ()| + [[(p = un) ().

We conclude that the net {u2},cz., strongly converges to p*. But, if
n € Zs then u?2 = u,_;. Therefore, p* = p.
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To show: (b) uH = pH.

(b) Assume that £ € H. Then, p§ = lim,,_, u,& and by the continuous
functional calculus in Theorem , the sequence {u, }nez., is contained
in the C*-subalgebra generated by u. Therefore, lim,,_,o0 u,é € uH and
pH C uH.

Conversely, assume that ;1 € uH so that there exists a sequence {u&; }icz,
which converges to u. If n € Z-( then define

fo: ou) CRyy — R
t o
Then, {f,}nez., Is an increasing sequence which converges pointwise to the

identity map idy(,). By Dini’s theorem, the convergence must be uniform.
Applying the continuous functional calculus, we find that

. -n .
w= lim v = lim wu, = up.
n—oo n—oo

Similarly, © = pu. Subsequently, we have

p=lim u&; = lim pu&; = p(lim u&;) = pp.
1—00 71— 00 1—00
We conclude that uH C pH. So, uH = pH.
To summarise, we have constructed a positive operator p € A such that

p? = p and pH = uH by part (b). Hence, p = [u] € A and consequently, A
contains the range projections of all of its elements. O]

The next result tells us how von Neumann algebras interact with the polar
decomposition.

Theorem 2.4.12. Let H be a Hilbert space and A C B(H) be a von
Neumann algebra. Let v = u|v| € A be the polar decomposition of v. Then,
ueA.

Proof. Assume that H is a Hilbert space and A C B(H) be a von Neumann
algebra. Assume that v € A such that v = ulv| is its polar decomposition.
Let w € A’ be a unitary operator and w = w*uw. Then,

W = wrutwwuw = wrutuw.

So, w*w is a projection and hence, w is a partial isometry. Furthermore,
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wlv| = wruw|v| = wrulv|w = wrow = v.

Here, we used the fact that w € A" and v, |v| € A. To see that
ker w = ker v, recall from the construction of polar decomposition that u*u
is a projection from H onto the subspace |v|H. Notably, u*u is the range

projection of |v| € A. By Theorem [2.4.11} v*u € A and

W = wutuw = vruwtw = vtu.

Therefore, the partial isometries w and u have the same initial subspace —
|v|H. By the characterisation of partial isometries on B(H) in [Soll8|,
Proposition 3.12], @ and w are both isometries on |v|H and equal to zero on

]v]Hl = ker|v|. Therefore,

ker w0 = ker u = kerv.

So, w is a partial isometry satisfying v = w|v| and ker @ = ker v. By
uniqueness of the polar decomposition as in [Mur90, Theorem 2.3.4],

w*uw = w = u. In particular, w*uw = w*wu and by multiplying on the left
by w, we deduce that uw = wu.

Now, the commutant A’ is the linear span of its unitary elements (by
Theorem [2.11.4). So, v commutes with A’ and u € A” = (A + Cidy)". By
Theorem [2.4.5, there exists nets {uy}rea and {ax}rea in A and C
respectively such that if £ € H then

liin(u)\f + &) = ué.
Now let p = [|v|]. By Theorem [2.4.11] p € A. We know that by the polar
decomposition, the image
(idg —p)H = |"U|HL = ker|v| = ker v = ker u.

So, u(idg — p) = 0 and consequently, © = up. This means that u is the
strong limit of the net {uyp + axp}rea which lies entirely in A. Since A is
strongly closed then u € A as required. O]

We will now prove the important fact that a von Neumann algebra is the
closed linear span of its projections.

Theorem 2.4.13. Let H be a Hilbert space and A C B(H) be a von
Neumann algebra.
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1. A is the closed linear span of its projections.

2. Ifidg € A, uw € A is normal, S is a Borel subset of o(u) and E is the
spectral resolution of the identity for u then E(S) € A.

3. Ifidy € A andv € B(H) thenv € A if and only if v commutes with
all the projections of A’.

Proof. Assume that H is a Hilbert space and A C B(H) is a von Neumann
algebra. We will prove the second statement first.

Assume that idg € A, u € A is normal and FE is the spectral resolution of
the identity for u. Recall from [Mur90, Theorem 2.5.6] that E is the unique
spectral measure such that if f € Cts(o(u),C) and

Ac : Cts(o(u),C) — B(H) is the continuous functional calculus then

rclh) = [ 1 a,

If v € A’ then uv = vu and vu* = u*v. Let Bor(o(u),C) denote the space
of Borel functions from o(u) to C. Since v commutes with u, v* and idy,
we can apply the Stone-Weierstrass theorem to deduce that if

f € Bor(o(u),C) then vf(u) = f(u)v. In particular, recall the construction
of the spectral measure £ — if S C o(u) is Borel then E(S) = xg(u). So,
vE(S) = E(S)v. By the double commutant theorem in Theorem [2.4.7) we
must have E(S) € A” = A as required.

We will now prove the first statement. Without loss of generality, we may
assume that idy € A (see the remark at equation ((2.1))). We know that
Bor(o(u),C) is the closed linear span of its characteristic functions. That
is,

Bor(o(u),C) = spanc{xs | S is a Borel subset of o(u)}.

In particular, the identity map idy(,y € Bor(o(u),C) is the norm limit of a
sequence { f, }nez., contained in the span of the characteristic functions on
Borel subsets of o(u). By applying the Borel functional calculus (see [Soll8|
Theorem 7.7]), we deduce that u € A is the norm limit of the sequence
{fu(u) }nez-,- Since every element of A can be written as the sum of two
self-adjoint elements in A, every element of A can be written as a norm
limit of a sequence of elements spanned by projections in A. So, A is the
closed linear span of its projections.
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Finally, assume that idy € A and v € B(H). By the first statement, A’ is a
von Neumann algebra and thus, the closed linear span of its projections.
Hence, v € A if and only if v commutes with all the projections of A’. O]

Let us investigate some consequences of the important Theorem [2.4.13]

Theorem 2.4.14. Let A be a non-zero C*-algebra acting on a Hilbert space
H. Then, the following are equivalent:

1. A acts irreducibly on H
2. A =Cidy.

3. A is strongly dense in B(H)

Proof. Assume that A is a non-zero C*-algebra acting on a Hilbert space
H. We will first prove that the first statement is equivalent to the second
statement. Assume that A acts irreducibly on H. Let p € B(H) be a
projection.

To show: (a) p € A" if and only if the closed subspace pH is invariant for A.

(a) Assume that p € A" and a € A. Then, apH = paH C pH. Therefore,
pH is invariant for A. Conversely, assume that pH is invariant for A. If

a € A then apH C pH and ap = pap. Note that a € B(pH). Subsequently,
we can use Theorem to show that there exists b € B(H) such that

a = pbp. Therefore, pap = ap = (pbp)p = pbp = a and

pa = p(pap) = p(ap) = ap.
So, p € A’. This proves part (a).

Since A acts irreducibly on H then there are no non-trivial closed subspaces
of H which are invariant for A. By part (a), A’ only consists of the trivial
projections; the identity map idy and the zero map. Now A’ is a von

Neumann algebra. By Theorem [2.4.13] A’ is the closed linear span of its
projections. So, A’ = Cidy.

Conversely, assume that A acts reducibly on H (the representation of A on
H is reducible). Then, there exists a non-trivial closed subspace K C H
which is invariant for A. Let px be the projection operator from H onto K.
By part (a), px is a non-trivial projection in A’. Therefore, A" # Cidy.
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This proves that the first and second statements are equivalent.

Now we prove that the second and third statements are equivalent. First,
assume that A" = Cidy. Then, (A + Cidy) = Cidy and
(A+ Cidy)" = B(H). By Theorem [2.4.5] A + Cidy is strongly dense in
B(H). Since A’ = Cidy then A acts irreducibly on H. By Theorem [2.3.4] if
{ur}aea is an approximate unit for A then {uy} ea converges strongly to
the identity ¢dy. Therefore,

A% — A Cidg " = B(H)
where A°°" is the closure of A with respect to the strong operator
topology. We conclude that A is strongly dense in B(H).

Conversely, assume that A is strongly dense in B(H). Then,
A" = B(H)' = Cidg. This proves the equivalence of the second and third
statements, completing the proof. O]

As demonstrated in the proof of Theorem [2.4.13] von Neumann algebras
have a large supply of projections. In the next result, we will give a
construction which reinforces this important idea.

Definition 2.4.6. Let A be a C*-algebra and B C A be a C*-subalgebra of
A. We say that B is hereditary if the following statement is satisfied: If
a€ AT, be BT and a < b then a € B.

Theorem 2.4.15. Let H be a Hilbert space and B C B(H) be a von
Neumann algebra. Let A C B be a hereditary C*-subalgebra of A. Let
a € A be a positive element such that ||a|| < 1. Then, there exists a
sequence of projections {pn}tnez., in A such that

Proof. First, assume that H is a Hilbert space and A C B(H) is a von
Neumann algebra. Without loss of generality, we may assume that idy € A
(again, see the remark punctuated by equation (2 ) Assume that a € A
is a positive element with norm ||a|] < 1. We Wlll use induction to construct
a sequence of projections {p, }nez., such that if n € Z-( then

O<a—zp QL

wl@
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The idea here is to use the Borel functional calculus. Let x : o(a) — C be
defined by

1, if t > 1/2,
t) = =
x(®) {o, if t <1/2.

Since x is a sum of characteristic functions then y € Bor(o(a),C). Let
t: o(a) < C denote the inclusion map. Then,

0< 1 <1
L__ f—
= 2X_2

because o(a) C [0,1]. Applying the Borel functional calculus, we find that

1 1.
0<a-— §X(@) < EZdH-

Let p; = x. Then, p; is a projection and by the second statement in
Theorem [2.4.13| p, € A.

Now we argue inductively. Suppose that we have projections
P1,D2; -+ -, Pn € A such that

0<a—zp] _2—nde

Let b=a — Z?: 2—] By the inductive hypothesis, b is a positive element of

A and o(b) C [0,27"]. Define xp+1 : 0(b) — C by

() = 1, ifte[27 277,
X8 = 0, otherwise.

Arguing in the same manner, we note that 0 < — §2 < # and by the
Borel functional calculus on b,

2n+1 — 2n+1

0<b-— idp.

By setting p,+1 = Xn+1(b), we find that p,.; is a projection and an element
of A (we argue in the same way as for p;). Therefore, we have projections
D1y, Pne1 in A such that
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This completes the induction. By taking the limit as n — oo, we obtain a
sequence of projections {py }nez., in A such that

Zlg— and azzg—j.
7=1

This proves the statement in this particular case. For the general case,
assume that B C B(H) is a von Neumann algebra and A C B is a
hereditary C*-subalgebra of B. Assume that a € A is a positive element
such that ||a|| < 1. By the previous case, there exists a sequence of
projections {p,}nez., in B such that a =Y, &. Now observe that if
n € Z~o then

SO

Since A is a hereditary C*—subalgebra of B, we find that p, € A. This
completes the proof. O

l\')|’@
l\')l’@

A consequence of Theorem [2.4.15|is the following result.

Theorem 2.4.16. Let H be a Hilbert space. Let B C B(H) be a von
Neumann algebra and A C B be a hereditary C*-subalgebra of B. Then, A
is the closed linear span of its projections.

Proof. Assume that H is a Hilbert space, B C B(H) is a von Neumann
algebra and A is a hereditary C*-subalgebra of B. We know that A is the
linear span of its positive elements. By Theorem [2.4.15] A* is contained in
the closed linear span of the projections of A. This means that A is
contained in the closed linear span of the projections of A. The reverse
inclusion also holds. So, A is the closed linear span of its projections. m

We will end this section with some results about the ideal By(H) C B(H)
of bounded compact operators on a Hilbert space H. First, we make an
important definition.

Definition 2.4.7. Let A be a C*-algebra and p, ¢ € A be projections. We
say that p and ¢ are (Murray-von Neumann) equivalent if there exists
u € A such that p = u*u and ¢ = uu*. We write p ~ ¢ to mean that p and ¢
are equivalent.

It is easy to check that Murray-von Neumann equivalence is an equivalence
relation. It is remarked in [Mur90, Page 122] that Murray-von Neumann
equivalence is of fundamental importance in the classification of von
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Neumann algebras and in the K-theory of C*-algebras. For now, we only
focus on one particular application of the equivalence.

Example 2.4.5. Let H be a separable Hilbert space and p,q € B(H) be
infinite-rank projections. We claim that p ~ ¢. To see why this is the case,
let {en}nez., and { fy}nez., be orthonormal bases for pH and ¢H
respectively. Define the map u : pH — qH by

u: pH — qH
en o

Note that u is a unitary map. Recalling that pH & (idg — p)H = H, we
define

v: H — H
¢ ué, if £ € pH,
0, if £ € (idy — p)H.

Then, v € B(H). If £, un € H then

(v*0g, p) = (v, vp)
= (v(p€ + (1du — p)§),v(pp + (idu — p)p))
= (up&, upp) = (p€, pp) = (P&, 1)

Analogously,

(Vu*, p) = (v, v* )
= (V" (¢€ + (idu — q)§),v" (g + (idg — q)p))
= (u"q€, u qu) = (g€, qu) = (€, 11).

So, p=v*v, ¢ =vv* and p ~ q.

Theorem 2.4.17. Let H be a separable infinite-dimensional Hilbert space.
Then, the space of bounded compact operators Bo(H) is the unique
non-trivial closed ideal of B(H).

Proof. Assume that H is a separable infinite-dimensional Hilbert space. Let
I C B(H) be a non-zero closed ideal of B(H). Let F(H) be the ideal of
finite-rank operators on H. Then, F(H) = By(H), where closure is taken
with respect to the norm topology. We also have F'(H) C I by [Mur90,
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Theorem 2.4.7]. Since [ is closed then By(H) C I.

Now assume that I ¢ By(H). By Theorem [2.4.16] By(H) cannot contain all
the projections of I. We can apply Theorem [2.4.16 in the first place
because B(H) is a von Neumann algebra and the closed ideal [ is a
hereditary C*-subalgebra of B(H) (see [Mur90l, Corollary 3.2.3]). So, there
exists an infinite-rank projection p € I.

If g is another infinite-rank projection on H then, by the previous example,
there exists an element v € B(H) such that p = v*u and ¢ = uwu*. But,

q = ¢*> = upu* € I. Therefore, any projection is an element of I, whether it
is finite-rank or infinite-rank. We conclude that I = B(H). Hence, the only
three closed ideals of B(H) are 0, By(H) and B(H) and the only
non-trivial closed ideal of B(H) is By(H). O

Definition 2.4.8. Let H be a Hilbert space. The Calkin algebra is the
quotient C*-algebra B(H)/By(H).

Theorem 2.4.18. Let H be a separable infinite-dimensional Hilbert space.
Then, the Calkin algebra B(H)/Bo(H) is a simple C*-algebra.

Proof. Assume that H is a separable infinite-dimensional Hilbert space. Let
7w : B(H) — B(H)/By(H) denote the canonical quotient map onto the
Calkin algebra.

Now let I be a closed ideal of B(H)/By(H). Then, the preimage 7~ '(I) is a
closed ideal of B(H). By Theorem 7 7~ (I) is equal to one of

0, Bo(H), B(H). If 7=*(I) = 0 then [ = 0. If 7~!(I) = B(H) then

I = B(H)/By(H). Finally, if 7=*(I) = By(H) then I = 0. We conclude
that the Calkin algebra is a simple C*-algebra. O]

We will conclude this section with an application of Theorem [2.4.15| to
compact operators. First, we need the following result.

Theorem 2.4.19. Let H be a Hilbert space and u,v € B(H) such that
uu* < vv*. Then, there exists w € B(H) such that u = vw.

Proof. Assume that H is a Hilbert space and u,v € B(H) such that
uu* < vv*. If € € H then

lu€ll* = (wu'e, &) < (vv*€, &) = [lv*¢]”.

Now define the linear map wqy by
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wy: vVH — H
v = utE
We claim that wq is well-defined. Assume that &;,& € H such that
v*& = v"&. Then, v*(& — &) = 0 and since [[u* (& — &) < [[v*(& — &)l

wo(v*&1) = 1 = u'§y = wo(v*Ea).

So, wy is a well-defined, norm-decreasing linear map on v*H. We can extend
wp to a bounded linear map wy € B(H). If w = w] and &, u € H then

(vwé, ) = (vwi, p)
= (&, wvp) = (€, wov*p)
= (& u'p) = (ug, ).

So, u = vw as required. n

Theorem 2.4.20. Let H be a Hilbert space and u € B(H). Then, u is a
compact operator if and only if the image wH contains no
infinite-dimensional closed vector subspace of H.

Proof. Assume that H is a Hilbert space and u € B(H). First, assume that
u is a compact operator. Let K be a closed vector subspace of uH and pg
be the projection operator of H onto K. Define the linear map

v: (kerpu)t — K
T = pu(z).

To show: (a) v is compact.
(b) v is bijective.
(a) v is compact because u € By(H) and By(H) is an ideal of B(H).

(b) To see that v is injective, assume that &, & € (ker pu)t such that
pu(&1) = pu(&s). Then, & — & € ker pu and

(62,6 = &) = (61,61 — &) =0

Therefore, ||&; — &[> = 0 and & = &. Hence, v is injective.

To see that v is surjective, assume that k € K. Since K is a closed vector
subspace of uH then there exists 6 € H such that ud = k. Because k € K,
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we also have pud = pk = k. Using the fact that H = ker pu & (ker pu)t,
write § = §; + dy, where &; € ker pu and &, € (ker pu)t. Thus,

v(d2) = pu(d2) = pu(d1 + 02) = pu(d) = .

Thus, v is surjective and subsequently bijective.

By part (b), we can apply the inverse mapping theorem to deduce that the
operator v ! is bounded. By part (a), v is compact and thus, the identity
idg = vv~! is a compact operator. We deduce that K is finite dimensional.

Conversely, assume that the image uH does not contain an
infinite-dimensional closed vector subspace of H. We will first justify why
we can assume that u is positive. Let u* = w|u*| be the polar
decomposition of u*.

To show: (c¢) uH = |u*|H.
(d) w is compact if and only if |u*| is compact.
(c) By the polar decomposition,

(Ju*|H)* = ker|u*| = keru* = (uH)™*.
Therefore, |u*|H = uH.

(d) Since u* = w|u*| then u = |u*|w*. Hence, if |u*| is compact then u is
compact. By the polar decomposition, we also have |u*| = w*u*. Taking
adjoints, we have |u*| = vw. This shows that if u is compact then |u*| is
compact.

Therefore, by replacing u with |u*|, we may assume without loss of
generality that u € B(H) is positive. By rescaling, we may assume that
lul| <1 so that 0 < u < idy. So, 0 < u? < idy and by Theorem ,
there exists a sequence of projections {py }nez., such that

9
=3
n=1

| i)

n
"

[\)

If n € Z+( then

2 uu*zz;_zz P (pn )



By Theorem [2.4.19] there exists w € B(H) such that

L and  p, = u((Q”)%w).

(27)2
Let w, = (2”)%74). Then, w,, satisfies p,, = vw,. So, p,H is a closed vector
subspace of uH. Since uH cannot contain an infinite-dimensional closed
vector subspace of H, p, H must be finite-dimensional. Consequently, if
n € Z~q then p, is a finite-rank projection and hence compact. Therefore,

u? =3, bris compact and u must be compact as required. ]

2.5 The weak and ultraweak topologies

In this section, we will first define the weak operator topology and the
ultraweak topology on B(H) where H is a Hilbert space. We will
investigate some results linking the weak operator topology to von
Neumann algebras.

The definition of the ultraweak topology requires the isomorphism

B (H)* = B(H). To reiterate, By(H) is the Banach algebra of trace-class
operators on H. One can think of the dualities By(H)* = B;(H) and

By (H)* = B(H) as the non-commutative analogues of the well-known
sequence space dualities ¢ = ¢! and (¢1)* = .

We summarise the dualities By(H)* = By(H) and B(H)* = B(H) below,
drawing from the references [Mur90), Section 4.2] and [Sol18| Section 6.2].

Definition 2.5.1. Let H be a Hilbert space and {;},c; be an orthonormal
basis for H. Let t € B(H),. The trace of ¢, denoted by Tr(t), is defined by

Tr(t) = ) (t€,&) € [0,00].
jeJ
The space of trace-class operators, denoted by Bi(H), is defined by
Bi(H)={x € B(H) | Tr(|z|) < co}.
Here, if x € B(H) then |z| = (z*z)2.

It is a fact that the trace is independent of the choice of orthonormal basis
for H. The space By(H) is a Banach algebra with the trace norm, defined
below as
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=i Bi(H) = Rso
x = Tr(|x|).

The fact that By(H) is complete with respect to the trace norm is actually
a consequence of the isomorphism By(H)* = By(H), which we state below.

Theorem 2.5.1. Let H be a Hilbert space and x € By(H). Define the map
w1 Bo(H) — C
y o Tr(ey)
Then, ¢, € Bo(H)* and the map x — @, is a bijective isometry from
By (H) with the norm ||—||1 to Bo(H)* with the operator norm.
We also have the isomorphism By (H)* = B(H).
Theorem 2.5.2. Let H be a Hilbert space. If y € B(H) then define
Q/Jy By (H) — C
x — Tr(yzx).
Then, ¢, € B1(H)* and the map y — 1, is a bijective isometry from B(H)
to Bl (H)*

We will make use of Theorem to define the ultraweak topology on
B(H) later. First, we will introduce the weak operator topology on B(H).
In a similar vein to the strong operator topology introduced in [section 2.4]
we will first define the weak operator topology on the space of bounded
linear operators B(V, W), where V' and W are Banach spaces.

Definition 2.5.2. Let V and W be Banach spaces and B(V, W) be the
Banach space of bounded linear operators 7" : V' — W. The weak
operator topology on B(V, W) is the G-weak topology, where

G={)oev,: BV, W)—=ClveV,Ae W}
That is, the weak operator topology on B(V, W) is the weakest topology on
B(V, W) which makes the maps in G continuous.

We now characterise convergence in the weak operator topology.

Theorem 2.5.3. Let V and W be Banach spaces and B(V, W) denote the
Banach space of bounded linear operators T :' V- — W. Then, a sequence
{An ez, in B(V,W) converges to an operator A in the weak operator

topology if and only if forv eV and A € W*, \(A,v) — A(Av) in C.

189



Proof. Assume that V' and W are Banach spaces and B(V, W) is the
Banach space of bounded linear operators 7' : V- — W.

To show: (a) If a sequence A,, — A in the weak operator topology on
B(V,W) then if v € V and A € W* then A\(A4,v) — A(Av) in C.

(b) If v € V and A € W*, A(A,v) — A(Av) in C then A, — A in the weak
operator topology on B(V,W).

(a) Assume that A,, — A in the weak operator topology. Assume that
€ € Rog. Then, there exists N € Z~( such that if n > N then

A, —A€ Lyyoe={T € BV,W)||AXTv)| <€}
where A € W* and v € V. So,

IA((A, — A)v)| = [M(Anv) — AM(Av)| < e.
Hence, A\(A,v) = A(Av) in C.

(b) Assume that if v € V and A € W* then A\(A,v) — A(Av) in C. Assume
that € € Ryy. Then, there exists N € Z-( such that if n > N then

IN(Anv) — A(Av)] < e.

This means that

Ay — A€ Lysoe = {T € B(V,W) | INTv)| < €}

Since L, 0. is a basic open subset of B(V, W) with the weak operator
topology, we deduce that A, — A in the weak operator topology as
required. O

Example 2.5.1. Let V = W = ¢*(C). For n € Z, define

R, : *(C) — %(C)
(]71,1'2,...) — (070,...,07171,1'2)
In the above definition, the z; is in the (n + i)™ position for i € Z-.
To see that R, — 0 in the weak operator topology, assume that

T = (71,29,...) € £%(C) and X € £*(C)*. By the Riesz representation
theorem, A = (A1, Ag,...), —), where (Aj, \g,...) € £3(C). So,
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)\(Rn(xl,xQ,...)) )\(0,0,...,%l,l’g,...)

<(>\1,>\2,...),(0,0,...,331,272,...))

o
E )\n+i$i

=1
1Ot Rzl
[ Ln (A1, Az, )] — 0O

IN

as n — 0o. We used the shift operator L, in Example 2.4.1] In the second
last inequality, we used the Cauchy-Schwarz inequality. Therefore, R,, — 0
in the weak operator topology.

To see that R,, does not converge to zero in the norm topology, we compute
directly that

[Bnl| = sup || Rnx]]

Jof=1
> ||Ra(1,0,0,...)|
=/(0,...,0,1,0,0,...)] = 1.

So, R, does not converge to zero in the norm topology.

Finally, to see that R, does not converge to zero in the strong operator
topology, we observe that if x € ¢2(C) and n € Z~g then ||R,x| = ||z|.

Now, we specialise to the weak operator topology on B(H ), where H is a
Hilbert space. The definition of the weak operator topology on B(H)
implicitly uses the Riesz representation theorem.

Definition 2.5.3. Let H be a Hilbert space. The weak operator
topology on B(H) is the G-weak topology, where

For clarity, u € B(H).

By Theorem [2.5.3} a net {x, },e; in B(H) converges to z € B(H) in the
weak operator topology if and only if for &, u € H

(@ (&), ) = (x(€), 1)
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in C.

Now we will define the ultraweak topology on B(H). Let X and Y be
Banach spaces and Y* be the dual space of Y. Let B(X,Y™) denote the
Banach space of bounded linear transformations from X to Y*. Our goal is
to define a weak-* topology on B(X,Y™*). This will be accomplished by
proving that B(X,Y™) is isometrically isomorphic to the dual space Z* for
some Banach space Z.

We first construct the Banach space Z. If x € X and y € Y then define the
map

evy, : B(X,Y*) — C
L = L(z)(y)

This is an element of the dual space B(X,Y™*)* because firstly, ev,, is a
linear functional and secondly,

levay|l = ||ilﬁ§1!L(x)(y)| < [l[llyll-

In fact, we claim that ||ev, || > [|z||||y||. If f € X* and g € Y* then define
the linear map

Li,: X — Y*
r — f(x)g.
To see that Ly, is bounded, we compute directly that

[Lsgll = sup sup |f(z)g(w)] < [ flllg]-

[zll=1 lly[l=1
Now recall that by the Hahn-Banach extension theorem, there exists a
bounded linear functional 1, € X* such that ¢, (z) = ||z|| and ||¢.|| = 1.
Similarly, there exists ¢, € Y* such that ¢, (y) = |ly|| and [|¢,|| = 1. So,
Ly, 4, € B(X,Y™) satisfies

[ L || < M|y ]| = 1.

Subsequently, we have

leveyll = sup |evay(L)]
L)<t

> |evey (L, )| = Ly, (2) (y)]
= o ()0, ()| = [l |yl
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Therefore, if z € X and y € Y then |lev, || = ||z||||ly|l- It is straightforward
to check that if x1,25 € X, y1,92 € Y and A € C then

€V a2,y = Ui,y T Vs
€Vz1,y1+y2 = Uz, + EVz1,ys5
EVNg1 1 = ACUg, 415
€Uz Ay1 = )‘evzhyr

This suggests that we define the Banach space Z by

Z = spanc{evy, | v € X,y € Y}.
Now define the map

ev: B(X,Y*) — z*

L = (evyy > evg (L)) (2.2)

We claim that the map ev in equation ({2.2]) is an isometric isomorphism. It
is straightforward to show that ev is a linear map. To see that ev is
isometric, we compute directly that

leo(D)l = sup_Jev(L)(evay)| = sup [eve, (L) < [IL]]

lleva,ylI<1 lleva,yll<1

On the other hand,

IL] = sup sup [L(z)(y)]
Jall=1 llyl=1

= sup sup |evyy(L)] < sup |evy, (L)

llzl=1 llyll=1 l=lllyll=1
= Jev()(evy)| = [lev(L)]
evg y||=

Therefore, if L € B(X,Y™) then |lev(L)| = ||L|| and consequently, the
linear map ev in equation ([2.2)) is isometric.

To see that ev is injective, assume that Ly, Ly € B(X,Y™) such that
ev(Ly) =ev(Ls). If x € X and y € Y then

Ly(2)(y) = ev(Ln)(evsy) = ev(La)(evey) = La(2)(y).

So, L1 = L, and consequently, ev is injective. To see that ev is surjective,
assume that ¢ € Z*. If x € X then define the map

O Y — C
Yy = P(evyy).
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Once again, it is easy to check that ¢, is a linear functional. It is also
bounded because

|62/l = sup [¢x(y)| = sup |¢(evay)| < @]z

lyll=1 llyll=1

Now define the map
Ly: X — Y~
T = Oy

To see that L, is a linear operator, assume that z;, 22 € X and A € C. If
y € Y then

L¢(l’1 + x2)(y) = ¢x1+w2 (y)
= ¢(€U11+w27y) = ¢(ev117y) + ¢(€Uw27y)
= Ly(21)(y) + Lo(z2)(y)

and

Ly(Az1)(y) = dre: ()
= P(eVrz, ) = AP(EVz, y)
= ALg(21)(y)-

SO7 L¢<LL’1 + .772) = L¢(l’1) + L¢(l’2) and L¢()\J)1) = /\Ld)(xl) This

demonstrates that L, is a linear operator. It is also bounded because

I1Zgll = sup [|g]] < f[#[l

]l <

Finally, we observe that if x € X and y € Y

ev(Ly)(evsy) = evyy(Ly) = Lg(2)(y) = d2(y) = dlevy,y).

So, ev(Ly) = ¢ and hence, ev is surjective. We conclude that the map ev
from equation (2.2)) is an isometric isomorphism.

Using the isomorphism in equation ({2.2)), we will now endow B(X,Y*) with

a particular topology. The dual space Z* can be endowed with the weak-*

topology, which is the weakest topology such that the subset of maps
{ev, 1o @(2) | o€ Z*,2€ Z}
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are all continuous. The weak-* topology is generated by the sub-basis

J'(B(x,€) | 2 € Z, © € C, € € Rug}.

{ev,

where B(x,¢) C C is the open ball centred at x € C with radius € € R..

Definition 2.5.4. Let X and Y be Banach spaces. Let ev denote the
isometric *-isomorphism in equation (2.2]). The ultraweak topology on
B(X,Y™) is the weak-* topology with sub-basis

{ev ' (ev; (B(z,€))) | z€ Z, 2 € C, € € Ryg}.

We remark that in [Pau02], the ultraweak topology is called the BW
(bounded weak) topology. The name “bounded weak” is a result of the
following theorem.

Theorem 2.5.4. Let X and Y be Banach spaces. Let {Ly)}xen be a
bounded net in B(X,Y™*). Then, Ly converges to L € B(X,Y™) in the
ultraweak topology if and only if for x € X, Ly(x) converges weakly to L(zx).

Proof. Assume that X and Y are Banach spaces. First, assume that the
bounded net {L)} ea converges to L in the ultraweak topology on
B(X,Y*). Assume that € € R.o. Then, there exists A" € A such that if
r € X and y € Y then

Ly—1Lc¢ ev’l(ev;;y(B(O, €))).
So, ev(Ly — L) € ev,,! (B(0,¢)) and

|€Vew,,, (ev(Lx = L))| = [ev(La = L)(evay)| = [Ln(2)(y) — L(z)(y)| < e

Since y € Y was arbitrary, we find that if x € X then Ly(z) converges
weakly to L(z) on Y™

Conversely, assume that if € X then {L,(x)} ea converges weakly to
L(z)inY* If x € X and y € Y then Ly(x)(y) converges to L(z)(y).
Equivalently, eve,, ,(ev(Ly)) converges to eve,, ,(ev(L)) and subsequently,

ev,(ev(Ly)) — ev,(ev(L))

where z € spanc{evy, | v € X,y € Y}. Now since {L)}ea is a bounded
net, we deduce that the convergence ev,(ev(Ly)) — ev,(ev(L)) holds for
arbitrary z € Z and therefore, L) converges in the ultraweak topology on
B(X,Y™) to L. This completes the proof. O
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As explained in [Pau02, Chapter 7], the Banach space Z such that

Z* = B(H) can be identified either with the space of ultraweakly continuous
linear functionals in equation ([2.2)) or the space of trace-class operators in
Theorem [2.5.2, The general definition of the ultraweak topology given in
Definition focuses on the duality with ultraweakly continuous linear
functionals established in equation (2.2). By contrast, the definition of the
ultraweak topology on B(H) will focus on the duality with trace-class
operators. Note that the general definition of the ultraweak topology will

recur in [section 3.3

Definition 2.5.5. Let H be a Hilbert space. The ultraweak topology on
B(H) is the G-weak topology where

G ={ur Y, (x) =Tr(ux) |z € By(H)}.
Here, v, € B1(H)* is the functional defined in Theorem [2.5.2

As with the strong operator and weak operator topologies, we will now
describe convergence in the ultraweak topology.

Theorem 2.5.5. Let H be a Hilbert space. Then, a net {A;, }ner in B(H)
converges to an operator A € B(H) in the ultraweak topology if and only if
forxz € Bi(H), Tr(A,x) — Tr(Az) in C.

Proof. Assume that H is a Hilbert space. Assume that {4, },es is a net in
B(H).

To show: (a) If A, — A in the ultraweak topology on B(H) then if
x € By(H) then Tr(A,x) — Tr(Az) in C.

(b) If for z € By(H), Tr(A,x) — Tr(Az) in C then A, — A in the
ultraweak topology on B(H).

(a) Assume that A, — A in the ultraweak topology on B(H). Assume that
€ € R.y. Then, there exists N € I such that if n > N and « € B;(H) then

A, —AeLlyo.={ye BH)||Tr(yx)| <€}
This means that if x € By(H) then

|Tr(A,x) —Tr(Az)| = |Tr((A, — A)x)| <e.
So, Tr(A,x) — Tr(Az) in C.
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(b) Assume that if © € By(H) then Tr(A,x) — Tr(Az). Then, there exists
N € I such that if n > N then

|Tr(Apz) — Tr(Az)| = |Tr((A, — A)z)| < e.
Equivalently,

A, —A€L,o.={ye B(H)||Tr(yx)| <€}

Since L, is a basic open set of B(H) with the ultraweak topology, we
deduce that A, — A in the ultraweak topology as required. O

Example 2.5.2. Let H be a Hilbert space. We will give an example which
demonstrates that the weak operator topology is weaker than the ultraweak
topology on B(H). Let {u,}ner be a net which converges ultraweakly to an
operator u € B(H). Recall that By (H) is the closure of the linear span of
rank-one operators in B(H). That is,

Bi(H) = spanc{|§)(ul | &, 1 € H}.
By Theorem 2.5.5], if £, u € H then

Tr(un|€){ul) = Tr(ul){ul)

in C. If {¢;},e, is an orthonormal basis for H then

Tr(ulg)(ul) = (ul€)(ulg;, &)

jeJ
=) (u(&, W& &) =Y (& m(ug, &)
JjeJ jeJ
= (W€, Y (1,&)&5) = (ug, ).
jedJ

Hence, if ¢, n € H then (u,&, 1) converges to (ug, u). By Theorem [2.5.3]
this means that if v,, — u in the ultraweak topology then u, — wu in the
weak operator topology.

By its definition in Definition the ultraweak topology on B(H) is the
weak-* topology on B(H) = B,(H)*. Hence, the Banach-Alaoglu theorem
tells us that the closed unit ball of B(H) is ultraweakly compact. We
include this result in the next theorem.
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Theorem 2.5.6. Let H be a Hilbert space. Then, the closed unit ball of
B(H) is compact with respect to the ultraweak topology on B(H). Moreover,
the weak operator and ultraweak topologies on the closed unit ball of B(H)
coincide and therefore, the closed unit ball of B(H) is weakly compact.

Proof. Assume that H is a Hilbert space. Let

By ={z e B(H) | |z[| <1} € B(H)

be the closed unit ball of B(H). By the Banach-Alaoglu theorem, B is
compact with respect to the ultraweak topology on B(H). In what follows,
we will abbreviate the ultraweak topology as UWT and the weak operator
topology as WOT.

Consider the identity map

id : (Bl,UWT) — (Bl,WOT)

Since continuity in the ultraweak topology implies continuity in the weak
operator topology, id is a continuous bijection. Furthermore, B; is
ultraweakly compact and B; is Hausdorff in the weak operator topology.
Therefore, id is a homeomorphism which demonstrates that the ultraweak
topology and the weak operator topology coincide on B; and that By is
compact in the weak operator topology. O

In light of Theorem [2.5.6] one might wonder whether the closed unit ball
B; C B(H) is compact in the strong operator topology. We will show that
this is false. Suppose for the sake of contradiction that B; is strongly
compact. Then, the identity map

id: (By;,SOT) — (B;,WOT)
X —> x

is a continuous bijection from a compact space to a Hausdorff space. Hence,
td is a homeomorphism and the strong operator and weak operator
topologies coincide on B;. However, the involution operation is weakly
continuous, whereas by Example [2.4.2] involution is not strongly
continuous. This contradicts the finding that the strong and weak operator
topologies are the same on B;. Hence, B; is not strongly compact.

Theorem 2.5.7. Let H be a Hilbert space, A be a *-subalgebra of B(H)

such that idg € A and C be a subset of B(H). Let " denote the weak
closure of C'. Then,
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1. ¢V c o

2. AVT = ar

3. A is a von Neumann algebra if and only if A is weakly closed.

Proof. Assume that H is a Hilbert space, A is a *-subalgebra of B(H) such
that idy € A and C is a subset of B(H).

14

To show: (a) C T

(a) Assume that u € oV, Then, there exists a net {uy}rea in C' such
that if &, u € H then (u,\&, p) converges to (ué, p) in C. Assume that
we O If & u e H then

(uwé, p) = liin(u,\wf, )
= li/{n(wu)\f, 1)
= lim(usg, wip) = (u€, w'p)
= (wug, ).

—WOT
So, uw = wu and u € C”. Hence, C' cC”.

We know from part (a) that AV c oar, By Theorem [2.4.5 A is strongly
dense in A”. Since convergence in the strong operator topology implies
convergence in the weak operator topology then

Fvor A= T50T - Tvor

and we deduce that A” is the weak closure of A.

Finally by part (a) and the double commutant theorem in Theorem [2.4.7]

A is a von Neumann algebra if and only if A = A”. This holds if and only if

aver C A” = A and subsequently, if and only if A = aver, ]

We are interested in slightly extending the last statement of Theorem [2.5.7]
by removing the assumption that idgy € A. Along the way, we will
encounter particular situations where the strong and weak operator
topologies agree.

Theorem 2.5.8. Let H be a Hilbert space and 7 € B(H)*. Then, the
following are equivalent:
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1. 7 is weakly continuous.
2. T 18 strongly continuous.

3. There exists T1,...,Tn,Y1,---,Yn € H such that if u € B(H) then

n

T(u) = Z(u:cj,yj>.

j=1

Proof. Assume that H is a Hilbert space and 7 € B(H)*. We will first
prove that the third statement implies the first, Assume that there exists
X1y Ty Y1,y -« - Yn € H such that if u € B(H) then

n
T(u) =Y (uwj,y;).
j=1
To see that 7 is weakly continuous, note that by definition of the weak
operator topology, if j € {1,2,...,n} then the map u — (ux;,y;) is weakly
continuous. Since 7 is a sum of weakly continuous linear functionals then 7
is weakly continuous.

Now we prove that the first statement implies the second. Assume that

7 : B(H) — C is weakly continuous. Let U C C be an open set (with
respect to the usual Euclidean topology on C). Since 7 is weakly
continuous then the preimage 771(U) is weakly open in B(H). This means
that if z € 771(U) then there exists a basic weakly open set

Leyze €7 HU) such that &, u € H, e € Ry and

7 € Lepae =y € BUH) [ [{(y —2)& )| < e}
Now let S¢ .. be the basic strongly open set

Seae/nll = {y € B(H) | [[(y — )¢l < m}

We have the inclusions

—1
T € Seae/lul C Lepae €7 (U).

Thus, the preimage 7-1(U) is strongly open and 7 is strongly continuous.

Finally, assume that 7 is strongly continuous. Recalling the definition of
continuity for linear maps between locally convex spaces (see [RS80]
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Theorem V.2]), there exists M € R.g and 1, ...,z, € H such that if
u € B(H) then

<M 1.
IT(u)] < je{rff,‘f“.,n}||“%||

By scaling appropriately, we may assume that M = 1. Then,

n
1
7(w)| < max ||luz:| < ux;l|?) 2.
< o llos) < (3 )

Now let H™ = @ | H and

Ko = {(uzy,... ,ux,) |ue B(H)}Y C H™.

Then, K, is a vector subspace of H™. Let K be the norm closure of K
and define the function

o Ky

—>
(uxy, ..., ux,) +—

T(u).

Then, o is linear and bounded. In fact,

o (uzy, ... uzy)| = |7 (u)]
n
1
< (D lhuz; )2
j=1
= [l(uz1, ..., uzw) | gov.

So, ||o|| <1 and thus, we can extend o to a norm-decreasing linear
functional on K, which we will denote by ¢ again. Since K is a closed
vector subspace of H™ then K is a Hilbert space and by the Riesz
representation theorem, there exists (y1,...,¥,) € K such that

n

T(u) = o(uzy, ..., uxy) = (uxy, ..., uy), (Y1, Yn)) gy = Z(uxj,yj).

This completes the proof. O

Here is a particular situation where the strong and weak operator
topologies on B(H) agree.

Theorem 2.5.9. Let H be a Hilbert space and C C B(H) be a convex
subset of B(H). Then, C is strongly closed if and only if it is weakly closed.
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Proof. Assume that H is a Hilbert space. Assume that C' is a convex
subset of B(H).

To show: (a) If C' is weakly closed then C' is strongly closed.
(b) If C is strongly closed then C' is weakly closed.

(a) Assume that C' is weakly closed. Then, B(H) — C' is weakly open.
Arguing in the same manner as in Theorem we find that B(H) — C'is
strongly open, as the weak operator topology is weaker than the strong
operator topology. So, C' is strongly closed.

(b) Assume that C' is strongly closed. Let u € """ We want to show
that v € C. Since u is an element of the weak closure of C' then there exists
a net of operators {uy}rea which converges weakly to u. So, if 7 € B(H)* is
a weakly continuous linear functional then 7(u) = limy 7(u,).

By Theorem [2.5.8] the weakly continuous linear functionals are precisely
the strongly continuous linear functionals. Since C' is convex, we can use
[Mur90, Corollary A.8] to show that u € " = e, So, C'is weakly
closed. O

A major consequence of Theorem [2.5.9|is the following theorem.

Theorem 2.5.10. Let H be a Hilbert space and A C B(H) be a
*-subalgebra of B(H). Then, A is a von Neumann algebra if and only if A
s weakly closed.

Proof. Assume that H is a Hilbert space and A C B(H) is a *-subalgebra
of B(H). By Theorem A is weakly closed if and only if A is strongly
closed because A is convex. Hence, A is weakly closed if and only if A is a
von Neumann algebra. O

Another consequence of Theorem [2.5.9] we will frequently make use of is the
following;:

Theorem 2.5.11. Let H be a Hilbert space and C C B(H) be a convex

subset of B(H). Then, oot =T,

Proof. Assume that H is a Hilbert space and C' C B(H) is a convex subset

of B(H). It is straightforward to check that T and "7 are both
convex sets, by using Theorem [2.4.T] and Theorem [2.5.3] By Theorem [2.5.9]
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% s a weakly closed set containing C'. Therefore, oot C o

By Theorem [2.5.9 again, " s a strongly closed set containing C'.
T _ —WOT —SOT  =WOT

Therefore, C° C C and C' = O

Another important property satisfied by von Neumann algebras is that any
von Neumann algebra is the dual space of a Banach space. Note that this
does not hold for arbitrary C*-algebras. In fact, it was proved by Sakai that
if a C*-algebra is the dual space of a Banach space then it is isomorphic to
a von Neumann algebra.

Theorem 2.5.12. Let H be a Hilbert space and A C B(H) be a von
Neumann algebra. Then, there exists a Banach space X and an isometric
isomorphism 6 : A — X*.

Proof. Assume that H is a Hilbert space and that A C B(H) is a von
Neumann algebra. We will begin by constructing the Banach space X.

Define

At ={v e Bi(H)|If u € Athen Tr(uv) = 0}.

Then, At is a vector subspace of B;(H). Furthermore, it is closed with
respect to the trace norm on B;(H). So, let X = By(H)/AL. Then, X is a
Banach space, equipped with its quotient norm

|—llx: X =Bi(H)/A" — R>o
o+ At = infye e |l + b1
If w € A then define
O(u) : X — C
v+ At = Tr(uw).

By linearity of the trace, #(u) is a linear map. To see that #(u) is bounded,
we compute directly that
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10wl = sup  [Tr(uwv)]
Jo+AL ] x=1

= sup |Tr(uv) + Tr(uby)|

inf,_ 4 1 lo+bll1=1

= sup |Tr(u(v + b))

inf,_ 1 [o+b]1=1

< sup o ull[Tr(fo + bol)

inf,_ 1 [o+b]1=1

= sup  lufflfo +bolly = [Jull

inf, 1 [fo+b]1=1

In the above computation, we used the fact that if v € By(H) then there
exists by € A such that ||v + byl|; = infycqr ||v + b]|;. Therefore, if u € A
then 0(u) is a well-defined bounded linear functional on X.

Now let 0 : A — X* denote the map u — 6(u). By linearity of the trace, 6
is a linear map.

To show: (a) 6 is injective.
(b) 6 is surjective.
(c) 0 is isometric.

(a) Assume that u € A such that 6(u) =0 in X*. Let ¢p: B(H) — By(H)*
be the isometric isomorphism in Theorem If v e By(H) then

O(u)(v+ AT) = Tr(uv) = 1, (v) = 0.

So, ¥(u) =1, = 0 in By(H)*. Since v is injective then v = 0. Thus, 6 is
injective.

(b) Assume that 7 € X*. Let 7 : B1(H) — X denote the canonical quotient
map. Then, 7o € By(H)* and by surjectivity of ¢, there exists u € B(H)
such that 1 (u) = 7 ow. To see that u € A, first observe that if w € A+ then

Tr(uw) = ¢u(w) = P(u)(w) = (7 o m)(w) = 7(0) = 0.
Suppose for the sake of contradiction that v ¢ A. Then, u € B(H) — A. By

[Mur90,, Corollary A.9], there exists a strongly continuous linear functional
¢ : X — C such that if a € A then ¢(a) =0 and ¢(u) = 1.
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By Theorem [2.5.8 there exists x1,..., %, y1,...,Yyn € H such that if
v € B(H) then

n

o(v) =D (vaj,y;).

j=1

Recall that if j € {1,2,...,n} then the rank-one operator |z;)(y;| is a
trace-class operator. Let v = > |z;)(y;| € Bi(H). To see that v € A+, we
compute directly that if a € A then

Tr(av) = ZTT(alxi><yz-D = (azs,y) = ¥(a) = 0.

i=1
The last equality follows from the construction of the linear functional ¢.
Therefore, v € A+ and it follows that Tr(uv) = 0. But,

n

Tr(uv) = ZTT‘(U|J%><%I) =D {uwi,y;) = ¢(u) = 1

i=1
which contradicts the finding that Tr(uv) = 0. We conclude that u € A.
Now if w + AL € X then
O(u)(w + AY) = Tr(uw) = Y(u)(w) = (1 o) (w) = 7(w + A*).
Since w + A+ € X was arbitrary then 6(u) = 7. Hence, 6 is surjective.
(c) We have already found that if u € A then ||0(u)|| < ||u]|. To prove the

reverse inequality, assume that € € R.g. Then, there exists v € By(H) such
that

loli <1 and  [Y(u)(v)] > [[Y(w)]| — e
So,

16()]| = 10(u)(m ()| = [Tr(wo)| = [(u)(v)] > [[P(u)]] — e
By Theorem [2.5.2] ||0(u)|| > ||u|| — €. Since € € Ry was arbitrary then
10(w)|| > ||u|| and consequently, if u € A then ||0(u)|| = ||ul|.

By parts (a), (b) and (c), # is an isometric isomorphism as required. O

By using the isomorphism 6 : A — X* in Theorem [2.5.12] we can define a
weak-* topology on a von Neumann algebra A. Explicitly, it is the F-weak
topology given by the set
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F={evy00: A= C|ze X}
where if 7 € X* then ev,(7) = 7(x). If a € A and v + A+ € X then

(evypar 00)(a) = ev,y g1 (0(a)) = Tr(av).

By the construction of X in Theorem [2.5.12 we find that

F={a— Tr(av) | v € B1(H)}.

We conclude that weak-* topology on A induced by the isomorphism in
Theorem is exactly the ultraweak topology on A, inherited from the
ultraweak topology on B(H). We will use this to give a characterisation of
thw ultraweakly continuous functionals on the von Neumann algebra A.
First, we require the following result, which is [Mur90, Theorem A.2].

Theorem 2.5.13. Let X be a normed vector space. Then, a linear
functional 0 : X* — C is weak-* continuous if and only if there exists
xr € X such that 0 = ev,.

Proof. Assume that X is a normed vector space. By definition of the
weak-* topology on X*, if z € X then the evaluation map ev, : X* — C is
weak-* continuous.

Conversely, assume that 6 : X* — C is weak-* continuous. Thinking of X*
as a locally convex space, this means that there exists M € Ry, and
r1,%9,...,T, € X such that if 7 € X* then

o <M =M e, (7))

O < M _max[r(a)] =M _maxJevs, (1)
Therefore, § = 0 on the subspace (), ker ev,,. Now define the vector
subspace

V ={(v1,...,yn) € C" | There exists 7 € X* such that 7(x;) = y;}
and the linear map
g: Vv - C
(1(z1),...,7(xy)) — O(T)

To see that g is well-defined, assume that 7,7 € X* such that if
i€ {1,2,...,n} then 7(z;) = 7’(x;). Then, 7 — 7" € (._, ker ev,, and since
ker 0 C (N, ker ev,, then 6(7 — 7') = 0. So, g is a well-defined linear map.

206



Now take a basis for V' and extend it to a basis for C". By doing this, we
can extend the linear map ¢ to a linear map g : C" — C. Let {ey,...,e,}
be the standard basis for C". If 7 € X* then

n

6(r) = §((7(1), ... 7(2a)) = G evs,(T)es) = Zé(ei)evxi(ﬂ-

i=1
So, there exists Aq,..., A, € C such that

0= Mevy, + -+ A\ev,,.
Therefore, if £ = \jz1 + - -+ + \,x, then 6 = ev, as required. O

Theorem 2.5.14. Let H be a Hilbert space and A C B(H) be a von
Neumann algebra. Let 7 : A — C be a linear functional. Then, T is

ultraweakly continuous if and only if there exists uw € Bi(H) such that if
v e A then 7(v) = Tr(uv).

Proof. Assume that H is a Hilbert space and that A C B(H) is a von
Neumann algebra. Assume that 7: A — C is a linear functional. Then, 7 is
ultraweakly continuous if and only if 7 is weak-* continuous.

Let § : A — X* be the isomorphism constructed in Theorem [2.5.12] Then,
7 is weak-* continuous if and only if 7 0 §~! is weak-* continuous as a
functional on X*. By Theorem [2.5.13] this holds if and only if there exists
u € Bi(H) such that

eVyiaL =T 00T

Thus, ev, 4 00 =7 and if v € A then

7(v) = evyy L (0(v)) = O(v)(u + AL) = Tr(uw).

So, we conclude that 7 € A* is ultraweakly continuous if and only if there
exists u € By(H) such that if v € A then 7(v) = Tr(uv). O

2.6 The Kaplansky Density Theorem

It is remarked in [Ped18|, Section 2.3] that the Kaplansky Density theorem
is “Kaplansky’s great gift to mankind”. Following [Mur90, Section 4.3], we
will first prove a few results pertaining to the strong operator topology on
B(H) for a Hilbert space H. Recall from Example that the involution

map on B(H) is not strongly continuous. We will see in the next theorem
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that involution becomes strongly continuous when restricted to a particular
subset of operators.

Theorem 2.6.1. Let H be a Hilbert space. Let N C B(H) be the set of
normal operators in B(H). Then, the involution map on N

** N —- N
u = u*

15 strongly continuous.

Proof. Assume that H is a Hilbert space and that N C B(H) is the set of
normal operators in B(H). Assume that u,v € N. If £ € H then

I(w* = v")EN* = ((u" = v, (u” = v")E)
= (U, u*g) + (V€ v7E) — (WE,v°E) — (VTE u'S)
= [[ulf® + [[vg]]* — (vu'¢, &) — (w™€, €)
= [[ugll* — [[v&]1* + (vv*€, &) + (vv"E, €) — (vu™E, &) — (v, €)
= [[ul* = [[v€]]* + (v(v* = u")&, &) + (v — u)v"E, )
< Jull* = [[ogl* + 2| (v — w)og|lI€]l-
To be clear, in the third equality we used the fact that u and v are normal.

Now let {uy}rea be a net in N which strongly converges to u. By the above
inequality, we have

i (u” — )€1 < tim (]2 ~ un€ ] + 20 (s — s €]
— tim ([lug]l? — lun€]1?) + i (20} (ur — wyuié )
=0.

Therefore, the net {u}}ca strongly converges to u*. So, the involution map
when restricted to the set of normal operators NN is strongly continuous. [J

Similarly to Theorem [2.6.1} there is also a particular situation where
multiplication is strongly continuous.

Theorem 2.6.2. Let H be a Hilbert space and S be a bounded subset of
B(H). Then, the multiplication map

Sx B(H) — B(H)
(w,v) =  ww

18 strongly continuous.
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Proof. Assume that H is a Hilbert space and S is a bounded subset of
B(H). Assume that u € S and v € B(H). Let {uy}rea and {v)}rea be nets
which converge strongly to u and v respectively. If £ € H then

li/l\rn||uv§ —upupél|| = liinﬂmf — uv € + uvyé — upv ||
< lim (lullllv€ = va&ll + [|(uw — ua)va€]l)
= 0.

Therefore, {uyvy}area strongly converges to uv. So, the multiplication map
from S x B(H) to B(H) is strongly continuous. O

For the next major result required for the proof of the Kaplansky Density
theorem, we need the following definition.

Definition 2.6.1. Let f € Cts(R,C). We say that f is strongly
continuous if the following statement is satisfied: If H is a Hilbert space
and {uy}aea is a net of self-adjoint operators in B(H) which converge
strongly to a self-adjoint operator u € B(H) then {f(uy)}ren converges

strongly to f(u).
To be clear, the above definition of a strongly continuous function uses the

continuous functional calculus from Theorem [1.3.7} The next theorem gives
us a variety of examples of strongly continuous functions.

Theorem 2.6.3. Let f € Cts(R,C). If f is continuous and bounded then f
15 strongly continuous.

Proof. Recall from Definition that Ctsg(R, C) is the C*-algebra of
continuous functions f : R — C which vanish at infinity. Let A C Cts(R, C)
be the set of strongly continuous functions. With the pointwise defined
operations, A is a vector subspace of Cts(R, C).

We claim that if f,g € A and f is bounded then fg € A.

To show: (a) If f,g € A and f is bounded then fg € A.

(a) Assume that f, g € A and that f is bounded. Assume that H is a
Hilbert space and that {uy}xea is a net of self-adjoint operators in B(H)
which converge strongly to a self-adjoint operator u € B(H). Since f and g

are strongly continuous then the nets {f(uy)}rea and {g(uy)}rea converge
strongly to f(u) and g(u) respectively.
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By Theorem [2.6.2] {fg(uy)}rea must converge strongly to fg(u) because f
is bounded. So, fg € A.

Now let Ay = AN Ctso(R,C). We claim that Ay is a closed *-subalgebra of
CtSo (R, (C)

To show: (b) Ay is a closed subalgebra of Ctsy(R, C).
(c) Ap is self-adjoint (closed under the involution map).

(b) Since A and Ctsy(R,C) are both vector spaces, Ay is closed under
scalar multiplication and addition. To see that Ag is closed under
multiplication, assume that f,g € Ag. Since Ctso(R,C) is closed under

multiplication then fg € Ctso(R,C). By Theorem [1.6.5, f and g are both
bounded functions and by part (a) of the proof fg € A. So, fg € Ay.

To see that Ay is closed, let {f,},enm be a net in Ay which converges to f.
By Theorem , f € Ctso(R,C). Assume that H is a Hilbert space and
{ux}ren is a net of self-adjoint operators in B(H) which converge strongly
to a self-adjoint operator u € B(H). If ;1 € M then the net {f,(ux)}rea
converges strongly to f,(u).

Observe that if £ € H then

1 (ua)§ = F(w)éll < [10f (un) = Fulw)Ell + 1 (Fulun) = fu(@)Ell + 1 (fu(u) = f(u))E]]

— 0

in the limit over u € M. The first and last terms vanish in this limit
because the continuous functional calculus is an isometric isomorphism (see
Theorem [1.3.7)). Therefore, {f(uy)}ren converges strongly to f(u). So,

f € A and hence, f € Ag. This shows that A, is a closed subalgebra of
Ctso(R, C).

(c) Assume that f € Ay, H is a Hilbert space and {uy}rea is a net of
self-adjoint operators in B(H) which converge strongly to a self-adjoint

operator u € B(H). Since ff = ff then f(uy)f(uy)* = fux) f(uy). By
Theorem [2.6.1} the net {f(uy)*}rea strongly converges to f(u)*. So, f € Ag
and consequently, Ay is closed under the involution map.

The idea behind the proof is to exploit parts (b) and (c) by using the
Stone-Weierstrass theorem. First, we must show that the conditions of the
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Stone-Weierstrass theorem hold.
To show: (d) If € R then there exists f € Ay such that f(x) # 0.

(e) If z,y € R and x # y then there exists g € Ay such that g(z) # g(y) (Ao
separates points).

(d) Recall the isomorphism of C*-algebras given in Theorem [1.6.7 Define

the functions

f: R - C
1
T T2
and
g: R - C
r o= o

Then, lim, o f(2) = lim, o g(z) = 0. Now define the function
f:RU{o0} = C by f(z) = f(z) if  # 0o and f(co) = 0. The function
g :RU{oo} — C is defined similarly. The point is that

f.ge Cts(RU {00}, C) and by the isomorphism in Theorem m,

f,g € Ctso(R,C).

Now we will show that f, g € Ay. First we will show that g € Ay. Assume
that H is a Hilbert space and u,v € B(H) are self-adjoint. Using the
continuous functional calculus, we compute directly that

g(u) —g(v) = u(l+ 2)71 U(l +?) 7

L o?) — o) (14 o)
+v?) — (1+ u2)v) (140%™t
1+u?)” ((u v) + u(v —uw)v) (1 +v*)~"

Thus, if £ € H then

lg(u)é — g(w)éll = (1 +u*) " ((w = v) + u(v — w)v) (1 +v7) |
<N+ u?) ™ = v) (L +0") 7+ 11+ ) u(o — w)o(L +0*) 7|
<+ u?) 7l = o) (14 0%) 7+ 1+ u?)ullll (0 = wo(l+0*) 7]
= [F@ll(w = v)(1+ %)l + llg@)[[[(v = wv(l + %) ¢
< lu =)+ ") 7 ] + [[(v —wv(1+ %) 7.
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In the last inequality, we used the fact that || f(u)|| = || f]| < 1 and

lg(w)]| = lgllec < 1. So, if {uy}ren is a net of self-adjoint operators which
converges strongly to the self-adjoint operator u € B(H) then by the above
inequality, {g(u))}ren converges strongly to g(u). This shows that g € A

and hence, g € Ay.

To see that f € Ay, first note that the identity map = € A. Since g(x) is
bounded then zg(z) € A. So, f(z) =1 —zg(x) € A and hence, f(z) € Ap.

Now observe that if z € R — {0} then g(x) # 0 and f(0) # 0. Thus, the
first condition of the Stone-Weierstrass theorem is satisfied (Ag vanishes
nowhere).

(e) Assume that z,y € R and that z # y. If 22 # y? then f(x) # f(y). If
r? = y? then g(x) # g(y) and consequently, the set {f(z),g(x)} C Ay
separates points.

By parts (d) and (e), we can finally invoke the Stone-Weierstrass theorem
to deduce that Ay = Ctso(R, C).

Now assume that h € Cts(R,C) and that h is bounded. Then,
hf, hg € Ctso(R,C) = Ag. In particular, hf, hg € A. So, xhg € A and

)£ (@) + ah(ag(a) = 00 4 MO

Thus, h is strongly continuous. O]

= h(x) € A.

Before we state and prove the Kaplansky Density theorem, we recall
Theorem and Theorem [2.5.10. In particular, Theorem [2.5.10] tells us
that if H is a Hilbert space and A C B(H) is a *-subalgebra of B(H) then

—WoT
the weak closure A is a von Neumann algebra.

Theorem 2.6.4. Let H be a Hilbert space and A C B(H) be a

C*-subalgebra of B(H). Let B = A% be the strong closure of A. Let Ay,

denote the set of self-adjoint elements in A.

1. A,y is strongly dense in Bg,.

2. The closed unit ball of As, is strongly dense in the closed unit ball of
By,.

3. The closed unit ball of A is strongly dense in the closed unit ball of B
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4. If idg € A then the set of unitary elements of A are strongly dense in
the set of unitary elements of B.

Proof. Assume that H is a Hilbert space and A C B(H) is a C*-subalgebra
of B(H). Assume that B = A% is the strong closure of A.

First, assume that u € B,. Then, u € B = A% and there exists a net
{ux}rea in A which strongly converges to u. The involution map on B(H)
is weakly continuous. So, the net {u}} ex weakly converges to u*. Thus,
the net {3(ux 4 u})faca weakly converges to

1

—(u+u") =u.

Stu)
Note that the net {%(U)\ + u}) }aea is entirely contained in Ag,. Therefore,
——WO : .
AsaW T B,,. But since A, is convex, we can use Theorem [2.5.11| to

deduce that

—SO0T —WOT
Asa = Asa = By
Next, assume that u is an element of the closed unit ball of B,,. By the
first part, there exists a net {uy}rea in Ag, which strongly converges to u.
Define the function f by

f: R — C
{x, if x € [—1,1],
r

%, otherwise.

Then, f € Ctso(R,C). By the proof Theorem [2.6.3] the function f is
strongly continuous. Consequently, the net {f(uy)}rea strongly converges
to f(u). Since |Ju|| <1 and w is self-adjoint then o(u) C [—1,1] and

f(u) = u. Furthermore, observe that the net {f(ux)}xea is in the closed
unit ball of Ay, because f is real-valued and || fl|o < 1.

Hence, the net {f(uy)}rea in the closed unit ball of Ay, strongly converges
to v in the closed unit ball of B,,. This demonstrates that the closed unit
ball of A,, is strongly dense in the closed unit ball of By,.

Next, assume that v is an element of the closed unit ball of B. The idea
here is to consider the C*-subalgebra Myyo(A) C Moyo(B(H)) = B(H®),
where H? = H @ H. Since A is strongly dense in B then My,o(A) is
strongly dense in the von Neumann algebra Ms.o(B).
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Let

0 v ————sor
w = (’U* 0> € M2><2<B> = MQXQ(A)
Then, w is self-adjoint. We also observe that
lw| = sup  flw(& p)lge = sup  max{[op], [[v7E]} < 1.

[1(€:m)l 2y =1 max{[[€][, l|pll}=1

By the second part of the proof, there exists a net {wy}ea in the closed
unit ball of Myyo(A)s, which strongly converges to w. Therefore, the net
{(wx)12} e s contained in the closed unit ball of A and strongly converges
to wy 2 = v. Hence, the closed unit ball of A is strongly dense in the closed
unit ball of B.

For the final part of the proof, assume that the identity operator idy € A.
Let U(A) and U(B) the set of unitary elements in A and B respectively. If
u € U(B) then there exists a self-adjoint element v € B such that u = ¢
(note that v € B due to part 2 of Theorem [2.4.13)).

By the first part of this theorem, there exists a net {vy}xea in Az, which
strongly converges to v, which is an element of B,,. Now, the function

h: R —» C
t = et
is continuous and bounded. By Theorem [2.6.3], h is strongly continuous and

thus, the net {h(vy)}rea is contained in U(A) and strongly converges to
h(v) = u. Therefore, the set U(A) is strongly dense in U(B) as required. [J

One application of the Kaplansky Density theorem is to prove the following
analogue of Theorem [1.8.6| which applies to von Neumann algebras rather
than C*-algebras.

Theorem 2.6.5. Let Hy and Hs be Hilbert spaces. Let A C B(H;) be a von
Neumann algebra and ¢ : A — B(Hj) be a weakly continuous
*-homomorphism. Then, the image ¢(A) C B(Hs) is a von Neumann
algebra.

Proof. Assume that H; and Hj are Hilbert spaces and that A C B(H;) is a
von Neumann algebra. Assume that ¢ : A — B(H3) is a weakly continuous
*-homomorphism. By the remark involving equation ({2.1]), we may assume
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that idy, € A.

Let v € p(A) such that |[v|| < 1. Then, there exists a € (0,1) such that
|lv]| < @ < 1. There also exists u € A such that v = ¢(u). Let u = w|u| be
the polar decomposition of u. By Theorem [2.4.12, w € A.

Now let E be the spectral resolution of the identity for |u| and

G={ eao(lu|]) | > a}.
By the second statement in Theorem [2.4.13] E(G) is a projection in A. By
definition of the set GG, we have
aB(G) < |ulE(GQ) and lu|(14a — E(Q)) < a(ls — E(G)).
Applying ¢, we find that 0 < ap(E(G)) < ¢(|u])e(E(G)) and

0 < allp(EG))]

< lle(fuD e (E@)]
< llp(fuDll = lle(w wlul)]

< [lo(w)[[lle(w)] < lle(u)ll
< ||v]| < a.

We conclude that [|¢(E(G))|| < 1. Now since ¢(E(G)) is a projection in
B(H,), we deduce that ¢(E(G)) = 0. Consequently, v = p(u(la — E(G)))
and

lu(la = E(G))]| < llul(1a = E(G))]| < aflla = E(G)| <o < L.

The second inequality follows from Theorem The third inequality
follows from the fact that 1, — E(G) is a projection in A C B(Hy).

Now set

R={u; € A||w] <1}.
By our previous argument, we conclude that the image
p(R) ={v e p(A) [ |lv]| <1}.

By Theorem [2.5.6], the closed unit ball of A is weakly compact because it is
a weakly closed subset of the closed unit ball of B(H;) which is compact.
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Let S be the closed unit ball of A. Since ¢ is weakly continuous then ¢(5)
is weakly compact in B(Hs).

It is straightforward to check that RV = 5. We now claim that ©(S) is
actually the closed unit ball of ¢(A). To see why this is the case, first note
that ¢(.5) is contained in the closed unit ball of p(A) by definition of S.
Now assume that w is an element of the closed unit ball of p(A). Let
{€n}nez, be a sequence contained in the interval (0,1) which converges to
1. There exists b € A such that p(b) = w. If n € Z-, then

enw = p(e,b) € p(A) and lenw]| < 1.

So, e,w € {v € p(A) | ||v]| <1} = @(R). If n € Z~( then there exists

u, € R such that p(u,) = e,w. Since R C S then the sequence {€,w}nez.,
is a sequence in ¢(S) which converges in the norm topology to w. By
Theorem |1.8.6 ¢(5) is closed in the norm topology on B(H;) and
subsequently, w € ¢(S). Hence, ¢(.S) is the closed unit ball of ¢(A).

Finally, we show that ¢(A) is a von Neumann algebra. By Theorem 2.5.7:,
it suffices to show that ¢(A) is weakly closed. Obviously, p(A) C p(A)
Conversely, let p € gp(A)WOT —{0}. Then, p/||p| is in the closed unit ball

of gO(A)WOT Let (gp(A)WOT) denote the closed unit ball of gp(A)WOT.
Since ¢ is a *-homomorphism then ¢(A) is a C*-subalgebra of B(H,). By
the Kaplansky Density theorem, we have

wor

p R
T € (p(A) )
Il 1
= (go(A) )1 (by Theorem [2.5.11| because p(A) is convex)
- (QD(A))l (by Theorem [2.6.4) with (A) and p(A) )
= (gp(A))l or (by Theorem [2.5.11] because (p(A)); is convex)
wor
=9(8) " =0(9).
The last line follows from the fact that ¢(S) is weakly compact. Since ¢(5)
is the closed unit ball of p(A), p € p(A). Therefore, p(A) = <p(A)WOT and
©(A) is a von Neumann algebra. This completes the proof. O
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2.7 Enveloping C*-algebras

In the next few sections, we follow the exposition in [Mur90, Chapter 6].
We are particularly interested in the construction of various C*-algebras. In
this section, we begin with enveloping C*-algebras.

Definition 2.7.1. Let A be a *-algebra. A C*-seminorm on A is a
seminorm p : A — R>( such that if a,b € A then

plab) < pla)p(b),  pla*)=p(a) and  p(a“a) = p(a)’.
If in addition p is a norm then p is called a C*-norm.

Example 2.7.1. Assume that A is a *-algebra and B is a C*-algebra. Let
¢ : A — B be a *-homomorphism. Define the map

p: A — RZO
a = el

We claim that p defines a C*-seminorm on A. Since ||—|| is a norm on B, it
is straightforward to check that if A € C and a,b € A then

p(Aa) = [Alp(a)  and  p(a+0b) < p(a) +p(b).

Now since B is a C*-algebra and ¢ is a *~homomorphism by assumption,
then

p(ab) < p(a)p(b), p(a*a) = p(a)? and p(a*) = p(a).

So, p is a C*-seminorm on A.

Now assume that ¢ is injective. To see that p is a C*-norm, it suffices to
show that if p(a) = 0 then a = 0. If p(a) = 0 then ||p(a)|| = 0. So, ¢(a) =0
in B and since ¢ is injective, a = 0 in A. Therefore, if ¢ is injective then p
is a C*-norm.

The concept of a C*-seminorm plays an important role in the construction
of the enveloping C*-algebra. The first step to this construction is given by
the following theorem.

Theorem 2.7.1. Let A be a *-algebra and p be a C*-seminorm on A. Let
N =p~'({0}). Then, N is a self-adjoint ideal of A and we can consider the
quotient *-algebra A/N. The map

I=II: A/N - = Rxo
a+N — pla)
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defines a C*-norm on A/N.

Proof. Assume that A is a *-algebra and p is a C*-seminorm on A. Assume
that N is the preimage

p~'({0}) = {a € A|p(a) = 0}.
To show: (a) p~1({0}) is a self-adjoint ideal.

(a) Assume that a,b € N. Then, p(a + b) < p(a) + p(b) = 0. Hence,
a+b e N. Now assume that ¢ € A. Since p is a C*-seminorm,
p(ca) < p(c)p(a) = 0. Hence, ca € N. Finally, we also have

p(a*) = p(a) = 0. So, a* € N and consequently, N is a self-adjoint ideal of
A.

Now consider the quotient *-algebra A/N and assume that the map
|I—|| : A/N — R is defined as above.

To show: (b) ||—] is a C*-norm.

(b) Observe that ||—|| is a C*-seminorm because p is. To see that ||—|| is a
C*-norm, it suffices to check that |ja + N|| = 0 if and only if

a+ N =0+ N. Firstly, if a4+ N =0+ N then a € N and

la + N|| = p(a) = 0. Conversely, if ||a + N|| = 0 then p(a) =0 and a € N.
Hence, ||—|| is a C*-norm on A/N. O

In the scenario of Theorem [2.7.1], let B denote the Banach space completion
of the normed vector space (A/N,|—||). We claim that B is in fact, a
C*-algebra.

We need to define multiplication and involution on B. Let b € B. Then,
there exists a sequence {a, + N },ez., in A/N such that a, — b as n — .
We know that if n € Z~¢ then ||a, + N|| = ||a}, + N||. So, the sequence

{a} + N}nez., is Cauchy and hence, also converges. We define the adjoint
of b to be the limit

b* = lim (a; + N).

n—o0

Now let ¥ € B so that there exists a sequence {a], + N },ez., which
converges to b'. The product bb' is defined by

bb' = ( lim (a, + N))( lim (a, + N)) = lim lim (apal, + N).

n—00 n—o0 mM—00 N—00
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Observe that

160 = lim lim apa, + N < lim J|a, + N lim [}, + N]| = [5]]5].
m—00 N—00 m—0o0 n—oo
We also have

[6°]] = Jim Jag, + N = lim [Jas + N|| = ]

and

Ib]]> = lim |ja, + N||? = lim ||a}a, + N|| = |[b°b]].
n—o0 n—oo
Thus, B is a C*-algebra.

Definition 2.7.2. Let A be a *-algebra and p be a C*-seminorm on A. Let
N =p 1 ({0}) and ||| : A/N — Rs¢ be the C*-norm given by

la + N|| = p(a). The C*-algebra B constructed as above is called the
enveloping C*-algebra of the pair (A, p).

The reason for the name “enveloping” is because if we define the map
L A — B
a — a+ N

from the *-algebra A to its enveloping C*-algebra B then the image
t(A) = A/N is a dense *-subalgebra of B. The map ¢ is sometimes called
the canonical map from A to B.

If p is a C*-norm to begin with then the enveloping C*-algebra B is
referred to as the C*-completion of A. In this case, A is a dense
*_subalgebra of B.

2.8 Direct limit of C*-algebras

We will use the construction of the enveloping C*-algebra to define the
direct limit of a sequence of C*-algebras. We first begin with the definition
of a direct sequence of C*-algebras.

Definition 2.8.1. Let {4, },ez., be a sequence of C*-algebras and

{on : An = Anpitnez.,

be a sequence of *-homomorphisms. The sequence of pairs {(A,, ¥n) tnez-,
is called a direct sequence of C*-algebras.
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If {(An, ¥n)}nez., is a direct sequence of C*-algebras then the infinite
product

[T 4 ={(a1,a2,...) | If i € Zg then a; € A;}.

is a *-algebra with the operations of scalar multiplication, addition and
multiplication defined pointwise. Now define

There exists N € Z-q such that
H A= { ez € HAk ‘ apr1 = pelag) for £ > N }

Then, [[;2, Ay is a *-subalgebra of [[r~, As. Notice that we have stuck to
talking about *-algebras for now. At the moment, it is impractical to give
[1:2, A a norm, since there are issues with convergence. As we will see
shortly, this is remedied when we work with [[;=, Ax.

Recall that if 1 € Z< then ¢; is a —homomorphlsm and is thus, contractive.
This means that if (ay)kez., € szl Ay then there exists N € Z~( such
that if ¢ > N then a;41 = ¢;(a;) and consequently, ||a;11| < ||a;|| for i > N.
Hence, the sequence {||ax| }rez., in R is decreasing and bounded below. So,
it must converge. Next, we define the map p by

p: iozllAk — RZO

. 2.3
(@rezy > limy o] (2:3)

Observe that p defines a C*-seminorm on HZillAk. The fact that p is a
seminorm follows from the properties of a norm. The fact that p is a
C*-seminorm follows from the fact that each A; is a C*-algebra.

Now we proceed to defining the direct limit of the direct sequence
{(Ans 0n) bneza,-

Definition 2.8.2. Let {(A,, ¥n) }nez., be a direct sequence of C*-algebras.
The direct limit of the sequence {(A,, ¥n) }nez., is the enveloping
C*-algebra of the pair ([[;=, A, p), where

There exists N € Z-q such that
H A= { O ez € IHAk ‘ apr1 = pelag) for £ > N }

and p : [[5, Ax — Rsg is defined by p((ar)rez.,) = limy_so0||ax||. The
direct limit is usually denoted by ligAk.
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Before we proceed, we will give a brief explicit description of the direct limit
of the direct sequence {(A,, ¥n) tnez., of C*-algebras. The map in equation
(2.3) is a C*-seminorm. By Theorem we form the quotient *-algebra

(] An/p ' ({0}) = {(Gk)kez>o +p71({0}) ‘ (arrezs € || Ak}

k=1

which has C*-norm

(@ rezan + 7 (O = p((@n)rerno) = Jim ol

The direct limit ligAk is then the Banach space completion of
(T2, Ax)/p1({0}) with respect to the C*-norm ||—|.

Again, we work with the direct sequence {(A,, p,)}52, of C*-algebras. Now
assume that n,m € Z-, with n < m. We define ¢,, , = id4,. The
*-homomorphism ¢, : A, = A, is defined as the composite

Pnm = Pm—1° Pm—20 0 Pp.
If b € A, then we define the element @"(b) € [, Ak to be the sequence

2"(b) = (0,...,0,b,0,(0), Pnni2(b), Pnnts(b),...).

Note that in the above definition, the first n — 1 entries of the sequence are
zeros. Now let ¢ : [[p,; "Ap — l_ngmAk be the canonical map. If n € Z-( then
define the map

o A, — @Ak
a = (@"(a))

Since ¢ and @™ are both *-homomorphisms, then ¢" is a *-homomorphism
for n € Z~o. We also observe that if b € A,, then

" pu(0) = U@ (@a(b)))

= L((0> - Y, @n(b) Spn,n—i-Z(b)? Spn,n—i-?)(b)» cee ))

= L((O, O b7 Son(b)7 Qon,n+2(b)v Qpn,n-&-S(b)v SR ))
(

= 1(@"(b )) = ¢"(b).

Let us justify the third equality. The difference of the two sequences is

(0,...,0,04(b), Prnt2(b),...) —(0,...,0,b,0n(b), Lnnia(b),...)
—(0,...,0,—b,0,0,...).
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Note that the —b appears in the n* position. The norm of its equivalence
class in lim 4, is 0. Hence, ¢" ™' (, (b)) = ¢"(b) in lim A,. The map ¢™ is
called the natural map from A, to liﬂAn.

Theorem 2.8.1. Let {(A,, ¢n)}nez-, be a direct sequence of C*-algebras
and A = ligAn be its direct limit. If n € Z~q then let ©" : A, — A denote
the natural map from A, to A.

1. The sequence of C*-algebras {¢"(A,) bnez, is increasing.

2. The union |J ©"(A,) is a dense *-subalgebra of A.

TLGZ>()
3. If a € A, then ||¢™(a)]] = limy—eo||@nnir(a)]]-
Proof. Assume that n € Z-,. We already showed previously that
g0n+1 oYy = 9Dn‘ SO,
@™ (An) = (") (pn(An)) C " (An).
Thus, the sequence {¢"(A,)}nez., is increasing with respect to inclusion.

Also note that ¢"(A,) is a C*-algebra by Theorem [1.8.6]

To see that the union (J,c;_ ¢"(Ay) is a dense *-subalgebra of A, assume
that (a1, az,...) € A. Consider the sequence

{#"(an) bnez

in the union ¢©"(A,). Note that if n € Z~ then

TZEZ>0

@n(GN) = L(@n<an)) = (ab vy Qny, Son(an)v Qpn7n+2(an)v S )

in A (by considering equivalence classes). Therefore,

lim ||(a, as,...) — ¢"(a,)|| =0

n—00

and the sequence {¢™(ay) }nez., converges to (aj,as, ...). Thus, the union
Uz, ¢"(An) is a dense C*-subalgebra of A.

Finally by the definition of the natural map ¢",

" @1 = (0. .. 0.0, @u(@). Gusz(@). .. )] = lm [l s @)].
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The direct limit of a direct sequence of C*-algebras satisfies the following
universal property given in [Mur90, Theorem 6.1.2].

Theorem 2.8.2. Let {(A,, ¢n) tnez., be a direct sequence of C*-algebras
and A = ligAn denote its direct limit. Forn € Z~g, let o™ : A,, — A be the
natural map.

1. Assume that € € Ryg, a € A,, and b € A, satisfy o™ (a) = ¢™(b).
Then, there exists k € Z~o such that k > max(m,n) and

(@) — @mir(d)|| < e

2. If B is a C*-algebra and there exists a *-homomorphism ¢" : A, — B
such that the following diagram commutes for each n € Z~g

then there exists a unique *~homomorphism 1 : A — B such that if
n € Z~q then the following diagram commutes:

Proof. Assume that {(A,, ¢n) tnez-, is a direct sequence of C*-algebras and
A= liﬂAn is its direct limit.

Assume that € € Rog, a € Ay, b€ A, and ¢"(a) = ¢™(b). By Theorem

2.8.1

le™ (@)l = lle™ @) = lim [lennira)]-

k—o0

Thus, there exists k > max(m,n) such that

||90n7k<a) - Spm,k(b)H < €.

Now assume that B is a C*-algebra and {¢" : A,, = B},ecz., is a sequence
of *-homomorphisms satisfying ¢ = "1 o ©,,. The idea is to first define
our required map on the C*-subalgebra |, o, , ¢"(An). Again, assume that
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a€ A, and b € A, satisfy ¢"(a) = ¢"(b).

To show: (a) ¢¥"(a) = ¥™(a).

(a) By the first part of this theorem, there exists k& > max(m, n) such that

lonk(a) = emi(d)] < e
So,

[ (@) = ™ (O)]| = 10" (Pnp(@)) = " (@i ()]
< 9 l@n k(@) = @mr(®)
< €.

Since € € Ry was arbitrary, we find that ¢"(a) = ¥"(b) as required.

Now we define the map v by
v Unez,¢"(4n) — B
¥"(a) = " (a).
Part (a) of the proof demonstrates that 1 is well-defined. To see that v is a

*_homomorphism, assume that a € A,, b € A,, and A € C. Assume without
loss of generality that n > m. Then,

(" (a)") = P(p™(a”) = P"(a") = " (a)" = ¥ (¢"(a))",

P(Ae"(a)) = p("(Aa)) = ¢"(Aa) = A" (a) = Mp(¢"(a)),

(¢"(a) + " (Pmn(b)))

(¢"(a+ Pma(b)))

"(a+ Omn(D))

n(a> + wn<90m,n(b))

(¢"(a)) + 9™ (b) = ¥(¢"(a)) + ¥(p™ (b))

and
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P(p" (@)™ (b)) = Y(¢"(a)¢" (Pmn(D)))

= P(¢" (apmn(b)))
= " (amn(D))
= ¢n(a)¢n(90m,n(b))
= (" (@)™ (0) = (" (a)) (™ (D).
So, ¢ is a *-homomorphism. By Theorem 2.8.1} [, c;_, ¢"(A») is dense in

the direct limit A. Therefore, ¢ extends to a —homomorphlsm from A to B
which satisfies ¢ o " = Y™ for n € Z~,.

To see that 1 is unique, suppose that ¢ : A — B is another
*-homomorphism such that if n € Z<q then ¢ o o™ = ¢)™. Then, ¢ = 1) on
Unez., #"(An), which is dense in A. Therefore, ¢ = 1. O

We finish this section with a consequence of Theorem [2.8.2

Theorem 2.8.3. Let A be a C*-algebra and let { A, }nez., be an increasing
sequence of C*-subalgebras of A. Assume that

Let v, : A, — A,yq denote the inclusion map. Then, A = ligA as
C*-algebras, where li @An 1s the direct limit of the direct sequence

{(An, tn) Fnezo-

Proof. Assume that A is a C*-algebra and {A, },ecz., is an increasing
sequence of C*-subalgebras of A. Assume that

Assume that lim A,, and ¢,, are defined as above. Let ¢" : A, — A denote
the inclusion map. If n € Z+( then i" = i"*! 04,,. By the universal property
of the direct limit in Theorem [2.8.2] there ex1sts a unique *-homomorphism
o : hgn A, — A such that the following diagram commutes for n € Z:

A, lim 4,

\ 1
o 16
i

N2
A
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Here, " : A,, — lim A,, is the natural map. To see that ¢ is surjective,
assume that a € A. Since Un6Z>o A, is dense in A, there exists a sequence
{an}nez., such that a, € A, and lim,,_,«||a, — al| = 0. Since the sequence
{l|an|| }nez-, in R converges, the sequence {||c"(ay)||}nez., must also
converge. Hence, the sequence {¢"(ay,)}nez., in lim A, converges to some
i € lim A,,. Thus,

6(@) = o(lim 1"(a,)) = im 6(0"(a,)) = im i"(a,) = i"(a) = .

n—o0 n—oo

Therefore, ¢ is surjective. To see that ¢ is injective, assume that k € lim A,
satisfies ¢(k) = 0. Let k = (ky, ko, ...) and assume that ¢ € Ry. By
construction of the direct limit ligAn, there exists

¥ e (I 40/p (o)

such that |k — &|| < e. Recall that p is the C*-seminorm in equation ([2.3)).
By Definition [2.8.2} if & = (k}, k), ...) then there exists N € Z-( such that
if n,m > N then k], = k.

Now consider kfy € Ay. In A we have

Ky =" (Ky) = ¢(~ (ky)) = ¢(k) = 0.
Hence, £/ = 0 in the direct limit lim A,, and since € € R-, was arbitrary,

k = 0. So, ¢ is injective and subsequently, a *-isomorphism from liAqAn to
A. ]

2.9 The multiplier algebra

In [section 1.6 we studied the unitization of a C*-algebra. To summarise,
unitization is a method of constructing a unital C*-algebra from an
arbitrary C*-algebra. The original C*-algebra is then an ideal of the
unitization. In this section, we will briefly study another construction of a
unital C*-algebra — the multiplier algebra of a C*-algebra.

The multiplier algebra of a C*-algebra satisfies a universal property, akin to
the unitization in Theorem [[.6.3] Roughly speaking, the universal property
satisfied by the multiplier algebra states that the multiplier algebra of a
C*-algebra A is the largest unital C*-algebra which contains A.
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There are multiple ways to construct the multiplier algebra. We will follow
[Mur90, Section 2.1] and construct the multiplier algebra through the use of
double centralisers.

Definition 2.9.1. Let A be a C*-algebra. A double centraliser is a pair
(L, R) of bounded linear maps on A such that if a,b € A then

L(ab) = L(a)b, R(ab) = aR(b) and R(a)b = aL(b).
The set of double centralisers of A is denoted by M (A).

Here is a basic example of a double centraliser.

Example 2.9.1. Let A be a C*-algebra and ¢ € A. Define the linear maps
L.and R.on A by L.(a) = ca and R.(a) = ac. To see that L. and R, are
bounded, observe that || L.|| < ||¢|| and ||R.|| < ||c]|]. We also have

fell = lle-oc < sup [ Zo(@)]] = |IZclL

le

|| [
Similarly, ||R.|| = ||c||. By direct computation, the pair (L., R.) is a double
centraliser of A. So, (L., R.) € M(A).

Our goal is to show that the set M(A) becomes a C*-algebra, when
equipped with the necessary operations and norm. We will first work on
defining a viable norm on M (A).

Theorem 2.9.1. Let A be a C*-algebra and (L, R) be a double centraliser
on A. Then, ||L|| = ||R||.

Proof. Assume that A is a C*-algebra. Assume that (L, R) is a double
centraliser on A. If b € A then

IL(®)|| = sup [laL(D)]|

flall=1

= sup [[R(a)b]]

flall=1

< sup || R[[lal|[b]

flall=1

= [IR[[[]]-

Taking the supremum over all b € A with ||b|| = 1 yields the inequality
IL]] < [|R]|. Similarly,
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< Hstnlglllall||L||||b||

= [IL ol

Taking the supremum over all b € A with ||b|| = 1 yields the inequality
IR < [ILl- So, LIl = I B]. O

In light of Theorem [2.9.1] if (L, R) € M(A) then we define the norm of
(L, R) as

(L, R)|| = |IL]| = IR
Now we proceed to defining the operations on the set M(A).

Addition: If (L, Ry), (Ls, R2) € M(A) then define
(L1, By) + (L2, Ry) = (L1 + Lo, By + Ry).

If a,b € A then

(L1 + Ly)(ab) = Ly(ab) + La(ab) = Li(a)b + La(a)b = (L1 + Ls2)(a)b,

(R1 4+ Ry)(ab) = Ry(ab) + Ry(ab) = aRy(b) + aR2(b) = a(R; + R»)(b)
and

(R1 + Ry)(a)b = Ri(a)b+ Ry(a)b = aLy(b) + aLs(b) = a(Ly + L) (b).
So, (L1, Ry) + (Lo, Ry) € M(A).
Scalar multiplication: If A € C then we define

AML1, Ry) = (ALy, ARy).
If a,b € A then

(AL1)(ab) = ALy (ab) = ALy (a)b = (\L1)(a)b,
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(ARy)(ab) = AR, (ab) = AR, (b) = a(AR)(b)

and

(AR1)(a)b = ARy (a)b = AaLy(b) = a(AL1)(D).
So, A(L1, Ry) € M(A).
Multiplication: We define

(Lh Rl) : (L27 RZ) = (Ll oLy, Ryo Rl)-
If a,b € A then

(L1 o Ly)(ab) = Li(La(ab)) = Ly(La(a)b) = (L1 o Ls)(a)b,

(R 0 Ry)(ab) = Ra(Ri(ab)) = Ra(aR: (b)) = a(Rz 0 Ry)(b),

and

(R2 o) Rl)(a)b = RQ(Rl(a))b = Rl(a)Lg(b) = CL(Ll @) LQ)(b)
Hence, (Ly o Lo, Ryo Ry) € M(A).

Involution: Firstly, if L : A — A is a bounded linear operator then we
define

L*: A — A
a — (L(a"))"

Then, L* is also a bounded linear map on A which satisfies for a € A

L™(a) = (L*(a"))" = (L(a))™ = L(a)

and

In fact, it is easy to check that the map L + L* is isometric. If
(L, R) € M(A) then we define
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(L,R)" = (R*,L").
If a,b € A then

R*(ab) = (R(b"a"))" = (b"R(a™))" = R*(a)b,

L*(ab) = (L(b"a®))" = (L(b")a")" = aL*(b)

and

L*(a)b = (L(a®))"b = (b"L(a"))" = (R(b")a”)" = aR"(b).

Therefore, (R*, L*) € M(A). The computations which check that the map
(L, R) — (L, R)* satisfies the properties of an involution is suppressed here.

Theorem 2.9.2. Let A be a C*-algebra. Let M(A) denote the set of double
centralisers on A. With the operations, norm and involution defined as
above, M(A) is a C*-algebra.

Proof. Assume that A is a C*-algebra. Assume that M (A) is the set of
double centralisers on A. Let B(A) denote the space of bounded linear
operators on A. Since A is complete, B(A) is a Banach space when
equipped with the operator norm.

To show: (a) M(A) is a closed vector subspace of B(A) & B(A).
(b) M(A) is a Banach *-algebra.
() T = (L,R) € M(A) then | T*T| = || T

(a) The direct sum B(A) @ B(A) is a Banach space when equipped with
the norm

105, D) = max([|S]], | 7°])-
We already know that M (A) is a vector subspace of B(A) @ B(A). To see

that M(A) is closed, assume that (L, R) € M(A) so that there exists a
sequence of double centralisers { (L, R,)}nez., which converges to (L, R).

Then, L, — L and R, =& R asn — oco. If a,b € A then

L(ab) = lim L,(ab) = lim L,(a)b = L(a)b,

n—oo n—oo
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R(ab) = lim R,(ab) = lim aR,(b) = aR(b),

n—oo n—oo

and

R(a)b = lim R,(a)b= lim aL,(b) = aL(b).
n—oo n—oo
Therefore, (L, R) € M(A) and M(A) is a closed vector subspace of
B(A) @ B(A). This means that M (A) is itself a Banach space.

(b) To see that M(A) is a Banach *-algebra, assume that
(Lh 31)7 (L2, Rz) € M(A) Then, (Lh Rl) ) (L2, R2) = (L1 oLy, Ryo Rl) and

(L1 0 La, Ry o Ra)|| = || Ly o Laf| < || Lal[[[ Ll = || (L, R)I[[[(L2, Ro)]l-
Hence, M(A) is a Banach *-algebra.

(c) Assume that T'= (L, R) € M(A). If a € A satisfies ||a|]| = 1 then

IL(a)[[* = [|L(a)" L(a)|| = |[L*(a") L(a)|| = [la" R*(L(a)|| < | R*L|| = | T"T.

Taking the supremum over all such a, we find that ||T'||* < [|T*T||. We also
have ||[T*T|| < ||T*||||T|| = ||T||>. Therefore, | T*T|| = ||T||* and
consequently, M (A) is a C*-algebra as required. O

If A is a C*-algebra then the C*-algebra M(A) in Theorem is called
the multiplier algebra. It is unital because if id4 : A — A is the identity
map on A then (ida,id,) is the multiplicative unit of M(A).

Now define the map
t: A —  M(A)
a — (Lg, Ry)

where the maps L, and R, are defined by L,(b) = ab and R,(b) = ba. By
the previous example, we find that ¢ is a isometric *~homomorphism. So,
we are able to identify A as a C*-subalgebra of M(A). Additionally, we can
also identify A as an ideal of M (A).

Before we state the universal property of the multiplier algebra, we require
the following definition.
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Definition 2.9.2. Let A be a C*-algebra and I be a closed ideal of A. We
say that [ is essential in A if the following statement is satisfied: If a € A
and al =0 then a = 0.

We claim that if A is a C*-algebra then A is an essential ideal in its
multiplier algebra M(A). Assume that (L, R) € M(A) satisfies
(L,R)A=0. Let (L,, Rs) € A for a € A. Then,

(L, R)(La, Ry) = (Lo Ly, Ry o R) = (0,0).

Here, 0 denotes the zero map on A. If b € A then (Lo L,)(b) = L(ab) =0
and (R, o R)(b) = R(b)a = 0. Since a was arbitrary, R(b) = 0. But, we also
have R(b)a = bL(a) = 0. So, L(a) = 0 and consequently, (L, R) = (0,0).
Therefore, A is an essential ideal of M(A).

Theorem 2.9.3. Let A be a C*-algebra and I be a closed ideal in A. Let
vy I — M(I) denote the inclusion map. Then, there ezists a unique
*-homomorphism ¢ : A — M(I) extending v;. Furthermore, if I is an
essential ideal of A then ¢ is injective.

Proof. Assume that A is a C*-algebra. Assume that I is a closed ideal of A.
Assume that ¢ is the inclusion of I into its multiplier algebra M (I). Define
the map ¢ by

p: A — M(I)
a (Lalfa Ra|I)
Here, L,|; is the restriction of the left multiplication map L, : A — A to
the closed ideal I. Similarly, R,|; is the restriction of the right

multiplication map R, : A — A to I. It is easy to check that ¢ is a
*_homomorphism which extends ¢;.

To prove uniqueness, assume that there exists another *~homomorphism
¥ A — M(I) which extends ¢;. If b € I and a € A then

p(a)b = ¢(ab) = ab = (ab) = ¢ (a)b.
This shows that if a € A then (¢(a) — ¥ (a))l = 0. Since [ is an essential
ideal of M (), then p(a) = ¥(a). So, ¢ = 1.

Finally, assume that [ is an essential ideal of A. Assume that a € ker .
Then, L,|; is the zero map on I. This means that al = 0 and since [ is
essential in A, a = 0. Hence, ¢ is injective. O]
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Every closed ideal of a C*-algebra is itself a C*-algebra. Hence, Theorem
states that M (I) is the largest unital C*-algebra containing I as an
essential ideal.

Theorem 2.9.4. Let A be a C*-algebra. If A is unital then M(A) = A.

Proof. Assume that A is a unital C*-algebra. We know that M (A) contains
A as an essential ideal. To see that M(A) C A, notice that if a € A then

(1A — 1M(A))CL =a— 1M(A)a =0.

So, (14— 1ar(a))A = 0 and since A is an essential ideal of M (A), 14 — Ls(a).
Hence, 14 = 14y and M(A) C A. Consequently, M(A) = A. H

2.10 Uniformly hyperfinite algebras

In this section, we follow [Mur90l Section 6.2]. We will first set up the
relevant theory before defining uniformly hyperfinite algebras. Our first
task is to characterise finite-dimensional simple C*-algebras.

Definition 2.10.1. Let A be a C*-algebra. We say that A is liminal if for
every non-zero irreducible representation (w, H), the image w(A) = By(H),
where By(H) C B(H) is the space of compact operators on H.

We recall that if H is a Hilbert space and x : H — H is a bounded operator
on H then z is compact if there exists a net of {x,}nes of finite
dimensional (or finite rank) operators such that

lim|f, — ] = 0.

Theorem 2.10.1. Let A be a C*-algebra. If A is finite dimensional then A
15 liminal.

Proof. Assume that A is a finite dimensional C*-algebra. Let (7, H) be a
non-zero, non-degenerate irreducible representation of A. If £ € H — {0}
then £ is a cyclic vector (see Theorem [1.10.6]) and

m(A)¢ = H.
Since A is finite dimensional, the subspace m(A)¢ is also finite dimensional
and hence, closed. So, 7(A){ = H and H must be finite dimensional.
Hence, 7(A) C By(H) = B(H) and by [Mur90, Theorem 2.4.9],
By(H) C w(A). So, m(A) = Bo(H) and A is liminal. O
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[Mur90, Theorem 2.4.9] states that if (7, H) is an irreducible representation
of a C*-algebra A and 7(A) N Bo(H) # () then By(H) C m(A). Now we will
use Theorem [2.10.1| to characterise finite dimensional simple C*-algebras.

Theorem 2.10.2. A non-zero finite dimensional C*-algebra is simple if
and only if there exists n € Z~q such that A is isomorphic to the matrix
algebra M, 5, (C).

Proof. We already know that if n € Z-( then the matrix C*-algebra
M, (C) is simple by Theorem [1.11.3, So, assume that A is a non-zero
finite dimensional simple C*-algebra.

By Theorem [2.10.1} A is a liminal C*-algebra. That is, if (7, H) is a
non-zero irreducible representation of A then w(A) = By(H) and
subsequently, H is finite dimensional (because A is finite dimensional).
Moreover, the kernel ker 7 is a closed ideal of A. Since A is simple,
kerm = 0.

Thus, if n = dim H then A is isomorphic as a C*-algebra to K(H) = B(H)
(as H is finite dimensional). In turn, B(H) is isomorphic to M, x,(C) as
required. ]

Recall the structure theorem for unital finite dimensional C*-algebras in
Theorem [1.5.1. We can now remove the assumption that A is unital.

Theorem 2.10.3. Let A be a non-zero finite dimensional C*-algebra.
Then, there exist k,nq,...,n, € Z~qg such that we have the isomorphism of
C*-algebras

k

A= P My, (C).

i=1

Proof. Assume that A is a non-zero finite dimensional C*-algebra. The
proof divides into two cases:

Case 1: A is simple.
If A is simple then by Theorem [2.10.2] A is isomorphic to a matrix algebra.
Case 2: A is not simple.

Assume that A is not a simple C*-algebra. We will prove the statement by
induction on the dimension of A. For the base case, assume that dim A = 1.
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Then, A = C = M;41(C). This proves the base case.

For the inductive hypothesis, assume that there exists m € Z~q such that if
i €{1,2,...,m} then the statement of the theorem holds for C*-algebras
with dimension ¢. Assume that dim A = m + 1. Since A is not simple then
there exists a non-zero proper closed ideal of A which we denote by I. Since
I is finite dimensional, we may assume that I has minimum dimension.

By doing this, I must have no non-trivial ideals. So, I is a non-zero finite

dimensional simple C*-algebra and by Theorem there exists

ny € Zg such that [ = M, «,, (C) as C*-algebras. In particular, this
means that I has a unit. Let p be the unit of I. By arguing as in Theorem
3.4.11 we deduce that I = Ap and p commutes with the elements of A.

Now let 1; be the unit of the unitization A of A. Define the map

p: A — Ap@A(lA—p)
a = (ap,a(lz —p)).
It is straightforward to check that ¢ is a *-isomorphism. Now observe that

the C*-subalgebra A(1; — p) of A has dimension less than or equal to m.
By the inductive hypothesis, there exist k,no, ..., ni € Z~( such that

k

A(1A —p) = @mem (C).

=2

By using the *-isomorphism ¢, we obtain the isomorphism of C*-algebras

A Ape A(l; —p) = P Mnn,(C).

This completes the induction. O
Here is another useful characterisation of simple C*-algebras.

Theorem 2.10.4. Let A be a C*-algebra. If any surjective
*-homomorphism m : A — B onto a non-zero C*-algebra B is also injective
then A is a simple C*-algebra.

Proof. Assume that A is a C*-algebra. Suppose that any surjective
*_homomorphism from A to a non-zero C*-algebra B is injective. Let I be
a closed ideal of A and suppose for the sake of contradiction that I is a
proper ideal of A. Then, the projection map
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T A — AJI
a — a+1
is a surjective *~homomorphism onto A/I which is a non-zero C*-algebra
(non-zero because I is proper). By our assumption, 7 must also be

injective. However, this means that A = I which contradicts the
assumption that I is a proper ideal of A.

So, I is not a proper ideal and is hence, either 0 or A. This means that A is
a simple C*-algebra as required. O

Next, we require a few technical results pertaining to projections.

Theorem 2.10.5. Let A be a unital C*-algebra and p,q € A be projections
satisfying ||q — p|| < 1. Then, there ezists a unitary element u € A such that
g = upu” and |14 — ul < V2[lg - pl|.

Proof. Assume that A is a unital C*-algebra and p,q € A are projections
satisfying ||p — ¢|| < 1. Consider the element v =14 — p — ¢ + 2¢p.

To show; (a) v is invertible.

(a) The idea here is to consider the elements v*v and vv*. By direct
computation, v* =14 — p — q + 2pq and

v'u =t =14 — (¢ —p)*

This means that v is normal. Since ||¢ — p|| < 1, then
(g — p)?|| = llg — p||> < 1 (by C*-algebra condition). Since the spectrum

a((g=p)*) S [0,]l(¢—p)*[]: 1 & o((g — p)?). Therefore, vv =14 — (¢ — p)*
is invertible. Since v is normal, then by the spectral mapping theorem in

Theorem [1.3.14)
o(v*v) = {|A*| A€ a(v)}.

Since 0 € o(v*v), 0 € o(v). Therefore, v is invertible.

Recall the polar decomposition of v from Theorem |1.4.7, Theorem [1.4.8 and
Theorem |1.4.9/ In particular, v = u|v|, where |v] is invertible (by Theorem

1.4.7) and uw = v|v|™! is unitary (by Theorem [1.4.8).

To show: (b) ¢ = upu*.
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() 14— ull < v2llg = pll.

(b) First, we observe that

vp=1a—p—q+2qp)p=p—p—qp+2qp = qp

and

qu=q(la—p—q+2qp) =q—aqp—q+2qp = qp.
This means that v*vp = (v*q)v = pgv = pv*v. Since p commutes with v*v,
B

it must also commute with |v] = (v*v)2 and |v|™!. Now, we have

up = v|v|'p = vplv| " = qulv| " = qu

and consequently, ¢ = upu*.

(c) Let Re(v) denote the real part of the operator v. Then,
1 *
Re(v) = S(v+v") =la=p—q+ap+pg=1a—(¢=p)* = v’

and

1 1
Re(u) = §(u +u*) = 5(1} + o)™t = |v|.

Hence, we have the upper bound

ITa = ull® = [1(1a — u*)(1a — w)]|
= 1214 — u —u”||
= 2[[1a = Re(u)]|
= 2|[1a = [olll < 2|14 — o]l
The inequality follows from the fact that if ¢ € [0,1] then 1 —¢ < 1 — 2 (see
Theorem [1.3.7)). Now since 14 — |v|? = 14 — v*v = (¢ — p)?, we have
A —ull® < 2|14 = o[l = 2lg — pI*.

By taking square roots, we are done. [

Theorem 2.10.6. Let A be a C*-algebra and a € A be self-adjoint.
Suppose that ||a — a?|| < }L. Then, there exists a projection p € A such that
la —pll < 3.
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Proof. Assume that A is a C*-algebra and a € A is self-adjoint. By
Theorem [1.6.8, we may assume that A is abelian and that A = Ctsy(X,C)

where X is a locally compact Hausdorff space.

Consider the absolute value of the function a. Notice that 5 ¢ im |al.
Otherwise, there exists € X such that |a(z)| = 3. Since a is self-adjoint,

it is a real-valued function. If a(z) = 3 then
1 1 1
— 2 — - — —| — —
(@) ~ ()| = |5~ 51 = 3
which contradicts the assumption that ||a — a?|| < ;. If a(z) = —3 then
1 1 3
ja(z) — a*(z)| = |—§ 4T

which again contradicts the assumption that |la — a®|| < ;. Hence,
+ & im |al.

Now let S = [a|~*((3,00)). Then, S is an open subset of X. It is also
compact because

S:{x€X||a($)|2%}

and X is a LCH space. Now consider the characteristic function yg. Since
Xs is self-adjoint and idempotent, it is a projection in A. If x € S then
1 1
x) — )< =-4+0=-.
() — xs(e)| < 5 +0=5
If x € S then first observe that by the reverse triangle inequality,

2|‘

7> lla—a*llw = lllalloe = lla*[lo] = [lalloe — llall%,

4
Consequently, [|alls € [0,2(1++/2)] — {3}. If [|a]| € [0, 2) then S = 0 and
the result is satisfied trivially. On the other hand, if ||a||« € (%, %(1 +2)]
and z € S then

1 1
la(@) = xs(@)] = [1 —alz)] < [5(1 + V2) 1] < 7
Therefore, [|a — xs|l < 3 as required. O

In a previous section, we defined the concept of a trace on a unital
C*-algebra. The notion of a trace generalises to an arbitrary C*-algebra. In
[Mur90], positive linear functionals which are traces are called tracial. We
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already know one example of a tracial positive linear functional — from
Theorem [1.9.1] We will give another example from [Mur90, Remark 6.2.2].
Before we do this, here is how the notion of a state generalises to an
arbitrary C*-algebra.

Definition 2.10.2. Let A be a C*-algebra. A state on A is a positive
linear functional ¢ : A — C such that ||¢|| = 1.

Example 2.10.1. Let H be an infinite dimensional Hilbert space and
By(H) denote the space of bounded compact operators on H. We will show
that there does not exist a tracial state on By(H).

Suppose for the sake of contradiction that 7 : Bo(H) — C is a tracial state
on By(H). The idea is to show that all rank one projections on H are
unitarily equivalent. Let p,q € By(H) be rank one projections. Then, there
exists unit vectors &,v9 € H such that

p=1¢l  and g =)

Since £ and 1) are both unit vectors, there exists a unitary operator
u € B(H) such that u& = 1. Therefore,

q = [V} (] = Jug)(ug| = u|€)(Eu” = upu™.
The second last equality follows from Theorem [1.5.2] Hence, p and q are
unitarily equivalent. So,

7(q) = 7(upu”) = 7(u*(up)) = 7(p).
Every rank one projection takes the same value under 7. Let ¢ € C be this
value. Since 7 is a positive linear functional, t € R>o. Now let n € Z-( and
{€;}iez-, be an orthonormal basis for H. Define

DPn = Z|€i><6z‘|-
1=1

Then, p, is a sum of n rank one projections and

n
7(pn) = ) 7l (eil) = nt.
i=1
However, since {e;}ez., is an orthonormal basis, p, is also a projection.
So, 7(pn) < ||7|[|pll < 1. This means that nt <1 and n < 1/t for arbitrary
n € Zo. This gives the required contradiction. Hence, By(H) does not
admit a tracial state.
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Recall that if A is a C*-algebra and ¢ : A — C is a positive linear
functional then

N, ={a€ A ¢(a"a) = 0}

is a left ideal of A. This was derived as part of the GNS construction. If ¢
is tracial then

Ny={a€ Al ¢(a*a) =0}
= {a € Af ¢(aa”) = 0}
={a" | a € Ng} = Nj.
S0, N, is a closed ideal of A.

Theorem 2.10.7. Let A be a simple C*-algebra and 7: A — C be a
non-zero tracial positive linear functional. Then, T is faithful.

Proof. Assume that A is a simple C*-algebra. Assume that 7 is a non-zero
tracial positive linear functional on A. By the previous discussion,

N, ={a€ A|71(a"a) =0}

is a closed ideal of A. Since A is simple, N, is either the zero ideal or A.
Since 7 is non-zero, N, # A. Therefore, N, = 0 and 7 is faithful. O

We will now list a particular application of Theorem [2.10.7] for the purpose
of motivating the definition of a uniformly hyperfinite algebra.

Example 2.10.2. Let (A,,),ez., be an increasing sequence of
C*-subalgebras of a C*-algebra A such that

A= G A,
n=1

Suppose further that A is unital with multiplicative unit 14 and that if
n € Zso then 14 € A,,. We claim that if there exists a unique tracial state
T, on A, then there exists a unique tracial state 7 on A.

First, note that if m,n € Z-o and m < n then the restriction 7,,|4,, = 7, by
uniqueness of the tracial state 7,, on A,,. Keeping this in mind, we define
the map

T: Un€Z>0 A, — C
ac€ A, — tna).
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By the most recent remark, 7 is a well-defined map. It is straightforward to
check that 7 is a linear map. Since each 7, is a state, then

()] = [T (a)] < [Tmllllall = Tm(1a)llall = o]

The second last equality follows from Theorem [1.12.2] Hence, 7 is norm
decreasing.

Since A is the closure (with respect to the norm topology) of U, o;_, An, we
can extend 7 to a bounded linear functional on all of A. To see that 7 is
positive, assume that a € A. Then, there exists a sequence {a, }nez., in

\U,, A such that a, € A, and lim,,_,«|/a, — al| = 0. So,

7(a*a) = 7(lim a}a,) = lim 7(a}a,) = lim 7,(aya,) >0
n—oo n—oo n—oo

and 7 is a positive linear functional on A. To see that 7 is a state, note that

T(lA) :Tn(lA) =1

since 14 € A, for n € Z-y. To see that 7 is tracial, assume that a,b € A.
Then,

T(ab) = nh_)nolo T(anby) = nh_}rrgo Tp(anby) = nh_)nolo 7(bpay,) = 7(ba).

So, 7 defines a tracial state on A. Finally, the fact that 7 is unique follows
from the fact that 7, is the unique tracial state on A,, for m € Z-,.

Definition 2.10.3. A uniformly hyperfinite algebra or UHF algebra
is a unital C*-algebra A which has an increasing sequence {A, },ez., of
finite dimensional simple C*-subalgebras such that 14 € A, for m € Z+
and the union | J 7, 4, is dense in A.

Let us unpack the definition of a UHF algebra with what we know so far.
Let A be a UHF algebra with increasing sequence {4,,}7° ;. By definition, if
n € Zo then A, is finite dimensional and simple. By Theorem [2.10.2] A,, is
isomorphic as a C*-algebra to the matrix algebra My, (C) for some

k € Z~y. By Theorem each A, admits a unique tracial state. Hence,
A also admits a unique tracial state.

We claim that A is a simple C*-algebra. To see why this is the case, we

have to prove a few results first. Fortunately, most of the work has already
been done.
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Theorem 2.10.8. Let S be a non-empty set of simple C*-subalgebras of a
C*-algebra A. Suppose that the set S is upwards-directed — that is, if
B,C € S then there exists D € S such that B C D and C' C D. Suppose
also that the union | Jpcs T is dense in A. Then, A is a simple C*-algebra.

Proof. Assume that A is a C*-algebra and S is a non-empty set of simple
C*-subalgebras of A. Assume that S is upwards-directed and that the
union (J,cg T is dense in A.

We will use Theorem to prove that A is simple. Assume that B is a
non-zero C*-algebra and 7 : A — B is a surjective *-homomorphism. If

C' € S then the restriction 7|¢ is either the zero map or a surjective
*-homomorphism on its non-zero image. In the latter case, 7|¢ is injective
because C' is simple. Hence, 7|¢ is an isometry.

By assumption, the map  is not the zero map on (J; g7 Since S is
upwards-directed, 7 cannot be the zero map on any non-zero C' € §.
Otherwise, if 7|¢ = 0 then the restriction m|p = 0 where D € § such that
D C C'. Using the fact that S is upwards-directed, there exists E € S such
that C' C E. Since E is a simple C*-algebra, the closed ideal ker 7| is
either 0 or E. However, C' C ker 7| and C' is non-zero. So, kerw|g = F
and 7| = 0. By iterating this argument, we find that 7 is the zero map on
the union (Jcg T

Therefore, 7 is an isometry on J.g 7. Since the union |J, g7 is dense in
A, m must also be an isometry on A by continuity. Hence, 7 is injective on
A and by Theorem [2.10.4] A is a simple C*-algebra. O

Theorem [2.10.9|is an application of Theorem [2.10.8|.

Theorem 2.10.9. Let {(A,, ¢n) tnez-, be a direct sequence of simple
C*-algebras. Then, the direct limit @An is also a simple C*-algebra.

Proof. Assume that {(A,, ¢n)}nez., is a direct sequence of simple
C*-algebras. If n € Z-( then let " : A, — ligAn denote the natural map.
Define

S ={¢"(An) [ n € Z>o}.

Recall from Theorem that § is an upwards-directed set whose union
U2, ¢™(A,) is dense in hﬂAn. By Theorem [2.10.8, we deduce that the
direct limit liqun is a simple C*-algebra. O
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Theorem 2.10.10. Let A be a UHF algebra. Then, A is a simple
C*-algebra.

Proof. Assume that A is a UHF algebra. By Theorem A is the direct
limit of the direct sequence of simple C*-algebras {(A,, tn) }nez., Where
Lty » A, <= A,y is the inclusion map. By Theorem [2.10.9] we find that A is

a simple C*-algebra as required. O

In [Gli59], Glimm proved that there are uncountably many UHF algebras
which are not isomorphic to each other as C*-algebras. We will now prove
this fact. Let n,d € Z~g. Define the unital *-homomorphism

@ Mnxn<(c) — Mdnxdn(C)
a

a

We call ¢ the canonical map from M,,«,(C) to Mg,xan(C). Let S denote
the set of all functions f : Z~g — Z~o. If s € S then define the function

s!: Ly — Zi~g
n = s(1)s(2)...s(n).

If n € Zso then let ¢, : Mymyxsin)(C) = Mami1)xsint+1)(C) denote the
canonical map. Define M, to be the direct limit of the sequence

{(Ms'(n) xs!(n) (C)7 Qpn) }n€Z>0 .

By construction, M is the direct limit of a sequence of finite dimensional
simple algebras. Hence, it is a UHF algebra. Now let P C Z-( denote the
set of prime numbers. If s € S then we define

et P — Zso U {0}
p + sup{m € Z-o| p™ divides some s!(n) }.

The point of €, is that it can tell us when M, and M; are isomorphic where
s,t €8S.

Theorem 2.10.11. Let s, s’ € S and assume that My = My as
C*-algebras. Then, €, = €y .

Proof. Assume that s, s’ € S and that M, is isomorphic to M as
C*-algebras. Let w: My, — My be a *-isomorphism. Let 7 and 7’ be the
unique tracial states of M, and M, respectively. If n € Z-q then let
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©" 1 Manyxsin)(C) = Mg and ¥ : Mgim)xsnn)(C) = My be the natural
maps.

First, observe that the composite 7/ o 7 is a tracial state on M,. By
uniqueness, we have 7/ o = 7.

To show: (a) €5 < €.

(a) In order to prove this statement, we will show that if n € Z-, then
there exists m € Z( such that s!(n) divides s’!(m). This is enough because
if p € Z~ is prime and k € Z-q such that p* divides s!(n) then from the
statement we want to prove, p* must also divide s'l(m) and subsequently,

es(p) < es(p').

So, assume that n € Z-, and ¢ is a rank one projection in M) xsi(n)(C).
Consider the composite 7 0 ¢" : My(n)xs1n)(C) = C. It is a tracial state on
M(nyxsi(n)(C). By uniqueness, the composite 7o ™ is the tracial state
given in Theorem and

"(e"(0) = o

Since 7 and ™ are both *~homomorphisms, 7(p"(q)) € My is a projection.
Now we use the fact that the *-subalgebra

U ¢ (Maxsn09(©))

k€Z>0

is dense in My to obtain a positive integer m € Z~, and a self-adjoint
element @ € Mgy i(m)xs1(m)(C) such that

@ @) - @l <5 and [rle"@) ") < 5
So,
Ja = el = 9" (@) — ¥ (a)]
< 9@ = (" @) + (@) — 0@

By Theorem [2.10.6] there exists a projection 7 in Mg(m)xs1m)(C) such that
|la — 7| < 3. So, ¥™(r) is a projection in My satisfying
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Im(" (@) =™ (M) < |7 (¢"(q)) = all + [la = 7|
I

By Theorem [2.10.5| the projections w(¢™(q)) and ¥™(r) in My are unitarily

equivalent. Since 7’ is the unique tracial state on My,
1
/ m _ / n — n —
P ) = 7 (@) = (") = s

But, 7/ 0™ is a tracial state on Myi(m)xs1(m)(C), which must be unique.
Since 7 is a projection in Myi(m)xs1(m)(C), there exists d € Z-o such that

d
s'l(m)

T (™(r)) =

Hence, ﬁ = s!(ln) and ds!(n) = s'!(m) as required. This proves part (a).

The inequality ey < €, follows by a symmetric argument to that used in
part (a). Hence, €, = €g. O

Theorem 2.10.12. There exists an uncountable number of UHF algebras
which are not isomorphic to each other.

Proof. If n € Z then let p, denote the n* prime number. If s € S then
we define

g . Z>0 % Z>O

n o pi™,

Then, e5(p,) = s(n). Now let s € S. If €5 = € then

pi(n) = €§<pn) = 637<pn> = p;’(n)

and s = ¢’

Now consider the family of UHF algebras { Ms}ses. This is an uncountable
family because S itself is uncountable (it is isomorphic as sets to R). If

s,t € § are distinct then €5 # ¢; and by Theorem [2.10.11] M5 is not
isomorphic to M. O

We will now investigate an application of UHF algebras to the theory of
von Neumann algebras.
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Definition 2.10.4. Let H be a Hilbert space. A factor on H is a von
Neumann algebra A on H such that AN A" = Cidg (recall that A’ is the
commutant of A).

A basic example of a factor is once again B(H). Our application will give
an example of an infinite dimensional factor which is not isomorphic to
B(H) for any Hilbert space H.

Definition 2.10.5. Let H be a Hilbert space and A be a von Neumann
algebra on H. We say that A is hyperfinite if there exists a weakly dense
C*-subalgebra W of A such that W is a UHF algebra and whose unit is idy.

Example 2.10.3. We claim that if H is a separable Hilbert space then
B(H) is hyperfinite. This is easy to see if H is finite dimensional. To prove
this for the infinite dimensional case, let A be an infinite dimensional UHF
algebra and (¢, H) be a non-zero irreducible representation of A.

Since A is a UHF algebra, it is simple by Theorem [2.10.10, By Theorem
2.10.4] the *-homomorphism ¢ : A — B(H) defines a *-isomorphism from
A to its image p(A). Hence, p(A) is a UHF algebra.

Now let € H — {0}. By Theorem [1.10.6] x is a cyclic vector for the
representation (¢, H). So,

H = p(A)z.
Now since A is infinite dimensional, H must also be infinite dimensional.
Also, since A is separable, H must also be a separable Hilbert space. Since
(¢, H) is irreducible, then by Theorem [1.10.7, ¢(A)" = Cidy and the double
commutant ¢(A)” = B(H). Therefore, p(A) is a UHF subalgebra of B(H)
which contains the identity map idy and is weakly dense in B(H) (see
[Mur90, Theorem 4.2.5]). So, B(H) is a hyperfinite algebra.

Now we will give our example of a factor in the following theorem.

Theorem 2.10.13. Let A be a UHF algebra with unique tracial state 7.
Let (pr, H;, &) be the GNS representation of A. Then, the von Neumann
algebra v, (A)" is a hyperfinite factor which admits a faithful tracial state.

Proof. Assume that A is a UHF algebra with unique tracial state 7.
Assume that (¢, H,, &) is the GNS representation of A. Let B = ¢, (A).

To show: (a) B is hyperfinite.
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(a) Since A is a UHF algebra, it is simple by Theorem By Theorem
2.10.4, o, defines a *-isomorphism from A to B. Therefore, B is a UHF
algebra. By [Mur90, Theorem 4.2.5], B is weakly dense in its double
commutant B”.

Since the GNS representation (¢., H,,&;) is cyclic, it is non-degenerate.
Since A is unital, then by Theorem [1.10.3| ¢,(14) = idy,. Hence,
idy, € B C B” and consequently, B” is a hyperfinite algebra.

Now we will construct a faithful tracial state on B”. Assume that u,u’ € B.
Then, there exists a,a’ € A such that ¢,(a) = v and ¢, (a’) = u'. So,

(ut (&), &) = (- (ad')(&r), &)
= (pr(aa’)(1a + N;), 14+ N;)
(aa' + Ny, 14+ N;)
7(14ad’) = 7(ad’) = 7(d'a)
= (d'a+ N;,14+ N;)
= (p-(d'a)(1a+ N;), 14+ N;)
= (u'u(é), &)

Since B is weakly dense in B”, the above identity also holds for u,u’ € B”.
Now define

w: B" — C
u = (uér), &)

Then, w is a tracial state on B”.
To show: (b) w is faithful.

(b) Assume that v € B” satisfies w(u*u) = 0. Then,

w(un) = (uu(&r), &) = (W&, ul)) = [lu(&)|I* =0.
Hence, u(&;) = 0. We claim that this implies that w = 0. If v € B then

HUU(57)||2 <U u UU(§T>’§T> = <UU*U*U(§T)7§T>

where the last equality follows from the tracial condition on w. Since
u(&;) = 0, then ||uv(&,)||> = 0. From this, we find that
uBE¢, = up,(A)E, = 0. Since &, is a cyclic vector, ¢, (A)¢, = H and
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consequently, u = 0. Therefore, w is a faithful tracial state on B”.
To show: (c¢) B” is a factor.

(c¢) By Theorem [2.4.6) B” is a von Neumann algebra. Let p € B'N B” be a
projection. Define
Ww: B" - C
u = w(pu)

Then, w’ defines a weakly continuous trace on B”. If &' is restricted to the
UHF algebra B, which has a unique tracial state we denote by wg, then
there exists t € C such that if v € B then

W'(v) = tw(v).

Since B is weakly dense in B” and w and w’ are both weakly continuous, we
deduce that w’ = tw as functionals on B”. Hence,

w/<idH-r) = <p<€‘r>7£7> = <t677€7'> = tW(ZdHT)
and w(p) = t. Now consider w'(idy. — p). We have

W' (idy, —p) = w(p — p*) =w(p —p) = 0.

However,

W' (idy, — p) = tw(idy, —p) = w(p)w(idy, — p).
We conclude that either w(p) = 0 or w(idg, — p) = 0. Since the tracial state

w is faithful, we deduce that either p = 0 or p = idy,. Consequently, the
only projections in the von Neumann algebra B’ N B” are trivial.

Since a von Neumann algebra is the closed linear span of its projections, we
deduce that B'N B” = Cidy_. So, B” is a factor as required. m

Now suppose that in the statement of Theorem [2.10.13] we let A be an
infinite dimensional UHF factor. Then, ¢,(A)” is a hyperfinite factor which
is not *-isomorphic to B(H) for any Hilbert space H. This is because if H
is infinite dimensional then B(H) does not admit a faithful tracial state.

We can weaken the definition of a UHF algebra slightly in order to obtain
AF-algebras (approximately finite).
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Definition 2.10.6. Let A be a C*-algebra. We say that A is an
AF-algebra if A contains an increasing sequence {A4,,}°°; of finite
dimensional C*-subalgebras such that the union | J -, A, is dense in A.

Example 2.10.4. Suppose that A is a direct limit of a direct sequence
{(An, pn)}o, of C*-algebras where the A, are finite dimensional. Then, A
is an AF-algebra by definition of the direct limit (see Theorem [2.8.1)).

By Theorem [2.8.3 any AF-algebra is isomorphic as a C*-algebra to a direct
limit of finite dimensional C*-algebras.

A useful property about AF-algebras is that they are stable under taking
closed ideals and quotients.

Theorem 2.10.14. Let A be an AF-algebra and I be a closed ideal of A.
Then, I and A/I are AF-algebras.

Proof. Assume that A is an AF-algebra. Assume that [ is a closed ideal of
A.

To show: (a) A/I is an AF-algebra.
(b) I is an AF-algebra.

(a) Let m: A — A/I denote the projection map. Since A is a UHF algebra,
it contains a increasing sequence {A, } ez, of finite dimensional
C*-subalgebras such that [ J7- ; A, is dense in A. By Theorem [1.8.6, the
sequence {m(A,)}nez., Is an increasing sequence of finite dimensional
C*-subalgebras of A/I. Moreover,

U w4 == | An) =n(4)=4/I

n€Z>0 TLEZ>0

Therefore, A/I is an AF-algebra.

(b) If n € Z~y then define I,, = I N A,,. Then, the sequence {I,}nez., is an
increasing sequence of finite dimensional C*-subalgebras. We need to show
that

U I,=1.
n€Z>o

I,,. Define

n€Z>0

Let J =
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o: AlJ — AJI
a+J — a+1

Then, ¢ is a well-defined *-homomorphism.
To show: (ba) ¢ is isometric.

(ba) By part (a), it suffices to prove that ¢ is isometric on each
C*-subalgebra in the increasing sequence

{(An + 1)/ T }nez

because the increasing union |, (A, + J)/J is a dense *-subalgebra of A/.J.
If n€Zsothenlet ¢ : (A, +J)/J — A,/(A, N J) and

0:(A,+1)/I — A,/(A,NI) be *isomorphisms (the second isomorphism
theorem). Let ¢y, : (A, +1I)/I — A/I denote the inclusion.

Observe that I, = A, NI = A, N J and that the restriction of ¢ to

(A, + J)/J is simply the composite ¢, o ="' o 1. Notably, the restriction of
¢ is a composite of isometries. Hence, ¢ is an isometry on (A4, + J)/J and
consequently, an isometry on A/.J.

(b) Since ¢ is isometric, we conclude that J = I. Hence, I is an AF-algebra
as required. O

A useful consequence of Theorem [2.10.14] is the following theorem:

Theorem 2.10.15. Let A be a C*-algebra. Then, A is an AF-algebra if
and only if its unitization A is an AF-algebra.

2.11 Tensor products of C*-algebras

We begin by recalling the tensor product for the category of C-vector
spaces. If H and K are C-vector spaces then their algebraic tensor
product is the C-vector space

H® K =span{z®y |z € Hye K}.

The primary use of tensor products is to turn bilinear (or multilinear) maps
into linear maps via its universal property.
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Theorem 2.11.1. Let H and K be C-vector spaces. Let ¢ be the C-bilinear
map

op: HxK — HQ®K
(h,k) — h®Ek.
Let V' be another C-vector space and f : H x K — V be a C-bilinear map.

Then, there exists a unique C-linear map f : H® K — V such that the
following diagram commutes:

HxK -2 HeK

I
I N2

Vv

Here is a quick application of Theorem [2.11.1}

Example 2.11.1. Let H and K be C-vector spaces. Let 7: H — C and
p: K — C be linear functionals. Define the map

TXp: HxK — C
(h, k) = 7(h)p(k)

The map 7 x p is C-bilinear. By the universal property in Theorem [2.11.1
there exists a unique linear functional 7 ® p : H ® K — C such that the
following diagram commutes:

HxK -3 HoK

1
| T®P
TXpP N

C
In particular, 7 ® p is defined by (7 ® p)(h ® k) = 7(h)p(k).
Now suppose that Z;‘:l r; ®y; = 0 where x; € H and y; € K. We claim
that if the set {y1,v2,...,yn} is linearly independent in K then
Ty =" =x,=0.
If j € {1,2,...,n} then let p; be the linear functional defined by

pi(y;) = d; ; where §; ; is the Kronecker delta. If 7: H — C is a linear
functional then
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0=(r ®Pj)(2$z' ® y;)

=1

= ZT(%)PJ(%)
= ZT(%’)@,J‘ = 7(x5).

So, 7(x;) = 0 for arbitrary 7 € H*. Therefore, if j € {1,2,...,n} then
z; = 0. Analogously, if the set {z1,...,2,} is linearly independent in H
theny; =--- =y, =0.

Now if H and K are normed vector space then there are multiple different
norms one can equip the tensor product H ® K with. As we will see
shortly, this makes the business of constructing tensor products of
C*-algebras quite complicated. First, we will see that the tensor product of
two Hilbert spaces is a relatively simple affair.

Theorem 2.11.2. Let H and K be Hilbert spaces. Then, there exists a
unique inner product (—, —) on the tensor product H ® K, defined by

(—,=): (HoK)x (H®K) — C
(r@y,2y) = (1,2)yy).

Proof. Assume that H and K are Hilbert spaces. First observe that if
7:H — Cand ¢ : K — C are conjugate-linear maps then there exists a
unique conjugate-linear map

TRO: HRIK — C
(h,k) — 71(h)o(k).

Here is how the map 7 ® ¢ is constructed. The composites 7 and ¢ are _
linear maps. By Theorem [2.11.1] we obtain a unique linear functional 7 ® ¢

and then set 7 ® ¢ =7 @ ¢.

Now assume that z € H and y € K. Let ¢, : H — C be the
conjugate-linear functional defined by h +— (x, h). Similarly, let ¢, : K — C
be the conjugate-linear functional defined by k +— (y, k). Then, there exists
a unique conjugate-linear functional ¢, ® ¢, : H ® K — C defined by

(02 ® ¢y)(h @ k) = ¢z (h) @y (k) = (2, h)(y, k).
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Next, let X be the vector space of conjugate-linear functionals on H ® K
and define

M: HxK — X
(hak) = ¢h®¢k

Then, M’ is a C-bilinear map. By Theorem [2.11.1] there exists a unique
linear map M : H ® K — X such that M(h ® k) = ¢p, ® ¢.

Now, we define a sesquilinear form on H ® K by
(——): (HK)x(H®K) — C
(z@ydey) — Moy ey).

Since the maps M and ¢, ® ¢, are all unique, the map (—, —) must also be
unique. It is straightforward to check that (—, —) defines a sesquilinear
form on H ® K.

To see that (—, —) is an inner product on H ® K, it suffices to show that if
z€ H® K and (z,z) =0 then z = 0. So, assume that z € H ® K and
(z,2) = 0. Then, z =377 | (v; ® y;). Now let {e;}iez., be an orthonormal
basis for K. Then, there exists x,. ..,z such that

n

z= Z(x; ® €;).

J=1

Now we compute directly that

n

(z,2) = Zx ®ej,z ®ej))
_] 1 7j=1

= Z(wé ® e, 7; @ €5)

ijl

- E z7 _7 67,76]

i,7=1
n

= ll* =
=1

Hence, if ¢ € {1,2,...,n} then ||z}|| = 0 and =} = 0. Consequently, z =0
and (—, —) is the unique inner product on H ® K as required. O
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In the scenario of Theorem [2.11.2] we regard H ® K as a pre-Hilbert space,
equipped with its unique inner product.

Definition 2.11.1. Let H and K be Hilbert spaces and H ® K be the
pre-Hilbert space with the unique inner product in Theorem [2.11.2, The
completion of H ® K, denoted by H®K, is called the Hilbert space
tensor product of H and K.

Here are some easy consequences of Theorem 2.11.2) If x € H and y € K
then

lz @ yll = ll=[lllyll-

Theorem 2.11.3. Let H and K be Hilbert spaces. Let Ey and Ey be
orthonormal bases for H and K respectively. Then,

EiQE ={xy|zec E,yc E}

is an orthonormal basis for HOK .

If H and K’ are closed vector subspaces of H and K respectively then the
inclusion map ¢ : H' ® K’ — H®K is isometric where H' ® K’ inherits its
inner product from H ® K. Hence, we can consider H'®@K' as a closed
vector subspace of HQK.

Before we move onto the next result regarding the Hilbert space tensor
product, we recall the following result about bounded linear operators on a
Hilbert space.

Theorem 2.11.4. Let H be a Hilbert space and x € B(H). Then, x is a
C-linear combination of four unitary operators.

Theorem 2.11.5. Let H and K be Hilbert space. Let u € B(H) and
v € B(K). Then, there exists a unique operator u®v € B(H®K) such that
ifx € H and y € K then

(uev) = u(r) @ v(y).
We also have |[u®v]|| = ||Jul|||v]|.

Proof. Assume that H and K are Hilbert space. Assume that u € B(H)
and v € B(K). Then, the map (u,v) — u ® v is C-bliinear. By Theorem
[2.11.], there exists a unique C-linear map u®v: H ® K — H ® K, defined
by (u®@v)(z®@y) = u(r) @ v(y).
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We would like to extend u ® v to H®K by using the universal property of

completion. In order to do this, we first need to show that u ® v is bounded.
By Theorem [2.11.4] we may assume without loss of generality that u and v
are unitary operators. If z € H ® K then we write z = 37 | (v; ® k;) where
{k1,...,k,} is an orthogonal subset of K. We have

n

lw@v)(2)* = l(u @)Y (z; @ k)|

j=1

=1 _(ulz;) @ v(k)|I* = ZHU% D v(k;)|”
j=1
= > lulz) IPlloky)|* = ZH%H 111

j=1

n
=l @ kilI° = l=]1”
j=1

The third equality follows from the fact that the set
{v(k1),v(k2),...,v(k,)} is orthogonal. The third last equality follows from
the fact that u and v are isometries (because they were assumed to be
unitary). Finally, the last equality follows from the fact that if

i,j € {1,2,...,n} are distinct then z; ® k; is orthogonal to z; ® k;.

We deduce that |[u ® v|| = 1. Since the linear map v ® v is bounded for

u € B(H) and v € B(K) we can apply the universal property of completion
in order to extend u ® v to a bounded linear map u®v on the Hilbert space
HRK.

To show: (a) If u € B(H) and v € B(K) then |[u@v| = |Jul||v].

(a) Define the maps
tg: B(H) — B(H®K)
uo o uRidg
and
ik B(K) — B(H&K)
v = idy®u

Then, 1y and tx are injective C-linear maps. We claim that 1z and g are
in fact, *-homomorphisms. If x € H, y € K and wu;,us € B(H) then
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L (wius)(z @ y) = (uue®idi ) (v @ y)
= u (us(7)) @y
= (1 ®id) (ua() ® y)
= v (ur)em (u2)(z @ y).
Hence, ¢ (uiug) = tp(ur)ep(up) on H @ K. Since H ® K is dense in HRK,
v (ugs) = g (uy)eg (uz) on HRK. Similarly, if vy, v, € B(K) then

L (v1v2) = Lt (v1) itk (ve). To show that 1y preserves adjoints, first assume
that x1,20 € H, y1,y2 € K, uw € B(H) and v € B(K). Then,

® Y1, (uRV) (22 @ 1))
T1 ® Y1, u(r2) ® v(y2))

(21
=
= (w1, u(z2)) (Y1, v(y2))
=
=

(u@v)*(21 ® Y1), T2 @ Y2) =

u* (1), 22) (V" (Y1), Y2)
(1" &@V*) (21 @ Y1), T2 ® Ya).

So, (u®v)* = u*®v* on H ® K and subsequently, on H®K. Consequently,

Of course, we also have tx(v*) = v (v)*. Therefore, 1y and tx are injective
*_homomorphisms and are thus, isometries by Theorem [1.6.4, Hence,
luv| = [|(u@idk)(idu@v)|l < e (ullllex () = [[ullflo]-

To prove the reverse inequality, assume that € € R.g. Assume without loss
of generality that u,v # 0. Then, there exists unit vectors x € H and
y € K such that

lu(@)[| > fJull —e>0 " and  [lo(y)l| > [Jv]| —€e>0.

This means that

[(u@v) (@ @ y)ll = [u@) vl > ([ul] = e)(v] —e).
Since € € Ry was arbitrary, we obtain the desired inequality. So,
Jucoll = Jlul[lv]] O
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So far, we understand how to construct Hilbert spaces by using the tensor
product (in the category of C-vector spaces) and then completing to a
Hilbert space. In our quest to define the tensor product of C*-algebras, we
now have to define a suitable notion of multiplication and involution.

We will first address multiplication. Let A and B be C-algebras. Since A
and B are C-vector spaces, we can construct the tensor product A ® B. We
will construct multiplication on A ® B so that A ® B is itself a C-algebra.
If a € A then let L, denote left multiplication by a and let X be the vector
space of linear maps on A ® B. Then, ifa € Aand b € B then L, ® L, € X
and the map (a,b) — L, ® L; is C-bilinear.

By Theorem [2.11.1], there exists a unique linear map M, defined explicitly
as

M: A®B — X
(I®b — La®Lb.

Now consider the map

(A® B - A®B
(c,d) +— M(c)(d).
This map is C-bilinear and since M is unique, it defines the unique
multiplication on A ® B. Explicitly, if a,a’ € A and b,/ € B then

(a®b)-(d@b)=Ma®b)(d V) =ad Q0.

Definition 2.11.2. Let A and B be C-algebras. The tensor product of
C-vector spaces A ® B, equipped with the bilinear multiplication in
equation ([2.4), is a C-algebra called the algebra tensor product of A and
B.

Next, we address involution. Let A and B be *-algebras so that A® B is a
C-algebra. We will define involution on A ® B so that A ® B becomes a
*_algebra. The obvious way to do this is to define

(a®b)" =a"®b"

for a € A and b € B. It is straightforward to check that this satisfies all the
properties demanded by an involution. However, we have to show that
involution is well-defined. We do this by showing that if > 7, (a; ® b;) = 0
then > 7 (a; ® b}) = 0.
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To this end, assume that > 7 (a; ® b;) = 0. Let {c1,...,c,} be a linearly
independent set in B with the same linear span as the set {by,...,b,}. If
ie€{l,2,...,n} and j € {1,2,...,m} then there exists scalars )\, ; € C such
that

bz‘ = Z /\i,jcj-
7j=1
Therefore,

n

0="> (a;®b)

=1

= (6 ®)  Nijo)
j=1

n
=1

=> O Ajai®c)

i=1 j=1

So, > ity Aijai = 0 in A since the set {c1,ca,. .., ¢} is linearly
independent. Consequently, 2;11 ma;‘ =0 and

n n

i=1 =1 7=1

Definition 2.11.3. Let A and B be *-algebras. The algebra tensor
product A ® B, equipped with the involution above, is a *-algebra called
the *-algebra tensor product of A and B.

In a similar manner to before, if A" and B’ are *-subalgebras of A and B
respectively then we can regard A’ ® B’ as a *-subalgebra of A ® B.

Here is how we can form *-homomorphisms on *-algebra tensor products.

Theorem 2.11.6. Let A, B,C, D be *-algebras. Let ¢ : A — B and
Y : C'— D be *~homomorphisms. Then, the map
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oRY: AC — B® D
a®@c = ¢(a)@P(c)

is a *-homomorphism.

Proof. Assume that A, B,C and D are *-algebras. Assume that ¢ : A — B
and ¢ : C — D are *~homomorphisms. By Theorem [2.11.1, ¢ ® ¢ is a
linear map. Assume that a,a’ € A and ¢, € C. Then,

(0@ ¢)(a®c)(d @)

(¢ ® ¢)(aa’ ® cc)
¢laa’) @ (cc)
¢(a)p(a’) @ ¥ (c)(c)

= (¢(a) @ P(0))(¢(a) @ (<))

(0@ Y)(a®c)(¢@P)(a’ ®@C).

We also have

(@@ Y)((a®c)) = (d®Y)(a" @) =¢(a) @Y(c)" = (¢ ®Y)(a® )"
Therefore, ¢ ® 9 is a *~homomorphism from A ® C' to B® D. m

At this point, we have set up enough machinery to discuss tensor products
of C*-algebras. Previously, we mentioned that a tensor product of
C*-algebras could have more than one possible norm. The next result will
be used to demonstrate this claim.

Theorem 2.11.7. Let A and B be C*-algebras. Let (p, H) and (1, K) be
representations of A and B respectively. Then, there exists a unique
*-homomorphism m: A® B — B(H®K) such that ifa € A and b € B then

m(a®b) = p(a)@(b).
Furthermore, if p and ¥ are injective then 7 is injective.

Proof. Assume that A and B are C*-algebras with representations (p, H)
and (¢, K) respectively. Define the maps

¢ A — B(H®K)
a + (a)®idg

and
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W' B — B(HOK)
By Theorem [2.11.6] ¢’ and " are *-homomorphisms. Furthermore, the
images ¢'(A) and ¢/(B) commute. Now define the map

a: AxB — B(H®K)
(a,0) = ¢ (a)y'(b).
Then, « is a bilinear map. By the universal property of the tensor product

in Theorem [2.11.1] there exists a unique linear map 7: A® B — B(H®K)
defined by

m(a®b) = ala,b) = ¢'(a)¥'(b) = p(a) @ (b).

Since ¢’ and ' are both *-homomorphisms, we deduce that 7 is also a
*_homomorphism as required.

Now, assume that ¢ and 1 are both injective. Assume that z € ker .

Then, z = Z?Zl(aj ® b;), where a; € A and b; € B. We may also assume

that {b1,ba,...,b,} is linearly independent. Since ® is injective, then the
set {¢(b1),v(ba), . ..,1(by)} is linearly independent.

We have

n

m(2) = X (@) @v(b;)) = 0.

To show: (a) If j € {1,2,...,n} then ¢(a;) = 0.

(a) Assume that hok € H®K. Then, we can construct an orthonormal set
{e1,€a,..., ey} such that

Co(ar)(h®k) + -+ + Cp(a,)(h&k) C Cey + -+ - + Cep.
Then, there exists \; ; € C such that

)(h@k) = Z Aij€;-
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Now, if W’®k' € HQK then

0= (p(a;)(h&k)&i(b;) (W &K))

= 1

= Z lejemw )(W&K'))

=1 j=1
m

Z em® Z A0 (b)) (W &K')).

Therefore, > | A; j40(b;) (W ®k') = 0 and since the element h'&k' € HRK is
arbitrary, then > " A; ;4(b;) = 0. By linear independence of
{Y(b1),...,0(,)}, it e {1,2,....,n} and j € {1,2,...,m} then \;; = 0.
Thus, if i € {1,2,...,n} then ¢(a;) = 0 as required.

By part (a) and the fact that ¢ is injective, we find that a; = --- = a,, = 0.
Hence, z =377 (a; ® bj) = 0 and 7 is injective as required. O

The *-homomorphism 7 in Theorem [2.11.7]is usually denoted as p®1).

Definition 2.11.4. Let A be a C*-algebra and S(A) denote the set of
states of A. If ¢ € S(A) then let (74, Hy, &s) be the GNS representation
associated to A. Then, the direct sum of all GNS representations

(D 7 @ Hy)

$eS(A)  ¢eS(A
is called the universal representation of A. Note that the universal
representation is faithful — the *-homomorphism € ses(4) To 18 injective.

Now let A and B be C*-algebras with universal representations (¢, H) and
(¢, K) respectively. By Theorem there exists a unique injective
*_homomorphism 7 : A ® B — B(H®K) such that 7(a ® b) = p(a)®(b).
Define the function

|-ll«: A® B — Rxg
c =[xl
Since the norm on B(H®K) satisfies the property of a C*-algebra, ||—||.
defines a C*-norm on A ® B.

Definition 2.11.5. Let A and B be C*-algebras with universal
representations (o, H) and (¢, K) respectively. Let m: A® B — B(H®K)
denote the unique injective *~homomorphism constructed in Theorem

2.11.70 Then, the C*-norm ||—||, on A ® B is called the spatial C*-norm.
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One of the basic properties of the spatial C*-norm is that if a € A and
b € B then

la @ bll. = |Im(a @ b)l| = llp(a)@v @)l = le(@)]llv @) = llalllb]

where in the last equality, we used Theorem [1.6.4}

Definition 2.11.6. Let A and B be C*-algebras. The C*-completion of
A ® B with respect to the spatial norm ||—||. is called the spatial tensor
product of A and B and is denoted by A ®, B.

We will now demonstrates that there can be more than one C*-norm on

A®B.

Definition 2.11.7. Let A and B be C*-algebras and v be a C*-norm on
A ® B. The C*-completion of A ® B with respect to v will be denoted by
A®, B.

Theorem 2.11.8. Let A and B be C*-algebras and v be a C*-norm on
AR B. Ifd € A and b/ € B then define

Ly . A — A@»yB
a — a®b
and
Ly - B — A@ryB
b — d®b

Then, Ly and vy are both continuous maps.

Proof. Assume that A and B are C*-algebras. Assume that ~ is a C*-norm
on A® B. Assume that a’ € A, b’ € B and that the maps ¢,s and 1y are
defined as above. Since A, B and A ®, B are Banach spaces, the closed
graph theorem applies.

Hence, to show that ¢, and ¢, are continuous, it suffices to show that their
graphs are closed.

To show: (a) If {a,}nez., is a sequence converging to 0 in A and the
sequence {uy(ay)tnez., converges to c € A ®, B then ¢ = 0.

(a) Assume that {a,}nez., is a sequence which converges to 0 in A. Assume

that {ty(a,)nez., converges to ¢ € A ®., B. Note that we can assume this
without loss of generality because every Banach space is a topological
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vector space and addition is itself continuous in a topological vector space.

Furthermore, we can assume that if n € Z- then a,, and b are positive (if
not, we can simply replace a,, with a’a, and 0’ by (¢/)*0'). Hence, the
sequence {uy(ay)tnez., converges to ¢ € A ®, B which is positive.

Now let 7 be a positive linear functional on A ®, B. The composite
p = T oLy is a positive linear functional on A and hence, continuous. So,

r(¢) = 7l 1y(a,)) = lim (70 1y )(an) = lim p(an) = p(0) = 0.

So, 7(c) = 0 for any positive functional 7 on A ®., B. Therefore, ¢ = 0 and
consequently, the graph of ¢, is closed.

A similar argument to part (a) establishes that the graph of ¢, is closed.
By the closed graph theorem, ¢, and ¢y are both continuous. O

The next result is integral to the construction of our next C*-norm.

Theorem 2.11.9. Let A and B be non-zero C*-algebras and v be a
C*-norm on A® B. Let (m, H) be a non-degenerate representation of

A ®., B. Then, there exists unique *-homomorphisms ¢ : A — B(H) and
Y : B — B(H) such that if a € A and b € B then

m(a®b) = @(a)(b) = ¢ (b)p(a).
Moreover, the representations (¢, H) and (¢, H) are both non-degenerate.
Proof. Assume that A and B are non-zero C*-algebras and that A ®, B is

defined as above. Assume that (7, H) is a non-degenerate representation of
A®, B

Let Ho=m(A® B)H. If z € Hy and i € {1,2,...,n} then there exists
a; € A, b; € B and z; € H such that

n

2= w(a; @ bi)(x).

i=1
We want to define a well-defined map on Hy. We will deal with whether
this mysterious map is well-defined first before defining it. Suppose that
z € Hy has two expressions of the above form:

Z_Z (a; ® b;)(x;) zmjﬂcj@d
7j=1
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By using Theorem let {v,},em be an approximate unit for B. If
a € A then

n n

ma®v,)(z) =Y mla®v)m(a; ®b;)(z:) =Y w(aa; ® v,b;) ().

i=1 =1

But, we also have

a® ) Z m(ac; @ vud;)(y;)-

By taking the limit with respect to the variable u, we find that

m

lim7(a ®v,)(2) = h;an Z m(aa; ® vub;)(w;)
= Z W(liiﬂ(aaz‘ ® vubi)) (%)
= Z W(aai X bz)(IZ)

where the last equality follows from the fact that tensoring with aa; is
continuous (see Theorem [2.11.8)). Therefore,

n m

> wlaa; @ bi)(x) =Y wlac; ® d;)(y;)-

i=1 j=1
Therefore, if a € A then the map
QO(CL) : H, — H,
2= m(a @bi) () = 3L m(aa; @ bi)(x;)
is well-defined. Since ¢(a)(z) = lim, 7(a ® v,)(z), we deduce that ¢(a) is a
linear map on H,. To see that ¢(a) is bounded, we first use Theorem [2.11.8
to show that there exists M € Z-o depending on a such that
Im(a @ )| < M]|b].

Hence,
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le(a) ()] = [lim 7(a & v,)(2)]
< lim||m(a ® v,) |||z
< lim Mo [l]]<]
< M|zl
So, ||¢(a)]| < M. This means that ¢(a) is a bounded linear map on Hy.
Since the representation (m, H) of A ®., B is non-degenerate, Hy is dense in

H by Theorem [1.10.4) Therefore, we can extend ¢(a) to a bounded linear
map on H, which we also denote by ¢(a) as an abuse of notation.

By arguing in nearly the same fashion as before, if b € B then the map

P(b) : Hy - Hy
z = Z:'Lzl 7r(ai (9 bl)(l'l) — Z?:l W(ai X bbz)(xz)

is a well-defined bounded linear operator on Hy, which extends to a
bounded linear operator on H, which we also denote by 1(b).

Now consider the maps ¢ : A — B(H) and ¢ : B — B(H), given by
a— p(a) and b — ¥(b).

To show: (a) ¢ is a *-homomorphism.

(b) m(a @ b) = p(a)i(b) = ¢ (b)p(a).

(a) Since Hy is dense in H is suffices to check that ¢ is a *-homomorphism
n

by using elements of Hy. Let a,a’ € A. If 2 =" | m(a; ® b;)(x;) € Hy then

pla+ad)(z) = lim m((a+d’) ®v,)(2)
= lim (ﬂ(a ®v,)(2) + 7(d ® vu)(z)>
= p(a)(2) + ¢(d')(2).

If « € C then

plaa)(z) = liin m(aa ®v,)(2) = ozliin m(a®v,)(2) = ap(a)(z).

We also have
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(by Theorem [2.3.2)

and

plad’)(z) = lim((aa’) ®v,)(2)
= hin liur/n 7((aa") ® v,v)(2)
= (limm(a®0,)(2)) (lim7(a’ © v)(2)
= ¢(a)(z)e(a)(2).

Since z € Hy was arbitrary, ¢ is a *-homomorphism. Note that by similar
computations, 1 is also a *-homomorphism.

(b) Let {ux}xer be an approximate unit for A. If z € Hy then

p(a)y()(2) = p(a)(limm(uy @ b)(2))
= li/r\n hin m(a ®v,)m(uy ® b)(2)
= li/{n liin 7(auy ® v,b)(2)
= liin 7(auy ® b)(2)
=m(a@b)(2).
By a similar computation, we also have ¥ (b)p(a)(z) = 7(a ® b)(2).
Now, we will address the uniqueness of ¢ and 1. Assume that there exists

*-homomorphisms ¢’ : A — B(H) and ¢/ : B — B(H) such that if a € A
and b € B then

m(a®b) = ¢'(a)d'(b) = ' (b)¢'(a).
The idea is to use the approximate units {uy}er and {v,},en. First, we
need to show that the representations (¢’, H) and (¢, H) are
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non-degenerate.

To this end, assume that z € H satisfies ¢'(a)(2) = 0. By assumption, if
b € B then

m(a®b)(z) = ¥/ (b)¢'(a)(z) = 0.
This holds for arbitrary a € A and b € B. So, 7(A® B)z = 0 and since the
representation (7, H) is non-degenerate, z = 0. Therefore, (¢', H) is a
non-degenerate representation of A. By a similar argument, the
representations (¢, H), (¢, H) and (¢, H) are all non-degenerate.

Since the representations (¢, H) and (¢’, H) are non-degenerate, the nets
{(vy) buenm and {¢'(uy) }aer both strongly converge to the identity
operator idy by Theorem Now, we have

hin T(a®v,) = hin ' (a)' (v,) = ¢'(a)

But, lim, 7(a ® v,) = ¢(a). So, ¢'(a) = p(a) and ¢’ = . An analogous
argument reveals that ¢y’ = . Hence, 1) and ¢ are unique. O

The maps ¢ and ¢ in Theorem [2.11.9| will be referred to as m4 and 7p
respectively.

Theorem 2.11.10. Let A and B be C*-algebras. Let vy be a C*-seminorm
on A® B. Ifa € A and b € B then

v(a@b) < lall]b]-

Proof. Assume that A and B are C*-algebras. Assume that ~ is a
C*-seminorm on A ® B. Let § = max(7, ||—|[«). Then, ¢ is a C*-norm on
A ® B because the spatial norm ||—||. is itself a C*-norm on A ® B. Hence,
we can form the C*-algebra A ®; B.

Now let (7, H) denote the universal representation of A ®s B. Then, (7, H)
is faithful and non-degenerate. By Theorem [2.11.9] if a € A and b € B then

m(a ®b) = ma(a)mp(b). Since 7 is isometric, we have

0(a@b) = [[r(a®b)|| < [mala)llws®)] < [lalllb]-
Therefore, v(a ® b) < ||al|||b]|- O
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Now we will begin the construction of our next important C*-norm. Let A
and B be C*-algebras. Let I' be the set of all C*-norms on A ® B. If
¢ € A® B then define

[l ¢l max = supy(c).
yerl’

By Theorem [2.11.10}, if ¢ = Z?:l(aj ®b;) and v € I' then
v(€) <D vla; @b;) < Y llagllf1by]-
j=1 j=1

Hence, [|c||max < 00. Furthermore, it is a C*-norm on A ® B.
) a. )

Definition 2.11.8. Let A and B be C*-algebras. The norm ||—||max
defined above is called the maximal C*-norm on A ® B. The
C*-completion of the tensor product A ® B with respect to the maximal
C*-norm ||—||max is called the maximal tensor product of A and B and
is denoted by A ® . B.

The name “maximal tensor product” is not just for show. In fact, the
maximal tensor product satisfies the following universal property:

Theorem 2.11.11. Let A, B and C be C*-algebras. Let ¢ : A — C and
Y : B — C be *homomorphisms such that the image p(A) commutes with
W(B). Then, there ezists a unique *-homomorphism m: A @uax B — C
such that if a € A and b € B then

m(a ®b) = ¢(a)i(b).

Proof. Assume that A, B and C' are C*-algebras. Assume that ¢ : A — C
and ¢ : B — C are *-homomorphisms such that ¢(A) commutes with ¢ (B).

By Theorem [2.11.1], there exists a unique *~homomorphism 7 : A® B — C
such that if a € A and b € B then

m(a ®b) = @(a)i(b).
Now consider the map

v: A®B — Ry
¢ = (]

Then, v is a C*-seminorm on A ® B (seminorm because m may not be

injective). By Theorem [2.11.10} v(¢) < 0(c) < ||¢|/max because 6 is a
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C*-norm on A ® B. Therefore, ||7(c)|| < ||¢|lmax and 7 is a norm-decreasing
*_homomorphism on A ® B.

Consequently, we can extend 7 to a norm-decreasing *-homomorphism on
the maximal tensor product A ®,. B. O

Now, we arrive at the definition of a class of C*-algebras which has been
the subject of much research.

Definition 2.11.9. Let A be a C*-algebra. We say that A is nuclear if for
all C*-algebras B, the tensor product A ® B has exactly one C*-norm.

Here is an important remark we will use shortly. Let A be a *-algebra
equipped with a complete C*-norm ||—||. We claim that this is the only
C*-norm on A. Let v be another C*-norm on A and B be the completion
of A with respect to . Define the inclusion map

v (A=) = (B)
a — Q.

Then, ¢ is an injective *-homomorphism and thus, isometric. Hence, if
a € A then v(a) = |la|| and as a result, v = ||—||.

Example 2.11.2. Let n € Z>;. We claim that the C*-algebra M,,,(C) is
nuclear. Assume that A is a C*-algebra. To see that the tensor product
Mp«n(C) ® A has exactly one C*-norm, it suffices by the previous remark
to show that M,,,(C) ® A admits a complete C*-norm.

Define the map

' Mpxn(C) x A —  Myyn(A)
((Xig)a) = (Aiga).
It is straightforward to verify that 7’ is a bilinear map. By the universal
property in Theorem [2.11.1] there exists a unique linear map
7T Mpsn(C) ® A — M« (A) such that

T((Aij) ® a) = (Aija).
Next, we show that 7 is a *-homomorphism. Assume that ()\; ;) € M, x,(C)
and a € A. Then,

T(((Aij) ® a)") = 7((A\j4) ® a¥)




and 7 is also multiplicative by direct computation. Therefore, 7 is a
*_homomorphism. We now claim that 7 is actually a *-isomorphism.

To show: (a) 7 is surjective.
(b) 7 is injective.

(a) Assume that X = (z;;) € Myun(A). Ifi,5 € {1,2,...,n} then let

eij € Myxn(C) be the matrix unit with a 1 in the ¢j position and zeros
elsewhere. Then, 7(e; ; ® x; ;) is the matrix with z; ; € A in the ij position
and zeros elsewhere. By linearity of 7, we have

W(Z Z(em’ ®x;5)) = X.

i=1 j=1

So, 7 is surjective.
(b) Assume that (\; ;) ® a € ker 7 so that

W(()‘i,j) (%9 CZ) = ()\iyja) =0.

Then either a =0 or if 4,5 € {1,2,...,n} then \; ; = 0 and the matrix (\; ;)
is the zero matrix. In either case, (\; ;) ® @ = 0 and 7 must be injective.

By parts (a) and (b), we deduce that 7 is a *-isomorphism. Now, we define
the map || by

I=Il: Mpxn(C)®@A — C
(Aij) @a = 7((Ai;) @ a)
Since M,,x,(A) is a C*-algebra with its norm (see [Mur90, Theorem 3.4.2]),
||—|| defines a C*-norm on the tensor product M, (C) ® A. It is complete
because 7 is a *-isomorphism and is thus, isometric. By the preceding
remark, ||—| is the only C*-norm on M,,,,(C) ® A. Since A was arbitrary,
we deduce that M,,x,(C) is a nuclear C*-algebra.

Recalling the structure of finite-dimensional C*-algebras from Theorem
2.10.3, we suspect that in light of above example, every finite-dimensional
C*-algebra must be nuclear. We prove this in Theorem [2.11.12| below.

Theorem 2.11.12. Let A be a finite-dimensional C*-algebra. Then, A is a
nuclear C*-algebra.
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Proof. Assume that A is a finite-dimensional C*-algebra. By Theorem
2.10.3, there exists k € Z~o and nq,...,n; € Z~( such that

k
A2 D M,, ., (C).
i=1
as C*-algebras. Let B be a C*-algebra and define the map

¢: AxB — @ (Myx,(C) © B)
(a’7b>:<<a17"‘7ak)7b) = (a1®ba"'7ak®b)
where if i € {1,2,...,k} then a; € M,,,«,,(C). It is easy to verify that ¢ is
a bilinear map. By Theorem [2.11.1] there exists a unique linear map 1,
defined explicitly by

(I A® B — @le(Mme (C)® B)
a®b=(ay,...,a,) @b — (a1 ®b,...,a; D).
By direct computation, ¢ is in fact, a *-homomorphism. To see that v is
injective, assume that (ay,...,ax) ® b € ker ) so that
¥((a,...,ar) ®b) = 0. Then, either b= 0 or if i € {1,...,k} then a; = 0.
In either case, (aq,...,a;) ® b= 0. So, 9 is injective.

To see that 1 is surjective, assume that

k
(al ® bl7 sy Qg ® bk) € @(anxnz((c) ® B)
i=1
Ifie{1,2,... k} then let e; € @ | My, «n,(C) = A be the tuple with the
identity matrix in the i* position and zero matrices elsewhere. Since v is
linear, we have

k

¢(Z(Gz’€i ®b;)) = (a1 ®@by,...,ar @ by).

=1

Hence, v is a *-isomorphism. Now define the map

=1l A®B — R
a®b=(ar,...,ax) @b — [[¢((ar,...,ax) @)

Since the direct sum @, (M,,xn,(C) ® B) is a C*-algebra, then ||—| must
be a C*-norm on A ® B. It is also complete because v is a *-isomorphism
and thus, isometric. Hence, ||—|| is the only C*-norm on A ® B and hence,
A is a nuclear C*-algebra. O

271



Now, we will show that there are many examples of C*-algebras with the
next few results.

Theorem 2.11.13. Let A be a C*-algebra and S be a non-empty, upwards
directed set of C*-subalgebras of A. Suppose that the union |Jp.gT is dense
in A and that every element of S is nuclear. Then, A is a nuclear
C*-algebra.

Proof. Assume that A is a C*-algebra and S is defined as above. Assume
that every C*-subalgebra of A in S is nuclear.

Assume that B is a C*-algebra and that [ and v are C*-norms on A ® B.
We will show that 8 = ~. Let C = (UpesT) ® B, where we regard T’ ® B
as a *-subalgebra of A® B for T € §. Then, C' is a C*-subalgebra of A® B
and is dense in A ®g B and A ®, B (see Theorem [2.11.8).

We assumed that if T' € § then 7' is nuclear. Since T'® B only has one
C*-norm, f =+ on T ® B. Since T' € § was arbitrary, 5 =~ on C. Hence,
the identity map id¢ : (C, ) — (C,~) is bounded and by density of C,
extends to a *-homomorphism 7 : A ®3 B - A ®, B.

Now assume that a € A and b € B. Then, there exists a sequence {a, }nez-,
in UTGS T such that lim,, . a, = a. By Theorem [2.11.8|

lim (a, ® b) = a®b.

n—o0

Therefore,

m(a®b) = lim m(a, ®b) = lim (a, ®b) =a®b

n—o0 n— o0

where the convergence in the last equality is with respect to the C*-norm ~.
We conclude that 7 is the identity map on A ® B. Consequently, if
c € A® B then

V() = (yom)(c) = B(c).
So, =~ on A® B and thus, A is a nuclear C*-algebra. O

As a consequence of Theorem [2.11.13] if H is a Hilbert space then the
C*-algebra of compact operators By(H) is nuclear. See [Mur90, Example
6.3.2).

Theorem 2.11.14. Let A be an AF-algebra. Then, A is a nuclear
C*-algebra.
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Proof. Assume that A is an AF-algebra. Then, there exists an increasing
sequence of finite-dimensional C*-algebras { By, },ez., such that |J!_, B, is
dense in A.

The set {B,, | n € Z~o} of C*-subalgebras of A is upwards directed and
each element of the set is a nuclear C*-algebra by Theorem [2.11.12] By
Theorem [2.11.13] we find that A is a nuclear C*-algebra as required. O]

In particular, since UHF algebras are AF-algebras by definition, UHF
algebras are also nuclear C*-algebras. By Theorem [2.10.12, we technically
have uncountably many examples of nuclear C*-algebras.

2.12 More on irreducible representations
and pure states

Let A and B be C*-algebras and || —||max denote the maximal C*-norm on
the tensor product A ® B. By construction, ||—||max is the largest of all
possible C*-norms. From this, one might wonder if there is a smallest
possible C*-norm on A ® B. It turns out that the spatial C*-norm ||—||. is
the least C*-norm on A ® B, but the proof of this is highly technical and
makes use of results about irreducible representations of C*-algebras and
pure states. With the interest of following [Mur90, Section 6.4] in the next
section, this section is dedicated to stating and proving the preliminary
results we need in the following section.

We will follow [Mur90, Section 5.1]. In these notes, the GNS construction
was previously done for a unital C*-algebra. We note here that the
construction generalises in a straightforward fashion to an arbitrary
C*-algebra (see [Mur90, Section 3.4]). However, we will have to do
something different to recover the unit cyclic vector associated to the GNS
representation of an arbitrary C*-algebra.

Theorem 2.12.1. Let A be a C*-algebra and 7 : A — C be a state on A.
Let (., H;) denote the GNS representation of A. Then, there exists a
unique unit cyclic vector &, € A such that if a € A then

@) ={a+N.&)  and  @(a)é = a+ N,

Proof. Assume that A is a C*-algebra and that 7 is a state on A. Assume
that (¢-, H;) is the GNS representation of A. Define the map
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po: A/N. — C
a+ N, — 7(a).
Obviously, pg is linear. To see that pg is well-defined, assume that
a+ N, =b+ N,. Then, 7((a — b)*(a — b)) = 0. If ¢ € A then by the
Cauchy-Schwarz inequality,

[m(c*(a=b)[* =@ —b+ N c+ N *
< lla = b+ Nef*fle + N-||”
= 7((a = b)*(a — b))[le + N, | = 0.

Therefore, (¢« — b+ N,,c+ N;) = 7(c*(a — b)) = 0 and subsequently,
a—b+ N, =N, and a+ N, = b+ N, as required. So, pg is well-defined.

To see that pg is bounded, recall that since 7 is a state, ||7|| = 1. Let

7w : A — A/N, denote the projection *-homomorphism. Then, 7 is bounded
(recall that ||7|| = 1) and surjective. By the open mapping theorem, it is an
open map. So, there exists r € Ry such that

BA/NT (0, 1) - 7T<BA(07T))

where By/n, (0,1) is the open ball centred at 0 = N, with radius 1 and
BA(0,7) is the open ball centred at 0 € A with radius r. By increasing
r € Ry as necessary, we may assume that

EA/NT (0, 1) g W(BA(O, T’))

where B 4 /~,(0,1) is the closed unit ball of A/N,. Now assume that
a+ N; € Byyn,(0,1). Then, |la|| <r and

|pola + No)| = |7(a)| < [I7[llla]l <.

By taking the supremum over all element of the closed ball B 4 /N, (0,1), we
deduce that ||pg]| < r. Hence, py is bounded.

Recall from the GNS construction that H, is the completion of A/N..
Since py is a bounded linear functional on A/N,, we can extend it to a
bounded linear functional on H,, which we will call p. Since H, is a Hilbert
space, we can apply the Riesz representation theorem to find a unique
element &, € H, such that if y € H, then

p(y) = (Y, &)
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Hence, if a € A then

7(a) = pola+ N;) = pla + N;) = (a + N;,&;).
If in addition b € A then

(b+ Noypr(a)ér) = (pr(a”) (b + N-), &)
= (a*b + NT7 €T>

(a*b) = (b+ N,,a+ N;).

Since this hold for arbitrary b + N, € A/N., it must also hold in H,.
Therefore, ¢, (a); = a + N,. Note from this that the image

or-(A)¢, = A/N, which is dense in H,. This means that &, is a cyclic vector
for the GNS representation of A.

Finally, to see that &, is a unit vector, let {uy} ez be an approximate unit
for A. Then, the family {¢,(uy)}rer is an approximate unit for ¢, (A) and
thus, it must converge strongly to the identity operator idy, by Theorem

So,

l&-11* = (&, &)
= h}I\n(SOT(U)\)(gT)v &)
= li/r\n T(uy)

= [Irl =1

Note that the second last equality follows from Theorem [2.3.5] This
completes the proof. O

For the next result, we make a quick definition. If p and 7 are positive
linear functionals on a C*-algebra A then we say that p < 7 if 7 — p is itself
a positive linear functional on A.

Theorem 2.12.2. Let A be a C*-algebra. Let 7 : A — C be a state and
p: A— C be a positive linear functional. Let (p,, H;, &) be the GNS
representation of A associated to the state 7. Then, there exists a unique
operator v € ¢, (A)" such that 0 < v <idy, and if a € A then

pla) = (p-(a)vér, & ).
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Proof. Assume that A is a C*-algebra. Assume that 7 is a state on A and p
is a positive linear functional on A. Assume that (p,, H,,&,;) is the GNS
representation of A associated to the state 7.

First, define the map o by

o: A/N,xA/N, — C
(a+ N, b+ N;) — {(a+ N;,b+ N;)=p(b*a).

First, we claim that o is well-defined. Assume that aq,as € A satisfy

a; + N, = as + N,. Arguing in a similar fashion to the GNS construction
and using Theorem [2.3.8) we deduce that if b € A then 7(b*(a; — as)) = 0.
Subsequently,

o(a; —az + Ny, b+ N;) = p(b™ (a1 — az)) < 7(b*(a1 —ag)) = 0.

Therefore, o(a; + N;,b+ N;) = o(as + N;,b+ N,). By a similar argument
for the second argument, we deduce that o is well-defined. We also see that
o is a sesquilinear form because p is linear.

Next, to see that o is bounded, we use the Cauchy-Schwarz inequality to
deduce that

o(a+ N, b+ N;)?| < [la+ No|P|Ib+ N, ||* = pla*a)p(b*b) < 7(a*a)T(b*D).

By taking the supremum over all a,b € A such that

lla + N-|| = ||b+ N.|| = 1, we find that ||o|| < 1 because T is a state and
hence, satisfies ||7]| = 1. Since ¢ is a bounded sesquilinear form on A/N;
and H, is the completion of A/N., we can extend o to a sesquilinear form
on H. which has norm less than or equal to 1. We will abuse notation and
call the sesquilinear form o.

Assume that ¢ € H.. By applying the Riesz representation theorem to each
of the linear functionals £ — (1), we obtain an operator v € B(H,) such
that if £ € H, then

O‘(f? ¢) = </U§7 1/)>’

To be clear, the inner product on the RHS is the inner product from H..
Observe that if £,¢ € H, then
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I = sup [jvg|?
leli=1

= sup (v§, v§)
leli=1

< sup o(, v€)
leli=1

< sup e [HI€HlvEll

< sup [[olll¢]* = [lv]
lel=1

lv

Therefore, ||v|| <1 and consequently, v < idy, . Next, to see that v is
positive, we will show that if @ € A then (v(a + N;),a+ N;) > 0. So,
assume that a € A. Then,

{(v(a + N;),a+ N,) = o(a+ N;,a+ N;)
= p(a’a) = 0.

Therefore, v is positive. Now, we will show that v € ¢, (A)". Assume that
a,b,c € A. Then,

(pr(@o(b+ V), e+ N;) = (b + V), or(a”) (e + N,)
(v(b+ N,),a*c+ N;)

o(b+ N;,a*c+ N;) = p(c*ab)
o(ab+ N;,c+ N;)

= (v(ab+ N;),c+ N;)

= (vp,(a)(b+ N;),c+ N;).

Since this holds for arbitrary b,c € A, we deduce that if a € A then
o-(a)v = vp,(a) because A/N; is dense in H,. Therefore, v € ¢, (A)". Now
let {uy} ez be an approximate unit for A. If b € B then

p(urb) = o(b+ N.,uy+ N;)
=0(b+ N;, pr(ur)é&)
= (v(b+ N:), or(ur)ér)
= (¢r(ur)o(b + Ny), &)
= (vpr (uAb)&r, &r).
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Taking the limit over A € L, we obtain p(b) = (ve,(b)&,, &) Finally, to see
that v is unique, suppose that there exists w € ¢,(A)" such that if a € A
then

pa) = (pr(a)wé;, &) = (pr(a)vér, & ).
If a,b € A then

(w(b+ N;),a+ N;) = (w(b+ N;), ¢, (a)&:)
= (pr(a)w(b+ N-), &)
= (pr(a”)o(b+ N7), &)

= (o(b+ No),a+ ),
Since A/N; is dense in H,, we deduce that w = v. ]

It is remarked in [Mur90, Page 142] that when faced with an arbitrary
representation of a C*-algebra, we can always reduce to the case of a
non-degenerate representation by Theorem [1.10.5]

The next main result we will prove is that a non-degenerate representation
can be written as a direct sum of cyclic representations. We require the
following preliminary definition and result.

Definition 2.12.1. Let H be a Hilbert space and A be a *_subalgebra of
B(H). We say that A is non-degenerate on H if AH = H.

Theorem 2.12.3. Let H be a Hilbert space and A be a non-degenerate
*-subalgebra of B(H). If £ € H then & € AE.

Proof. Assume that H is a Hilbert space and A is a non-degenerate
*-subalgebra of B(H). Assume that £ € H and let P be the projection
operator onto the closed subspace AE. If T € A then PTP = TP and by
taking adjoints, we find that PT* = PT*P. Since A is self-adjoint, if T' € A
then

PT =TP = PTP.

We conclude that P € A’. Now, if ¢ = P¢ and " = (idyg — P)& then
£E=¢ 4+ ¢". However,

T¢ = TP¢ = PTE = TE.

Therefore, if T € A then T¢" = 0. Since A is non-degenerate, {” = 0 and
{=¢ € AC 0
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Theorem 2.12.4. Let A be a C*-algebra and (p, H) be a non-degenerate
representation of A. Then, (¢, H) can be written as a direct sum of cyclic
representations of A.

Proof. Assume that A is a C*-algebra and (p, H) is a non-degenerate
representation of A. If # € H then define H, = p(A)z. Let A be the set
whose elements are non-empty subsets S of H — {0} such that if z,y € S
then the closed subspaces H, and H, are pairwise orthogonal.

Our strategy is to apply Zorn’s lemma to A which is a poset when equipped
with the relation of inclusion. To see that A is non-empty, assume that

x € H—{0}. Then, H= H, ® H;}. Let y € H be non-zero. Then, H, is
orthogonal to H,, {x,y} € A and hence, A is non-empty.

Now assume that S is a totally ordered subset of A. Consider the set

s

SeS

If Ve Sthen V CJgegS. Furthermore, it is easy to check that
Uges S € A. Hence, S has an upper bound.

By Zorn’s lemma, A has a maximal element — we will denote this set by
M. We will show that H = @, Ha.

To show: (a) (U, Ho)t = {0}

(a) Suppose for the sake of contradiction that there exists y € (U e Ho)*

such that y # 0. If a,b € A and x € M then

(p(b*a)z, y) = (p(a)z, p(b)y) = 0.
We conclude that if € M then H, is orthogonal to H,. Since (¢, H) is a

non-degenerate representation, then by Theorem 2.12.3L y € p(A)y = H,.
So, M U{y} € A which contradicts the maximality of M. Therefore, y = 0

and (U,eu o) = {0},

Hence, H = @, H. and the restricted representation (¢|g,, H;) of A is
cyclic with cyclic vector x. Therefore, (p, H) is the direct sum of
representations (¢, H,) for x € M. O

Our next result concerns unitary equivalence.
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Theorem 2.12.5. Let A be a C*-algebra. Let (p1, Hy) and (2, Hs) be
representations of A with cyclic vectors x1 and xo respectively. Then, there
exists a unitary map u : Hy — Hy such that xo = u(x,) and

pa(a) = upr(a)u* for a € A if and only if

(p1(a)(z1), 1) = (pa(a)(w2), T2)
fora e A.

Proof. Assume that A is a C*-algebra. Assume that (1, H1) and (@2, H>)
are representations of A with cyclic vectors x; and x5 respectively. First
suppose that there exists a unitary map u : H; — Hs such that xo = u(z)
and if a € A then ¢o(a) = up;(a)u*.

If a € A then

Conversely, assume that if a € A then (p1(a)(x1),z1) = (pa(a)(z2), x2).
Define the map uq by

Ug : 901(14)1’1 — H,
pi(a)zr = pa(a)rs
To see that ug is well-defined, suppose that a,b € A satisfy
p1(a)r; = p1(b)xy. If ¢ € A then

Since x5 is a cyclic vector for (g, Hs), then po(A)xe = Hy and
consequently, ug(p1(a)(z1)) = uo(p1(b)(x1)). So, ug is well-defined.

To see that ug is an isometry, observe that if a € A then
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(uo(p1(a) (1)), uo(p1(a)(z1))) =

Hence, ug is an isometry from ¢q(A)x; to Hs. Since ¢1(A)z; is dense in Hy,
we can extend wug to an isometric linear map u : H; — H,. Notice that the
image im u = po(A)xs = Hs. Slnce u is surjective, u must be unitary.

To see that u(zy) = xo, first observe that if a,b € A then

upr(a)pr(b)zy = @a(ab)zy = pou(p1(b)(1)).
So, if a € A then ups(a) = ¢o(a)u. In particular,

pa(a)u(zr) = upi(a)(z1) = p2(a)(vz).

Therefore, if a € A then @o(a)(u(zy) — x2) = 0. Since the representation
(2, Hy) is non-degenerate, we deduce that u(z,) = z2 as required. O

We have already encountered pure states in the context of GNS
representations of unital C*-algebras. Let us define pure states for arbitrary
C*-algebras.

Definition 2.12.2. Let A be a C*-algebra and 7 be a state on A. We say
that 7 is pure if it has the following property: If p is a positive linear
functional on A such that p < 7 then there exists ¢ € [0, 1] such that p = ¢7.

We denote the set of pure states on A by PS(A).
Here is a characterisation of pure states.

Theorem 2.12.6. Let A be a C*-algebra and T be a state on A. Then

1. 7 is pure if and only if its associated GNS representation (¢, H-, &)
of A is irreducible.

2. If A is commutative then PS(A) = M(A).

Proof. Assume that A is a C*-algebra and 7 is a state on A. Let
(@r, Hr, &) be the GNS representation associated to 7. We will first prove
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that 7 is pure if and only if (., H,, ;) is irreducible.
Assume that 7 is a pure state and v € ¢, (A)" such that 0 < v <idy. .
To show: (a) v € Cidg, .

(a) Similarly to Theorem [1.12.4] define the map

p: A — C
a = (pr(a)o(&r), &)

Then, p is a linear functional. To see that p is positive, note that if a € A
then

pla*a) = (pr(a"a)v(&r), &)
= (pr(a)v(&;), wr(a)(&))
= (vor(a)(&r), v-(a) (&) =

where the inequality follows from the assumption that v is a positive
operator. To see that p < 7, we have by Theorem [2.12.1},

pla) = (p-(a)v(&), &)

(¢

= (ver(a) (&), &)
= (v(a+N:), &)
[v][{a + Nz, &)

(a+ N;, &) =71(a).

Hence, p is a positive linear functional satisfying p < 7. Since 7 is pure,

there exists t € [0, 1] such that p = t7. We claim that v =t - idy, . If
a,b € A then

<
<

(v(a+ N:),b+ N:) = (ve-(a)(é-), p-(0) (&)
= (ver(t"a)(&), &)
= p(b*a) =t7(b"a)
= (t(b"a+ N;), &)
— (tla+ N,),b+ N,).

Since A/N; is dense in H,, we conclude that v =t -idy_. So, v € Cidy. .
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From part (a), we conclude that ¢, (A) = Cidy,. By Theorem [1.10.7], we
deduce that the GNS representation (., H,,&,) is irreducible.

Now assume that the GNS representation (., H;, ;) is irreducible. Let
p: A — C be a positive linear functional such that p < 7. By Theorem

, there exists a unique operator v € ¢, (A) such that 0 < v < idg,
and if a € A then

pla) = (pr(a)vé:, &)
By Theorem [1.10.7} ¢,(A)" = Cidy,. Hence, there exists t € [0, 1] such that

v =tidy,.. So, p=tr and 7 is a pure state.

Next, assume that A is commutative. Assume that 7 is a pure state on A.
We will show that 7 € M(A). Certainly, 7 is a linear functional. It is
non-zero because ||7|| = 1 by definition of a state. By Theorem [2.3.8] if

a € A then 7(a*) = 7(a).

To see that 7 is multiplicative, we know from part (a) of the proof that
- (A) = Cidpy,. Since A is commutative, ¢,(A) C ¢, (A)". So, ¢, (A)
consists of scalar operators and B(H,) C ¢,(A)". Consequently,

B(H,;) = ¢,;(A) = Cidy, and if a,b € A then

{or(

@(@@% r)
(7 (0) (&), &+)

(&, &) {(er () (&r), &)

= {r(a) (&), &) (07 (0)(&7), &) = T(a)T(D).

So, 7 is multiplicative and 7 € M(A). We conclude that PS(A) C M(A).

I
AS)
\]

2

Finally, assume that 7 € M(A). Let p be a positive linear functional on A
such that p < 7. If 7(a) = 0 then 7(a*a) = 0 and p(a*a) = 0. Since p is
positive, we have

e (1
p(a)] < pla”a)? = 0.
So, p(a) = 0 and ker 7 C ker p. Hence, there exists ¢ € R such that p = t7.
Now pick a € A such that 7(a) = 1. Then, 7(a*a) =1 and
0 < p(a*a) =tr(a*a) =t < 7(a*a) = 1.
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S ,t€]0,1] and 7 € PS(A). So, M(A) C PS(A) and consequently,
PS(A) = M(A). O

Recall that the GNS construction takes a state 7 on a C*-algebra A and
produces a representation of A. In the next result, we go in the opposite
direction. We begin with a representation of A which has a unit cyclic
vector and then produce a state on A. This is similar to what was done in

Theorem [.12.4]

Theorem 2.12.7. Let A be a C*-algebra and (¢, H) be a representation of
A. Let x be a unit cyclic vector for (p, H). Then, the function

T: A — C
a = (pa)(z), )
is a state of A and (p, H) is unitarily equivalent to the GNS representation

(or, Hr, &), Moreover, if (¢, H) is an irreducible representation then T is
pure.

Proof. Assume that A is a C*-algebra and (p, H) is a cyclic representation
of A, with unit cyclic vector z. Assume that 7 is defined as above. It is
straightforward to check that 7 is a positive linear functional.

To see that ||7]| = 1, assume that {uy}er is an approximate unit for A.
Then,

7]l = hinT(UA) = li}\n@@(ux)(x),@ = (r,2) =1

because the net {p(uy)(x)}rer strongly converges to idy. Therefore, T is a
state on A.

Now let (¢,, H,,&,) be the GNS representation associated to A. To see that
(pr, Hy, &) is unitarily equivalent to (¢, H), we observe that if a € A then

(or(a)(&r), &) = 7(a) = (p(a)(z), ).
By Theorem [2.12.5, (., H,,&,) is unitarily equivalent to (¢, H). Finally, if

(¢, H) is an irreducible representation then (¢,, H.,&;) is also irreducible
and by Theorem [2.12.6] 7 is a pure state as required. O

Recall that in the specific case where A is unital, the pure states of A are
the extreme points of the set of states of A, which is a convex set (see

Theorem |1.12.4)).
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Theorem 2.12.8. Let A be a C*-algebra. Define

S ={¢ € A" | ¢ is positive and ||¢|| < 1}.

Then, S is a convex and weak-* compact set. Moreover, the extreme points
of S are the zero functional O and the pure states of A.

Proof. Assume that A is a C*-algebra. Assume that S is the set of positive
linear and norm-decreasing functionals on A, defined as above.

To show: (a) S is a convex set.
(b) S is a weak-* compact set.

(a) Assume that ¢,¢p € S and ¢ € [0,1]. Then, t¢ + (1 — )1 is a positive
linear functional with norm

[tg + (1 = )|l < tlloll + (1 = B[] < 1.
So, t¢p+ (1 —t)1p € S and S is a convex set.

(b) Note that S is a subset of the closed unit ball of A*, which is a weak-*
compact set by the Banach-Alaoglu theorem. Hence, it suffices to show that
S is weak-* closed. Assume that {¢, }ner is a sequence in S which converges
to some ¢ € A* with respect to the weak-* topology. To see that ¢ € S,
first note that ¢ is contained in the closed unit ball of A* so that ||¢|| < 1.

To see that ¢ is positive, observe that if a € A then

¢(a*a) =lim ¢, (a*a) >0

because each ¢, is positive. Therefore, ¢ € S and we conclude that S is a
weak-* closed set.

By parts (a) and (b), we deduce that S is a convex and weak-* compact
subset of A*.

To show: (c) 0 is an extreme point of S.
(d) If 7 € PS(A) then 7 is an extreme point of S.

(¢) Assume that there exists o, f € S and t € (0,1) such that
0=ta+ (1—1t)5. If a € A then

285



0> —taf(a*a) = (1 —t)B(a"a) > 0.

Therefore, « = § = 0 and 0 is an extreme point of S.

(d) Assume that 7 € PS(A). Assume that 7 =ty + (1 —1t)J, where t € (0,1)
and 7,6 € S. Then, ty < 7 and since 7 is a pure state, there exists ¢’ € [0, 1]
such that ty = t/7. Since v and § are positive linear functionals, we have

L= {7l = tlyIl + @ = 8)l4]]
by Theorem [2.3.6] Therefore, ||| = ||6]] = 1 and
t=tly| =t =1"
Therefore, y =7 and (1 —t)d =7 —ty = (1 —t)7. So, § = 7 as well and

consequently, 7 is an extreme point of S.

Finally, assume that p is a non-zero extreme point of .S. We will
demonstrate that p is a pure state. First, observe that

_ P _

and 0, p/||p|| € S. Since p is a non-zero extreme point of S, we conclude
that ||p|| = 1. Now assume that 7 is a non-zero positive linear functional on
A such that 7 < p. Then, ||7]| € (0,1) and

T (1 LTy (1 — (LT

Il + (= DG o= =7+ (= I o =)
=7+ (1= (=)

=7+ (=)

Since p > 7, then (p — 7)/||p — 7| € S. Consequently, p = 7/||7|| and thus,
p is a pure state on A as required. n

One particular consequence of Theorem [2.12.8]is that by the Krein-Milman
theorem, the set S in Theorem [2.12.8]is the closed convex hull of its extreme
points, which in this case are the zero functional and the pure states on A.

We end this section by noting the following generalisation of Theorem

1.12.6 which is [Mur90, Theorem 5.1.12].

286



Theorem 2.12.9. Let A be a C*-algebra and a € A be arbitrary. Then,
there exists an irreducible representation (@, H) of A such that

lall = llp(a)ll.

Proof. Assume that A is a C*-algebra and a € A. Then, a*a is self-adjoint
and by Theorem [1.12.6| there exists an irreducible representation (¢, H) of
A such that ||a*al| = ||p(a*a)||. Since A and B(H) are C*-algebras,

v ol w apl
[al| = lla*allz = [le(a*a)|z = [l(a)]-

2.13 The spatial C*-norm is minimal

Now we will embark on the long proof that the spatial C*-norm on a tensor
product of C*-algebras A ® B is the smallest C*-norm. Along the way, we
will prove a significant number of useful results we will depend on in this
section. First, there is a canonical approximate unit on the tensor product

A®B.

Theorem 2.13.1. Let A and B be C*-algebras with approximate units
{urtrer and {v,}uem respectively. Let v be a C*-norm on A® B. Then,
A ®, B admits an approzimate unit of the form {us ® vs}sep.

Proof. Assume that A and B are C*-algebras. Assume that {u)}rer and
{vu}uem are approximate units for A and B respectively. Assume that 7 is
a C*-norm on A ® B.

We first impose a partial order on L x M. If (A, p), (N, p') € L x M then
(A, p) < (X, /) if and only if A < X and p < p/. Then, L x M is reflexive,
transitive and upwards-directed. In particular, it is upwards-directed
because L and M are both upwards-directed.

If (A, p) € L x M then set u, , = uy and v(, , = v,. We claim that

{u/(/\,u) ® UE)\’#)}()\’H)GLXM is an approximate unit for A ® B. Assume that
z€ A® B. If i € {1,2,...,n} then there exists a; € A and b; € B such that

=1

We compute directly that
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n n

’7(2<u/()\,,u) ® Vi) — z) = ( Z(aiul(,\,#) ® bivyy ) — Z(ai ® b))

i=1 i=1

= ’y( Z(aim ® biv,) — Z(ai ® bi))
— 7( Z(ai ®b;) — Z(ai ® bl)) =0

where the limit is taken over the variables A and p. Note that in the limit
above, we implicitly used Theorem [2.11.8, Therefore,
{u’(/\’u) ® U()\,u)}(/\vﬂ)ELXM is an approximate unit for A ® B. ]

The next results concerns direct sums of representations.

Theorem 2.13.2. Let A and B be C*-algebras. Let (px, Hy)xer and
(Y, K e be families of representations of A and B respectively. Let

(9. H) = @peror. Ha) and (0, K) = @,cr, (U, K,). [fc€ A® B then

I(e@)(e)ll = sup [[(Lx@,)(e)]l-

AeL,ueM

Proof. Assume that A and B are C*-algebras. Define

U Hx K — EBAGL’I&M(HA@KH)
((fBA)AeL, (yu)ueM) = (r\® yu)/\,u

Then, u is C-bilinear and by Theorem [2.11.1} there exists a unique linear
map, defined by

u' H®K — @AeL,ueM(HA(gKM)
(a)reL ® (Yu)uenr — (2 @ Yu)ap

It is clear by definition that u’ is surjective. To see that u' is bounded,
observe that

lw' ((@x)aer @ () pean) | = 1(2x @ yu)aull = (@) rerllH(yp) wenrll

Thus, v is a unitary operator and since H ® K is dense in HQK, we can
extend v’ to a unitary operator u defined on HQK.

Next, observe that if a @ b€ A® B and (x))rer ® (Yu)puem € H ® K then
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u*< @ (@A®¢u)<a ® b))“((xA))\eL @ (Ypu) pem)

AeL,upeM

= U*< @ (@A®¢u)(a ® b)> ((ZE,\ ® yu)&u)

AeL,upeM

= u*< @ (pa(a) ® wu(b))) ((a:,\ ® yu)&u)

AeL,ueM

—u( P e @ ub)

AeL,ueM

= w(a)((@x)reL) @ V(O)((Yu)uem)
= (p2¥)(a @ b)((Tr)rer ® (Yp)uem)-

Since u is unitary, we conclude that if c € A ® B then

lee)@l =1 @ (@&l = suwp (pa&,) ()l

AeLpeM AeL,ueM

We can apply Theorem [2.13.2] to the spatial C*-norm to obtain the
following result.

Theorem 2.13.3. Let A and B be non-zero C*-algebras. Let c € A® B.
Then,

el = sup  [[(e-@p,) ()]
reS(A),peS(B)

Proof. Assume that A and B are non-zero C*-algebras and ¢ € A ® B. Let
(p, H) and (¢, H) be the universal representations of A and B respectively.
By definition of the spatial C*-norm,

lells = I (e&)(e)]I-

By the definition of the universal representation and Theorem [2.13.2] we
have

lells = [(e@y) ()| = sup  [[(e-80,) ().
TE€S(A),peS(B)

]

Theorem 2.13.4. Let A and B be C*-algebras. Let 7 and p be states on A
and B respectively. Then, T ® p is continuous on A @ B with respect to the
spatial C*-norm.
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Proof. Assume that A and B are C*-algebras. Assume that 7 € S(A),
p€S(B)and a®be A® B. Let (¢, H;, &) and (p,, H,,€,) be the GNS

representations associated to 7 and p respectively. Then,

((r&pp)(a @ b)(& ® &), & @ &) = ((0r(a) @ 9, (1) (& ® &), & © &)
= (pr(@)&r @ 0, (b)(§p), & ® &p)

= (pr(a)&;, € >< (D)0, &)

=7(a)p(b) = (T @ p)(a @)

Since a ® B € A ® B was arbitrary, we conclude that if ¢ € A ® B then

(7@ p)(c) = ((pr®p,) () (& ® &), & ® &)
By Theorem [2.13.3], we first have
ler@pp) (Ol < sup  [l(pr@pp)(c)ll = el
r€S(A),peS(B)
Therefore,

(T @ p)(e)] < [(er@p,) (OlllIE @ &l

= [[(er&p,) ()]
< llefls

So, T ® p is continuous with respect to the spatial C*-norm on A ® B. [

Before we move onto the next result, we state the following remark in
[Mur90, Remark 6.4.2]. Let A and B be C*-algebras. Let (¢, H) and

(¢', H') be unitarily equivalent representations of A and (¢, K') and (¢, K’)
be unitarily equivalent representations of B. Then, there exists a unitary
map u: HOK — H'®@K' such that if c € A ® B then

(¢'®Y)(c) = u(p@y)(c)u”

Theorem 2.13.5. Let A and B be C*-algebras. Let (p, H) and (¢, K) be
representations of A and B respectively. Let c € A® B. Then,

1) ()l < ell..
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Proof. Assume that A and B are C*-algebras. Assume that (¢, H) and
(¢, K) are representations of A and B respectively. We would like to
assume that the representations (¢, H) and (¢, K') are non-degenerate.

To this end, let H' = ¢(A)H and K’ = ¢(B)K. Then,

H'®K' = (p&¢)(A® B)(HRK)
and if a,a’ € A, b,V € B, h € H and k € K then

(p®)(a @ b)(p(d)(h) ® (¥)(k)) = (p(a) ® (b))(p(a')(h) @ Y(¥)(K))
= p(aa’)(h) @ (bb') (k)
= (el @Ylxr)(a @ b)(p(a')(h) ® Y (V)(K)).

Since a®@b € A® B and ¢(a’)(h) @ ¢(b')(k) € H'QK' were arbitrary, we
deduce that if c € A ® B then

() () mar = (plw @Yl (c).
By Theorem [I.10.5]

@) ()l = (&) ()l mawll = (plar@vlc) ()l

Hence, we may assume without loss of generality that the representations
(¢, H) and (¢, K) are non-degenerate. By Theorem [2.12.4] we can write
(p, H) and (¢, K) as the direct sum of cyclic representations. Next, recall
from the proof of Theorem that each non-zero cyclic representation
of A or B is unitarily equivalent to a GNS representation associated to
some state on A or B.

By replacing the cyclic representations in the direct sums comprising (¢, H)
and (¢, K) with unitarily equivalent representations if necessary (this
invokes the previous remark), we may assume that

(g07 H) - @(QOT)\7 HT)\7§T)\)

AEA

for some indexing set A and states 7, € S(A) for A € A. Similarly,

(v, K) = EB(‘Ppprwfpu)'

pneM

Now if ¢ € A ® B then by Theorem [2.13.2
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lp2¥)(e)ll = sup [[(on®¢,) ()]
AeA,ueM

By Theorem [2.13.3, we have

[ev) ()l < sup  [[(e-&pp) ()] = [l
r€S(A),peS(B)

Next, we need [Mur90, Remark 6.4.3]. Let p € M,,»,,(C) be a rank-one
projection. Then, write p = z ® x where x € C". Let {ey,...,e,} be the
canonical orthonormal basis of C". Then, there exists Ay,..., A\, € C such
that

n
=1

Now e; ® €j € M,x,(C) is the matrix with a 1 in the 4, j entry and zeros
elsewhere. So,

n
p= Z >\i>\_j<€i ®e;) = ()‘z)‘_J)m
ij=1
The next result we need concerns the tensor product of positive linear
functionals.

Theorem 2.13.6. Let A and B be C*-algebras. Let 7 : A — C and
p: B — C be positive linear functionals. Then, the linear functional T ® p
on A® B is positive.

Proof. Assume that A and B are C*-algebras. Assume that 7 and p are
positive linear functionals on A and B respectively. Assume that
c=>"_1(a; ®b;) € A® B. We compute directly that

(T®p)(ce)=(T® p)(z (a;a; ® bibs) = Z 7(a;a;)p(b;b;).

Now define the matrix u = (p(bb;));; € Myxn(C). If A1,..., A, € C then

n

D B A; = p(3oAb) (3o Ab) 20

ij=1
because p is positive. We conclude that u is a positive element of M, (C).
So, it can be diagonalised and written as
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w=y t;p;
j=1
where t1,...,t, € Ryg and py, ..., p, are rank-one projections in M, (C).

To see that (7 ® p)(c*c) > 0, it suffices to show that if p = (p; ;) is a
rank-one projection in My, (C) then 7", 7(aja;)p;; > 0. By [Mur90,
Remark 6.4.3], if i,j € {1,2,...,n} then p;; = \;)\; for some

A1,y A € CL So,

n n
> rajag)pi; =Y T(aja) ki
ij=1 ij=1

T«i /\i“i>*(i /\jaj)> >0

because 7 is positive. Therefore,

n

(r@p)(cc) = Y rlala)p(bib;) > 0

ij=1
and T ® p defines a positive linear functional on A ® B. O]

The point of Theorem [2.13.6|is that in the next result, we want to use two
states 7 and p on C*-algebras A and B to obtain a unique state on A ®., B.

Theorem 2.13.7. Let A and B be C*-algebras and ~v be a C*-norm on
A®B. Lett € S(A) and p € S(B). If T ® p is continuous with respect to -y
then T ® p extends uniquely to a state w on A®., B.

Proof. Assume that A and B are C*-algebras. Assume that ~ is a C*-norm
on A® B, 7 € S(A) and p € S(B). Assume that the linear functional 7 ® p
is continuous with respect to v. Since A ® B is dense in A ®., B, we can
extend 7 ® p to a unique continuous linear functional w on A ®., B.

To show: (a) w is positive.
(b) Jlwll = 1.

(a) Assume that ¢ € A ®, B. Then, there exists a sequence {c;, nez., in
A ® B such that lim, ., v(c —¢,) = 0. So,
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wle'e) = lim wiche,) = lim (76 p)(ce) > 0

where the last inequality follows from Theorem [2.13.6| Hence, w is positive.

(b) By Theorem [2.13.1], let {u) ® vy}rer be an approximate unit for A ® B,
where {uy}rer and {vy}rer are approximate units for A and B respectively.

By Theorem [2.3.5 we have

ool = Tim w(uy @ vy)
= lim(7 ® p)(ur @ va)
= lim 7 (ux)p(v2)
= [I7lll[oll = 1.

By parts (a) and (b), w is the unique state on A ®, B which extends the
continuous linear functional 7 ® p on A ® B. O

In Theorem [2.13.7, we denote the state w by 7 ®- p.

Theorem 2.13.8. Let A and B be C*-algebras. Let v be a C*-norm on
A® B. Let T € S(A) and p € S(B) such that the linear functional T ® p is
continuous with respect to v. Then, there exists a unitary map

U : HT®Hp — H.g_, such that if c€ A® B then

Proyp(c) = u(p-Qp,)(c)u”.

Proof. Assume that A and B are C*-algebras. Let w = 7 ®,, p and
= g07®<,0p. Let & and £, be the unit cyclic vectors corresponding to the
GNS representations of 7 and p respectively. Let y =&, ® €, € H,®H,,.

Let (w, Hy, &) be the GNS representation associated to the state w

constructed as an extension of 7 ® p in Theorem fabe A® B
then

<¢W(c>(€w)a £w> = w(a ® b)



Now let Hy = ¢,(A® B)¢, and Ky = (A ® B)(y). Define the map

Ug - Ky N H,
() (y) — wu(c)(&).
To see that ug is well-defined, assume that ¢, ¢y € A ® B such that
m(c1)(y) = m(c2)(y). Then,

(Pu(c1)(€w): &) = (m(e) (W), y) = (m(c2)(¥), ¥) = (Pul(c2) (&) &)

and since &, is cyclic, v, (c1)(&n) = vw(c2)(&,). To see that ug is isometric,
we compute directly that if c € A ® B then

I

luo(m () W)II* = llw(e) (&)
= (Pu(€) (&), pulc)(€0))

= (pul(c"e)(&w), &)

= (m(c")(y).y) = lIm ()W)

So, ug is a well-defined isometric linear map and since Ky is dense in
H,&H , and Hj is dense in H,,, we can extend uy uniquely to a unitary map
w: H.®H, — H,,.

Finally, if ¢,d € A® B and ¢,(d)(&,) € Hp then

ur(e)u* (pu(d) (&) = um(c) (r(d)(y))
= u(m(cd)(y)) = pu(cd) (&)
= pu(c) (@w(d) fw))

Since ur(c)u* and ¢, (c) agree on Hy and Hj is dense in H,,
ur(c)u* = @, (c) on H,. O

Next, we will use Theorem and Theorem [2.13.8| to give an alternative
characterisation of the spatial C*-norm.

Theorem 2.13.9. Let A and B be non-zero C*-algebras. Suppose that
c€ A® B. Then,

lc||? = sup sup (7 ® p){d’c"cd)
Y 1eS(A)  deA®B (T ® p)(d*d)
peS(B) (T®p)(d*d)>0
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Proof. Assume that A and B are non-zero C*-algebras. Let w be a state on
the spatial tensor product A ®, B. If (v, Hy, &) is the GNS
representation of A ®, B associated to w and ¢,d € A ® B then

o@D e N
la+Nal20  |ld 4+ N2 la+Null20 lld + Nol|?
_w w(d*c*ed)
||d+NFH;éO w(d*d)
w(d*c*cd)
= sup

w(drdy>o w(d*d)

Since ¢, (A ® B)E, is dense in H,, and d + N, = ¢,,(d)&,, we can use
Theorem 2.12.7] to deduce that

d*c*cd
sup w(d*c*ed)

2 _
| w(drdy>0 w(d*d)

lpu(c)

By Theorem [2.13.3, we have

el = sup [[(e-@p,)(c)]l-
TES(A)
peS(B)
By Theorem [2.13.4} if 7 € S(A) and p € S(B) then the tensor product
T®p: A® B — C is continuous with respect to the spatial C*-norm ||—||.
on A ® B. Furthermore, by Theorem [2.13.7] we can construct the state
T ®|—|. p as the unique extension of 7 ® p to A ®, B. Hence,

lel2 = sup  [[(e:®p,)(0)|
reS(A), peS(B)

— sup )||g07®”_”*p(c)||2 (by Theorem [2.13.8))
B

TE€S(A), peS(
d*c*cd
— sup sup (T ®p)(d*c’cd)

reS(A)  dEA®B (7 @ p)(d*d)
peS(B) (T®p)(d*d)>0

This completes the proof. n

Next, we will use the characterisation of the spatial C*-norm in Theorem
2.13.9 to prove a result involving tensor products of C*-algebras and
unitizations.
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Theorem 2.13.10. Let A and B be C*-algebras. Let B be the unitization
of B. Then, the restriction of the spatial C*-norm on A® B to A® B is
the spatial C*-norm on A ® B.

Proof. Assume that A and B are C*-algebras. Assume that B is the )
unitization of B. Let 7 be the restriction of the spatial C*-norm on A ® B
to A® B. By Theorem [2.13.9] if c € A ® B then

(r @ p)(d*c*cd)

y(e)?* = sup sup 5
res(d)  deawp (T O p)(dd)
peS(B) (T®p)(d*d)>0

and

et = sup s (TELNTCD

res(a)  dedpn (T @ p)(dd)
peS(B) (T®p)(d*d)>0

where ||—|. is the spatial C*-norm on A® B. Now observe that if p € S(B)
then there exists a unique extension p of p such that p € S(B). Thus, if
c € A® B then (c) > ||c||+.

To see that v(c) < |||, let (¢, H) and (3, K) denote the universal
representations of A and B respectively. Let 1|5 denote the restriction of
the *-homomorphism ¢ to B. By the definition of the spatial norm on

A ® B and Theorem [2.11.7],

(e) = le¥) ()l = lI(ee]s) ()]l < ..
Thus, if c € A® B then v(c) < ||¢/|«. So, v =||—]||« on A® B. O

The next result tells us that we can extend a C*-norm on A ® B to A ® B.

Theorem 2.13.11. Let A and B be C*-algebras with B non-unital. Let
be a C*-norm on A® B. Then, there exists a C*-norm on A ® B which
extends 7.

Proof. Assume that A and B are C*-algebras, with B non-unital. Assume
that v is a C*-norm on A ® B. Let (m, H) be a faithful non-degenerate
representation of the C*-algebra A ®., B. By Theorem there exists
unique *-homomorphisms 74 : A — B(H) and 75 : B — B(H) such that if
a € A and b € B then

T(a®b) =ma(a)mp(b) = p(b)ma(a).
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Since 7 is injective, w4 and mp are both injective. Since g is an injective
*_homomorphism. By the universal property of unitization in Theorem
there exists a unique unital *-homomorphism 7’ : B — B(H) such
that if . : B < B denotes the inclusion map then

ThoL=Tg.

To show: (a) 7’z is injective.
(a) Assume that (A, b) € ker 7z so that 75 ((\, b)) = 0. Then,

(A, b)) = Ap((1,0)) + 75(0,b) = Xidpy + (b)) = 0.
Suppose for the sake of contradiction that A # 0. Then,
mp(—A7'b) = idpm). Since mp is injective, we deduce that —\7'b € B is a
unit for B. However, this contradicts the assumption that B is non-unital.
Therefore, A\ = 0 and consequently, b = 0. So, (A,b) = (0,0) and 7’5 is
injective.
Since the images m4(A) and 75(B) commute, the images m4(A) and 7/5(B)
must also commute. By invoking the universal property in Theorem [2.11.1}
there exists a unique *-homomorphism 7’ : A ® B — B(H) such that
7T/’A®B = T.

By injectivity of w, if ¢ € A ®, B then ||7(c)|| = 7(c) because 7 is isometric
by Theorem At this point, it suffices to show that 7’ is injective, as in
this case, the map ¢ — ||7’(c)|| becomes a C*-norm on A ® B extending 7.

To show: (b) 7’ is injective.

(b) Assume that d € ker7’. If c € A® B then dc € A® B and 7(dc) = 0.
Since 7 is injective, dc = 0. Now let § = m4®7. Then,

0(d)0(c) = 0(dc) = (Ta®7)(dc) = 0
where the last equality follows from Theorem and the fact that 74
and 7’5 are both injective. Since this holds for arbitrary ¢ € A ® B, then

0(d) = 0 on the subspace

Ko=0(A® B)(H®H).
Since (m, H) is a non-degenerate representation of A ®. B, then (74, H)

and (mp, H) are both non-degenerate representations of A and B
respectively by Theorem [2.11.9] By Theorem [1.10.4],
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By definition of 6,

0(A® B)(HRH) = (ma@73)(A® B)(HRH) = m4(A)(H)®ns(B)(H).

Hence, K is dense in H®H and 0(d) = 0 on HQH. Since @ is injective by
Theorem [2.11.7, d = 0 and 7’ is injective. This completes the proof. O]

Theorem 2.13.12. Let A and B be C*-algebras. Let u € A and v € B be
unitary elements. If v is a C*-norm on A ® B then the unique
*_isomorphism

T AQ B — A®B
a®b — uau* Q vbv*

is an isometry. Note that in the definition of w, we regard A® B as a
*_subalgebra of A® B.

Proof. Assume that A and B are C*-algebras and that 7 is the
*_isomorphism on A ® B defined as above. Note that the inverse of 7 is the
map a ® b — u*au ® v*bv. By symmetry, it suffices to show that 7 is
norm-decreasing.

To show: (a) If v is a C*-norm on A® B and ¢ € A ® B then
v(w(e)) < (o).

(a) Assume that v is a C*-norm on A ® B. By Theorem [2.13.1} let
{ux ® vy}arer be an approximate unit for A ®, B, where {u)}er, and
{vx}rer are approximate units for A and B respectively.

If A € L then let wy = u) ® vy. Let w = u ® v so that if c € A ® B then
7(c) =wcw*. If a € A and b € B then

wauw® = lim vuyauyu® and vbv* = lim vuybvyv™.
A A

So,

w(a ® b)w* = uau™ @ vhv*
= li/r\n(uu,\au,\u* ® vurbuyv™)

= liin wwy(a @ b)wyw*

299



in A®, B. Therefore,

7(c) = wew™ = liin wwycw\w* = liin m(wycwy).

Finally, we argue that

(7(e) = y(limm(wxewy))

= liin y(wwycwyw™®)
< supy(wwy)y(c)y(waw®)
AeL
< sup||uun|[[[vvally(e) [[uau™|[luav™]]
AeL
< 7(c).
This completes the proof. n

Within the onslaught of these results, we now present a definition that is
the key to proving that abelian C*-algebras are nuclear and that the spatial
C*-norm is minimal.

Definition 2.13.1. Let A and B be C*-algebras and v be a C*-norm on
A® B. Let PS(A) denote the topological space of pure states on A, where
PS(A) is endowed with the weak-* topology from A*. Define

S, = {(T,p) € PS(A) x PS(B) T ® p is continuous }

on A ® B with respect to «y (2.5)

The next few results are dedicated to proving properties about S,.

Theorem 2.13.13. Let A and B be C*-algebras. Let v be a C*-norm on
A® B. Let PS(A) and PS(B) denote the topological spaces of pure states

on A and B respectively, where the topology is the weak-* topology induced
from A* and B*. Then, S, is closed in PS(A) x PS(B).

Moreover, if u € A and v € B are unitary elements and (1,p) € S, then
(7%, p") € S, where T%(a) = 7(uau®) and p®(b) = p(vbv*) (recall that A is a
closed two-sided ideal of A and so, uvau* € A. Similarly, vbv* € B).

Proof. Assume that A and B are C*-algebras. Assume that 7 is a C*-norm
on A® B. Assume that u € A and v € B are unitary elements. If 7 is the
*_isomorphism from Theorem [2.13.12| then
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'@ p" = (T ®p)m.

By Theorem [2.13.12] 7 is continuous with respect to . Since 7 ® p € S5, it
is continuous with respect to v. So, 7" ® p” € S,,.

To see that S, is closed, assume that {(7,, pn) }nez., 1S a sequence in S,
which converges to some (7, p) € PS(A) x PS(B) with respect to the
topology on PS(A) x PS(B). If n € Z+ and ¢ € A® B then

(70 @ pn) ()] < (170 @ pull7(€) = I7allllonllv(c) = ¥(c)-
Now let d =37 (a; ® b;) € A® B with ||d|| < 1. Then,

n

(r@p)(d) = (@)Y (s ®b))

i=1

So, if d € A® B and ||d|| =1 then

(7@ p)(d)] = 1im [(70 ® p)(d)] < lim_~(d) = (d).

Therefore, 7 ® p is continuous with respect to v and subsequently,
T®p €S, So, S, is a closed subset of PS(A) ® PS(B). O

In the next result, we will construct a particular decomposition of a state
on A®, B.

Theorem 2.13.14. Let A and B be C*-algebras. Let v be a C*-norm on
A® B and w be a state on A®, B. Let (m, H,,&,) be the GNS
representation of A ®, B associated to w. Using Theorem [2.11.9, let
wa:A— B(H,) and mg : B — B(H,) be the unique *~homomorphism such
that if a € A and b € B then

m(a®b) = ma(a)mp(b) = wp(b)ma(a).
Define the states wy and wg on A and B respectively by
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wala) = (maa)(&w); &) and wp(b) = (15(0) (&) &w)-
If (1,p) €S, and w =T @, p then T = wa and p = wp.

Proof. Assume that A and B are C*-algebras. Assume that ~ is a C*-norm
on A® B. Assume that w is a state on A ®, B. Assume that 7,74, 75, wa
and wp are defined as above. Then, w, and wp are states by Theorem

2127

Let {ux}xer be an approximate unit for A. Since (w4, H,,) is
non-degenerate by Theorem [2.11.9] then &, = limy m4(u,)(&,) by Theorem
Hence, if b € B then

wp(b) = (m5(0) (&), &u)
= lim{mp(b)ma(ur)(&), &)

= lim (m (u) ® b) (&), €)

= liinw(uA ® b).

By a similar argument if {v,} e is an approximate unit for B and a € A
then

wa(a) =limw(a ® v,).
m
Assume that (7,p) € S, and w = 7 ®, p. Then,

wa(@) = limew(a © v,) = limr(a)p(v,) = lim (@) o] = lim () = 7(a)

by Theorem [2.3.5] By a similar argument, wg = p. O

Theorem 2.13.15. Let A and B be C*-algebras. Suppose that either one
of A or B is commutative. Let v be a C*-norm on A® B and (7,p) € S,.
Then, T @ p (see Theorem is a pure state of A®., B.

Proof. Assume that A and B are C*-algebras and that v is a C*-norm on
A ® B. Without loss of generality, we may assume that A is abelian.
Assume that (7, p) € S, and define w = 7 ®,, p. By the construction in
Theorem [2.13.7], w defines a state on A ®, B.
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Let (m, H, &) denote the GNS representation of A ®, B associated to w. Let
ma:A— B(H) and g : B — B(H) denote the unique *-homomorphisms
(see Theorem [2.11.9)) satisfying for a € A and b € B

m(a®0b) =7ma(a)rp(b) = mp(b)ma(a).

Define K = m4(A){. Then, K is a closed vector space of H, which is
invariant for m4(A). Define the map

v: A = B(K)
a — 7ala)lk.

Since 4 is a *-homomorphism, then 1) is also a *-homomorphism. By
definition of K, £ is a unit cyclic vector for the representation (¢, K). Now
observe that

(¥(a)(§),&) = (ma(a)(§),&) = 7(a)

by Theorem [2.13.14] Subsequently by Theorem [2.12.5| the representation
(¢, K) of A is unitarily equivalent to the GNS representation (¢., H,,&;).

Since T is a pure state by assumption, the GNS representation (., H,,&;)
is irreducible. Therefore, (1, K) is an irreducible representation of A.

By Theorem [1.10.7 the commutant ¢(A)’ = Cidg. Invoking the
assumption that A is abelian, we find that ¥)(A) C ¥(A). Thus, if a € A
then there exists a scalar A € C such that ¥ (a) = Mdg. In particular, we
can deduce the identity of this scalar by noticing that

7(a) = (¥(a)(£),§) = (A, §) = \.
Therefore, if a € A then ¢(a) = 7(a)idk.

To show: (a) If a € A and b € B then ma(a)mp(b) = 7(a)mp(b).

(a) Assume that a € A and b € B. It suffices to prove the identity
wa(a)mp(b) = 7(a)wp(b) on the subspace

Ta(A)7rp(B)(§) = m(A® B)(¢)

because £ is a cyclic vector for the GNS representation (7, H,§) of A ®., B.
Assume that ' € A and &’ € B. Then,
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ma(a)mp(b) (maa)mp(V)E) = ma(a)mala ) (b)ms(b)(€)
= ma(d)ma(a)mp(b)ws(b)(€)
= ma(a)mp(b)m(b)7a(a)(§)
= ma(d)mp(0)mp(V)ma(a) K (§)

I
9
—~
\_/\%/
N
b
Ag\
~
N
= s}
=
N
oy}
=
~—

So, ma(a)mp(b) = 7(a)mp(b).
From part (a), we obtain the equality

T(A® B) = ma(A)mp(B) = mp(B).

Therefore, ¢ is a unit cyclic vector for the non-degenerate representation
(mp, H). By Theorem [2.13.14] if b € B then

p(b) = (m5(b)(£), &)
Arguing in a similar manner to before, we deduce that the representations
(7p,€) and (¢,, H,,§,) are unitarily equivalent. Since p is a pure state on

B by assumption, the GNS representation (¢,, H,,§,) is irreducible.
Therefore, (mg,£) is an irreducible representation of B. By Theorem [1.10.7

7T(A X B), = WB(B)/ = (CZdH

and consequently, (7, H,§) is an irreducible representation of A ®, B. By
Theorem [2.12.7] the state w on A ®, B is pure. O

Theorem 2.13.16. Let A and B be C*-algebras. Let v be a C*-norm on
A® B and w be a pure state on A®., B such that the state wy on A is pure

(see Theorem |2.13.14)). Then, (wa,wp) € Sy and w = wy @~ wp.

Theorem [2.13.16| can be thought of as a partial converse to Theorem

21314

Proof. Assume that A and B are C*-algebras. Assume that v is a C*-norm
on A® B. Assume that w is a pure state on A ®, B such that the state wx

from Theorem [2.13.14f on A is also pure.

To simplify the notation we will use, let (w, H,&) = (¢u,, H,, &) be the
GNS representation of A ®, B associated to w. Let 7 = w4 and p = wp.

Define the subspace K = m4(A)&. Let ¢ be the *~homomorphism
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v: A —  B(K)
a — mala)|k.

By a similar argument to that of Theorem [2.13.15] the vector £ is a cyclic
vector for the representation (¢, K). Now if a € A then

(¥(a)(§), &) = (mala)|k(£), &) = 7(a).

Therefore, the representations (¢, K') and (., H,,&,;) are unitarily
equivalent. Since 7 is pure by assumption, the GNS representation

(¢r, H-, &) is irreducible by Theorem [2.12.6, Now let p: H — K denote
the projection onto the closed subspace K of H. Since K is an invariant
subspace for m4(A), if a € A and p € H then

pra(a)(p) = mala)(p) = mala)p(p).

So, p € m4(A)". Now let ¢ be a projection in pra(A)'p. Then, the image
q(H) is a closed vector space of K. Furthermore, it is an invariant subspace
for (¢, K). Since (¢, K) is an irreducible representation of A, either

q(H) =0 or q(H) = K. This means that either ¢ = 0 or ¢ = p.

We conclude that the von Neumann algebra pm4(A)'p contains only scalar
projections (scalars of the projection p). Recalling the fact that a von
Neumann algebra is the closed linear span of its projections, we deduce that

pra(A)'p = Cp.

By Theorem [2.11.9| m5(B) C ma(A)". If b € B then there exists a scalar
A € C such that prg(b)p = Ap. Using Theorem [2.13.14], we find that

Therefore, prp(b)p = p(b)p. Now if a € A then
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So, w extends the functional 7 ® p to a linear functional on A ®, B. By
Theorem [2.13.7, we deduce that w = 7 ®, p.

Finally, we show that (7, p) = (wa,wp) € S,. First, we use Theorem [2.13.8
to obtain a unitary map u : HT®HP — H such that if c € A ® B then

m(c) = u(p-&pp) (c)u’.
Suppose for the sake of contradiction that p is not pure. Then, the
associated GNS representation (y,, H,,&,) of B is not irreducible and
hence, there exists a non-trivial closed vector subspace L of H,, which is
invariant for ,(B). Define L' = H,®L. Then, L’ is a non-trivial closed
vector subspace of H,®H,, which is invariant for (¢,®¢,)(A ® B).

Now define L” = u(L'). Then, L” is a non-trivial closed vector subspace of
H, which is invariant for 7(A ®., B). To see why this is the case, let
c € A® B. Then,

()L = u(p-@p,)(c)uu(L) = u(p-®p,)(c)(L) € L".
Hence, L" is invariant for m(A ® B) and hence, also for 7(A ®, B). This

contradicts the assumption that w is a pure state on A ®, B. So, p is pure
and (7, p) € S, as required. O

Now we have reached one of the two pinnacles of this section.

Theorem 2.13.17. Let A be an abelian C*-algebra. Then, A is a nuclear
C*-algebra.

Proof. Assume that A is an abelian C*-algebra and B is an arbitrary
C*-algebra. Let v be a C*-norm on A ® B. Let w € PS(A ®, B) and let
(7, H,&) be the GNS representation of A ®, B associated to w. Let 7 = wy
and p = wp where wy and wpg are defined as in Theorem
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Now let 74 and 7 be the unique *-homomorphisms constructed in
Theorem [2.11.9] Since w is a pure state, the GNS representation (m, H, ) is

irreducible. Since A is abelian, we deduce that

m4(A) C 1(A®, B) = Cidg.
Therefore, if a € A then there exists A € C such that m4(a) = \idy.
Arguing in a similar fashion to Theorem [2.13.15] we find that if a € A then
ma(a) = 7(a)idg. Since 7,4 is a *~homomorphism, 7 is a multiplicative state
on A. By Theorem [2.12.6] we deduce that 7 is a pure state on A.

By Theorem [2.13.16| we deduce that p is a pure state of B, (7,p) € S, and
w =T ®, p. Next, Theorem [2.13.12| tells us that if c € A ® B then

Im(e)]l = [I(e-&p,) (e)]|-
We can relate this to the C*-norm + by observing that if ¢ € A ® B then

)= sup ().
wePS(A®~B)

This is due to Theorem [2.12.9) and Theorem [2.12.7, By Theorem [2.13.8]

)= sup lpu(c)ll = sup [[(:@p,) ().
wePS(A®~B) (T,p)ESy

The key idea behind this proof is that if we show that
S, = PS(A) x PS(B) then

Y€)= sup [[(o:®¢,)(c)
TEPS(A)
pEPS(B)

and since the RHS of the above equation is independent of ~, we can
conclude that A ® B has a unique C*-norm.

To show: (a) S, = PS(A) x PS(B).

(a) Suppose for the sake of contradiction that S, # PS(A) x PS(B). By
Theorem [2.13.13] S, is a closed subset of PS(A) x PS(B). By the product

topology on PS(A) x PS(B), there exists a pair of weak-* open sets
U C PS(A) and V C PS(B) such that S, N (U x V) = 0.

For the next part, we want to assume that U and V' are unitarily equivalent.

In order to justify this, let u € A and v € B be unitary elements, where A
and B are the unitizations of A and B respectively. Define
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Ut={r"|7e€U} and V'={p"|peV}

where we adopt the notation from Theorem . Define U" = |, U"
and V' =J,V". Then, U’ and V' are umtarlly 1nvar1ant sets. That is, if
TeU and v € A is unitary then 7 € U’. Similarly, if p € V/ and v € B
is unitary then p¥ € V'

We claim that U’ and V' are weak-* open. To see why this is the case, it
suffices to show that if u € A and v € B are unitary then U* and V? are
weak-* open in PS(A) and PS(B) respectively.

To this end, assume that u € A is unitary. Let {7, },ez., be a sequence in
(U")¢ which weakly converges to 7 € PS(A). This means that if a € A then
lim,, oo 7(a) = 7(a). In particular,

nh_)rgo(Tn) (a) = nll_g)lo To(utau) = 7(u*au) = 7" (a).

Since 7, = ((1,,)*")* and 7, & U* for n € Zy, then (7,,)*" ¢ U. By
assumption, U is a weak-* open subset of PS(A). Hence its complement U*¢
is weak-* closed and consequently, 7% & U. Therefore, 7 = ((7)*)* & U
We conclude that (U")¢ is weak-* closed and subsequently, that U" is
weak-* open in PS(A). By an analogous argument, V" is weak-* open in
PS(B).

Therefore, U’ and V' are unitarily invariant and weak-* open subsets of
PS(A) and PS(B) respectively. Moreover, S, N (U" x V') = () by the
contrapositive of Theorem [2.13.13] Hence, if U and V are not initially
unitarily invariant, we can always replace them by U’ and V' respectively.

Returning to the problem at hand, we may assume without loss of
generality that U and V' are unitarily invariant. Then, the complements

Sa = PS(A)\U and Sgp = PS(B)\V are weak-* closed and unitarily
invariant sets in PS(A) and PS(B) respectively. By assumption,

Sa # PS(A) and S # PS(B). Hence, the orthogonal complements S5
and S are non-zero closed ideals (of A and B respectively) and hence,
contain non-zero positive elements. Let a € S5 and b € S be such positive
elements.

If (1,p) € S, then because S, N (U x V) =0, either 7 ¢ U or p ¢ V because

U and V' are unitarily invariant. In either case,
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(T @, p)a®@b) = 7(a)p(b) =0
because a € Sy and b € Sg. Now by Theorem [2.12.9] there exists an
irreducible representation (¢, H) of A ®, B such that
v(a®b) = |[¢(a ®@b)||. By the proof of Theorem |1.12.6] the representation

(¢, H) is the GNS representation associated to some state w on A ®, B. By
Theorem [2.12.7, w is a pure state on A ®, B such that

wla®b) = [lp(a @b)|[| =~(a@b).

By the first part of the proof of this theorem, we deduce that there exists
pure states 7 € PS(A) and p € PS(B) such that (7,p) € S, and w = 7 ®, p.
By the previous finding and our construction of a and b, we deduce that

wa®b) = (r@, p)a®b) =0=(a®b).

So, a ® b= 0 and either a = 0 or b = 0. In either case, this contradicts the
assumption that a € S5 and b € S5 are non-zero.

Part (a) shows that S, = PS(A) x PS(B) and therefore,

¥e) = sup [I(e-@p,)(c)ll
r€PS(A)
pePS(B)

is the only C*-norm on A ® B. Therefore, A is a nuclear C*-algebra. O

Before we move on, we first recall the notion of a partition of unity . Let X
be a compact Hausdorff space, n € Z~y and Uy, ..., U, be open subsets of
X such that X = U, UUyU---UU,. Then, there exists continuous
functions hq, ..., h, € Cts(X,[0,1]) such that if ¢ € {1,2,...,n} then

supp(h;) ={x € X | hy(z) #0} C U,.
and > 7"  h; = 1 where 1 is the constant function which sends = € X to 1.
Definition 2.13.2. Let 2 be a LCH space and X be a Banach space.
Define C'tso(€2, X) to be the Banach space of all continuous functions
g : 2 = X such that the continuous map w — ||g(w)|| vanishes at infinity.

The operations on Ctsy(€2, X) are defined pointwise and its norm is the
supremum norm.

If feCtso(2,C) and x € X then we define fx € Ctsy(§2, X) by
(fr)(w) = f(w)z.
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We remark here that if €2 is a LCH space and X is a C*-algebra then
Ctso(Q, X) is also a C*-algebra, with multiplication and involution defined
pointwise.

Theorem 2.13.18. Let €2 be a LCH space and X be a Banach space.
Then, Ctso(2, X) is the closed linear span of the set

{fz | f € Ctsp(Q,C), z € X}.

Proof. Assume that (2 is a LCH space and that X is a Banach space. Let Q
be the one-point compactification of €2. The point at infinity of €2 is
denoted by oo.

Assume that g € Ctso(€2, X). Define the function §: Q — X by

3(w) = {g(w), if weQ,

0, if w = o0.

Since g is continuous and vanishes at infinity, the function g is continuous.
Now assume that € € Rq. Since {2 is a compact Hausdorff space, the image
§(Q) is compact and hence, totally bounded. So, it is precompact and thus,

there exists z1,...,x, € g(€) such that if j € {1,2,...,n} and

Uy ={w € Q[ [|g(w) — 2]l < &}

t~hen 0= UyU---UU,. We also note that Uy, ..., U, are all open subsets of
€. This means that we can construct a partition of unity. So, there exist

hi,..., h, € Cts(2,]0,1]) such that if j € {1,2,...,n} then the support
supp(h;) CUj and Y1, h; = 1.

If w € Q then there exists distinet ji, ..., jx € {1,2,...,n} such that if
ie{l,2,...,k} then w e Uj,. So,
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n n

1g(w) — Z hi(w)zil| = [1§(w) Y hi(w) =Y hy(w)z|

i=1 i=1

= HZ hi(w)(g(w) — =)

<Zh )gw) — ol
- Z B@)3w) — 2l + 3 hw)gw) -z

i€{j1,-Jk } iZ{j1, .0k }

< Y hwet+ > hi(w)]|gw) — |
1€{j1,2Jk iZ{155Jk }

— Z hi(w)e < th(w)e =€
ie{jl 7777 ]k} i=1

The second last inequality follows from the fact that if ¢ & {ji,...,jx} then
w ¢ U; and h;(w) = 0 because w lies outside the support of h;.

In particular, if w = oo then

— ) hi(oo)ay|| = HZh )ai|| < e.
=1

Now if i € {1,2,...,n} then define f; by

w = hi(w) — hi(c0).

By construction, f; € Ctso(€2,C) and if w € €2 then

lg(w Zfz Jzill = [lg(w Zh %HHIZMOO)%II

§e+€—26.

By taking the supremum over all w € Q, we find that ||g — Y1, fiz;|| < 2e.
This completes the proof. O

We need one more result before we can prove that the spatial C*-norm on a
tensor product of C*-algebras is the smallest one. This requires the
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following construction. Let € be a locally compact Hausdorff space and A
be a C*-algebra. Define the map

B: Ctsp(2,C) x A — Ctse(Q, A)
(f,a) — fa.
To be clear, if f € Ctsy(€2,C) and a € A then fa sends w € ) to
f(w)a € A. Tt is easy to verify that B is a C-bilinear map. By the universal
property of the tensor product in Theorem [2.11.1], there exists a unique
linear map 7 : Ctsp(2,C) ® A — Cts(2, A) such that if f € Ctsy(2, C)
and a € A then

m(f®a) = fa. (2.6)

The map in equation (2.6|) is called the canonical map from
CtSo(Q, (C) & A to CtSo(Q, A)

Theorem 2.13.19. Let Q2 be a LCH space and A be a C*-algebra. Let w
denote the canonical map in equation . Then, 7 extends uniquely to a
*-isomorphism from Ctsy(§2,C) @, A to Ctse(Q2, X), where ®, denotes the
spatial tensor product.

Proof. Assume that € is a locally compact Hausdorff space and that A is a
C*-algebra. Assume that 7 is the canonical map in equation . To see
that 7 is a *~homomorphism in this case, assume that f,g € Ctsy(€2, C),
a,b e Aand w € Q2. Then

m((f®a) (9 ®b))(w) =7(fg @ ab)(w)
= (fg)ab(w)
= f(w)g(w)ab = f(w)ag(w)b
= (fa)(w)(gb)(w)
=7(f ®a)(w)-7(g ®b)(w)

and



So, the canonical map m is a *-homomorphism. Next, we claim that 7 is
injective.

To show: (a) 7 is an injective *-homomorphism.

(a) Assume that ¢ € ker 7. Then, we can write ¢ =Y | (fi ® a;), where
fi € Ctso(2,C) and ay, ..., a, € A are linearly independent. We compute
directly that

r(e) = 7(Y_(f @) Zfzaz_o

If we Qthen Y| fi(w)a; = 0. Since the set {ai,...,a,} is linearly
independent, we deduce that f; =--- = f,, = 0. Therefore, c =0 and 7 is
injective.

Now define the map ||—|| by

I=|l: Ctso(,C)®A — Ry
c = lw ()]l

Since 7 is an injective *-homomorphism then the map ||—|| defines a
C*-norm on Ctsy(Q2,C) ® A. However, Ctsy(€2,C) is an abelian C*-algebra
and is thus nuclear by Theorem [2.13.17} Hence, if ¢ € Cts¢(€2,C) ® A then

lell = N (@) = llell
This means that we can extend 7 uniquely to an isometric

*-homomorphism 7’ on the spatial tensor product Ctsy(€2,C) ®, A. Finally,
to see that 7’ is surjective, observe that

{fa| f € Ctso(Q,C), a € A} Cim .

Since 7’ is a *-homomorphism then its image is a closed C*-subalgebra of
Ctso(§2, X). By Theorem [2.13.18] we deduce that 7’ is surjective and
consequently, 7’ is a *-isomorphism from Ctsy(2,C) ®, A to

Ctso(Q, X). O

Now let A and B be *-algebras and # : A® B — B ® A be the unique
linear map defined by f(a ® b) = b ® a. Then, 0 is a *-isomorphism. The
key observation we make here is that if A ® B admits a unique C*-norm
then B ® A also admits a unique C*-norm. This observation is used in the
proof of the second main theorem of the section.
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Theorem 2.13.20. Let A and B be C*-algebras. Then, the spatial
C*-norm ||—||« is the smallest C*-norm on the tensor product A @ B.

Proof. Assume that A and B are C*-algebras. Let v be a C*-norm on

A ® B. If B is non-unital then by Theorem 2.13.11], we can extend 7 to a
C*-norm on A ® B. By Theorem [2.13.10} the spatial C*-norm on A ® B
restricts to the spatial C*-norm on A ® B. Therefore, it suffices to prove
the theorem in the case where B is unital. Hence, assume that B is a unital
C*-algebra. Recall the definition of S, from equation (2.5).

To show: (a) S, = PS(A) x PS(B).

(a) Suppose for the sake of contradiction that S, # PS(A) x PS(B). By
the proof of Theorem [2.13.17] there exists weak-* closed unitarily invariant
subsets Sy C PS(A) and Sg € PS(B) such that

S. C (S4 x PS(B)) U (PS(A) x Sg).

Furthermore, S7 and S3 contain non-zero positive elements ay and by
respectively. Now if (7, p) € S, then because

S, 1 ((PS(AN\S4) x (PS(B)\Sg)) = 0

either 7 € S4 or p € Sp. In either case,

(T ®4 p)(ao @ by) = 7(ag)p(bo) = 0.

Now let C' be the C*-subalgebra generated by the set {1g5,by}. Then, C is
abelian and hence nuclear by Theorem [2.13.17 Since A ® C has a unique
C*-norm, v = ||—||« on A® C. Therefore, the spatial tensor product

A ®, C can be considered a C*-subalgebra of A ®., B.

Now let 7 € PS(A) and p € PS(C) such that 7(ag) = ||ag|| > 0 and

p(by) = ||bo|| > 0 by Theorem [1.12.6, Now by Theorem [2.13.4] and Theorem
2.13.15, 7 ® p is continuous with respect to the spatial C*-norm and

consequently, extends to a pure state w’ on A ®, C. Now by [Mur90,
Theorem 5.1.13], w’ extends to a pure state w on A ®.,, B.

Now let wy and wp be the states on A and B respectively, defined in
Theorem [2.13.14] If a € A and {v,},en is an approximate unit then

wala) = lilﬁnw(a ®u,) =wl@®1lp)=(T®@p)la® 1) =T1(a)p(lp) = T(a).
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Consequently, 7 = w4 is a pure state on A. By Theorem [2.13.16}
(wa,wp) € S, and w = wy @, wp. Therefore,

w(ao @ by) = (17 @ p)(ao @ by) = 7(ao)p(bo) = [|aol|||bol| > 0.

However, since (wa,wp) € S,, then

w(ap ® by) = walag)wp(by) = 0.
This contradicts the fact that w(ag ® by) > 0. Therefore,
S, =PS(A) x PS(B).

Next, observe that by Theorem [2.12.8| and the Krein-Milman theorem, the
states of a C*-algebra are weak-* limits of nets of convex combinations of
the extreme points — the zero functional and the pure states. Now let 7
and p be positive linear functionals on A and B respectively, which are
convex combinations of the zero functional and pure states. Then, there
exists scalars

tl,...,tn,sl,...,SmERZO

and functionals

Tiy...,Tn € {0} U PS(A) and  p1,...,pm € {0} UPS(B)
such that

T:itm and p = isjpj.
i=1 j=1

Now we have

TRp= Z ZtiSj(Ti ® pj)-
i=1 j=1
By part (a), S, = PS(A) x PS(B). So, ifi € {1,2,...,n} and
j€{1,2,...,m} then 7; ® p; is continuous with respect to y. Therefore,
T ® p is also continuous with respect to 7.

Now suppose that 7 and p are arbitrary states of A and B respectively.
Then, there exists nets {7y} er, and {p,},em of positive linear functionals
on A and B respectively such that {7,} weakly converges to 7 and {p,}
weakly converges to p. Moreover, if A € L and p € M then ||75]], [|p]| <1
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and 7\, ® p, is continuous with respect to .

By Theorem [2.13.7] 7\ ® p,, uniquely extends to a state on A ®, B, which is
a positive linear functional of norm [|7,||||p.||. So, if c € A ® B then

(1 @ pu) ()| < Imallll pully(e) < ~(e).

Now if ¢ € A® B then (7 ® p)(c) = lim, , (1) ® p,)(c). So,
(T @ p)(c)| < y(c) and hence, T ® p is continuous with respect to ~.

Now let D be the unitization of A ®, B, 7 € S(A) and p € S(B). Let w be
the unique state on D extending 7 ®.,, p. This uses the previous observation
and the universal property of the unitization. Now if d € D then the linear
functional

wi: D — C
¢ = w(d*cd)

is positive. If ¢ € D and 1p is the multiplicative unit of D then
v(c*¢)1p — ¢*¢ > 0 by Theorem [2.2.5, Therefore,

wi(y(c*c)lp — c*c) = y(c*e)w(1p) — w?(c*c) > 0.

Now if w(d*d) = w?(1p) > 0 then
d( % %
5 . wi(c*e)  w(d*c*ed)
e = (e = G - AT >

By Theorem [2.13.9) we deduce that if c € A ® B then

d*c*cd
fe? = sup  sup 2O
res(4)  deasn (T @ p)(d*d)
pes(B) (T®p)(d*d)>0
w(d*c*ed)
< sup sup —————

res(a)  dep  w(d*d)
peS(B) w(d*d)>0

= sup  sup 7(¢)’ = y(c)*.
T€S(A) deD
peS(B) w(d*d)>0

Therefore, the spatial C*-norm ||—||. is the smallest norm on A ® B as
required. O

We finish this long section with two corollaries of Theorem [2.13.20
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Theorem 2.13.21. Let A and B be C*-algebras. Let v be a C*-norm on
A®B. Ifa€ A and b € B then v(a ® b) = ||al|||b]|.

Proof. Assume that A and B are C*-algebras. Assume that ~ is a C*-norm
on A® B. If a € A and b € B then

lall[[oll = lla @ bll. < y(a@b) < lallf|b]].

Recall that the first equality follows from the original definition of the
spatial C*-norm. The final inequality follows from Theorem [2.11.10} O]

Theorem 2.13.22. Let A and B be C*-algebras. Let (¢, H) and (¢, K) be
faithful representations of A and B respectively. If c € A® B then

I(eew) ()l = llell-

Proof. Assume that A and B are. C*-algebras. Assume that (¢, H) and
(¢, K) are faithful representations of A and B respectively. Define

v AR B — RZO
¢ = l(eee) ()]l
By Theorem [2.11.7, ¢®1) is an injective *-homomorphism. By Theorem

~vis a C*-norm on A ® B. By Theorem [2.13.20, if c € A ® B then
v(e) = [lefls-

But by Theorem [2.13.3}
v(e) = [(e@v) ()] < sup [[(p:@9,)(c)ll = el
TES(A)
pES(B)
Hence, v = ||— ||+ O

2.14 Short exact sequences of C*-algebras

In this section, we follow [Mur90l Section 6.5]. The notion of a short exact
sequence of C*-algebras is exactly the notion of a short exact sequence of
objects in an abelian category.

Definition 2.14.1. Suppose that we have the following sequence in the
category of C*-algebras:
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We say that the above sequence is a short exact sequence if j is an
injective *~homomorphism, 7 is a surjective *-homomorphism and
im j = kerm.

We also refer to A as an extension of B by J.

We will explore how short exact sequences of C*-algebras interact with
nuclearity. We begin with the following result, which is reminiscent of

Theorem R.11.71

Theorem 2.14.1. Let A, B, A’, B’ be C*-algebras and ¢ : A — A’ and
Y : B — B’ be *homomorphisms. Then, there exists a unique
*-homomorphism 7 : A ®, B — A’ ®, B’ such that if a € A and b € B then

m(a ®@b) = ¢(a) @ P(b)

Moreover, if p and ¥ are injective then 7 is also injective.

Proof. Assume that A, B, A’ and B’ are C*-algebras. Assume that
p:A— A and ¢ : B — B’ are *-homomorphisms. Let (¢, H') and

(¢, K') be faithful representations of A" and B’ respectively. By Theorem
2.11.7, we obtain the unique *-homomorphism ¢’'®’, defined by

poy's AwB — B(HGK)
a®b — ¢(a)@y'(b)

By Theorem [2.13.22 ¢'®%) is an isometry on A’ ® B’ with respect to the
spatial C*-norm. Using Theorem [2.11.6} form the *-homomorphism
7' = p ® 1Y and define

¢ — (gp/@w/) O7I'/.
Then ¢ = ¢’ & 1. By Theorem [2.13.5] if ¢ € A ® B then

lp()l < llefl

Since ¢'® is an isometry then

17" ()l = ('@ ) (7" ()| = ()] < [lell.
Hence, we can extend 7’ to a *~homomorphism 7 : A®, B — A’ ®, B’
satisfying

m(a®b) =7'(a®b) = p(a) @ Y(b).
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Now assume that ¢ and v are injective *~homomorphisms. Then, the
composites ¢’ o ¢ and 1)’ o 1) are both injective *-homomorphisms. By
Theorem [2.13.22] if c € A ® B then

(o)l = Il @ ) ()l = llell

Hence, ||7'(¢)||« = ||c||«, which renders the *~homomorphism 7 an isometry.
Consequently, if z € A ®, B such that m(z) = 0 then = 0 and thus, 7 is
injective as required. O

The *-homomorphism 7 constructed in Theorem will be denoted by
the notation ¢ ®, 1. Let us highlight a special case of Theorem [2.14.1
before we proceed. Suppose that A" and B’ are C*-algebras and A C A" and
B C B’ are C*-subalgebras. Let 14 : A< A’ and 15 : B < B’ be the
inclusion *-homomorphisms. By Theorem [2.14.1], we can construct the
*_homomorphism ¢4 @, tp: A®, B— A’ ®, B'. Since 14 and 15 are
injective then 14 ®, ¢p is also an injective *~homomorphism. In this
manner, we may regard A ®, B as a C*-subalgebra of A’ ®, B’.

The main theorem of this short section demonstrates a very nice property
nuclear C*-algebras have with regards to short exact sequences.

Theorem 2.14.2. Let D be a C*-algebra and

0 v J ) s A", RB y 0

be a short exact sequence in the category of C*-algebras. Assume that the
tensor product B ® D has a unique C*-norm (note that this is the case if B
or D are nuclear). Then, the sequence

J®xidp TRxidp

0 —— J®.D A®, D B, D ——0

is a short exact sequence of C*-algebras.

Proof. Assume that D is a C*-algebra such that the tensor product B ® D
has a unique C*-norm.

To show: (a) The *-homomorphism j ®, idp is injective.
(b) The *-homomorphism 7 ®, idp is surjective.

(c) im 7 = kerm.
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(a) Since the *-homomorphisms j : J — A and idp : D — D are injective
then j ®, idp is also an injective *-homomorphism by Theorem [2.14.1]

(b) Observe that the image of ™ ®, idp contains the subspace

(m @4 idp)(A® D) =71(A)® D=B®D.
Hence, im 7 ®, idp = B ® D and 7 ®, idp is a surjective *~homomorphism.
c) Let @ = (A®. D)/im(j ®idp) and ¢ : A ®, D — @ be the projection
*_homomorphism. Observe that

(7 @y idp)(im(j @, idp)) =0

because ker m = im j. By the universal property of the quotient, there
exists a unique *-homomorphism 7’ : Q — B ®, D such that the following
diagram commutes:

Aw,D —2—Q

|
T®xtdp \LTF

B®,.D

To see that im(j ®, idp) = ker(m ®, idp), we will show that 7’ is a
*_isomorphism.

Since T ®, idp is a surjective *~homomorphism then 7’ is also a surjective
*-homomorphism. To see that 7’ is injective, we will construct a left inverse
for «'.

Define the map
' BxD — Q
(m(a),d) — (a®d)+im(j @, idp)
It is straightforward to check that v’ is a bilinear map. By the universal
property of the tensor product in Theorem [2.11.1] we obtain a linear map
Yv:B®D — Q, defined by
P(m(a) @ d) = (a ®d) +im(j @, idp).

The fact that v is a *~homomorphism follows from direct computations.
Now define the map
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||—||/Z BD — RZO
¢ = max([[¢(], [ell)
This is a C*-norm on B ® D. By assumption, B ® D has a unique
C*-norm. Hence if ¢ € B® D then ||c||" = ||c||« and ||1o(¢)|| < ||¢||«. This
means that we can extend ¢ to all of B ®, D. This unique extension of
will once again be denoted by .

To see that 1) is a left inverse for 7/, we compute directly that if a € A and
d € D then

Therefore, 7’ is injective and thus, a *-isomorphism. Since 7 ®, idp = 7’ 0 ¢
then

ker(m ®, idp) = ker ¢ = im(j ®, idp).
By combining parts (a), (b) and (c) of the proof, we find that the sequence

J®xidp TQx«idp

00— J®,.D A®, D B,.D ——0

is a short exact sequence of C*-algebras. n

A major consequence of Theorem [2.14.2]is that any extension of a nuclear
C*-algebra by another nuclear C*-algebra is again nuclear.

Theorem 2.14.3. Suppose that we have the short exact sequence of
C*-algebras

0 yJ—2 3 A—"4 B > 0.
If B and J are nuclear C*-algebras then A is also a nuclear C*-algebra.

Proof. Assume that the following sequence

0 s J— s A"y B s 0.

in the category of C*-algebras is a short exact sequence. Assume that J
and B are nuclear C*-algebras. Since B is nuclear then by Theorem [2.14.2]
the sequence of C*-algebras
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0 — Jo.D —2M g, D "2, B, D —— 0
is short exact. Recall that the maximal C*-norm ||—||;maz is the largest
C*-norm on the tensor product A ® D, whereas the spatial C*-norm ||—||.
is the smallest C*-norm by Theorem [2.13.20, Hence, to show that A is a
nuclear C*-algebra, it suffices to show that ||—||;mee = ||—|/« on A® D.

Let idagp denote the identity map on A ® D. Since |—||+« < ||—|lmaz then
idasp extends uniquely to a *~homomorphism i : A ®,0. D — A ®, D. By
Theorem [[.6.4] it suffices to show that 7 is injective.

To show: (a) i is an injective *-homomorphism.

(a) We begin by constructing various *-homomorphisms. First, we use the
universal property in Theorem [2.11.1] to construct the unique
*_homomorphism

K J®D — A@mamD
a®d — jla)®d

Analogously to Theorem [2.14.2] the map
||—||/I JD — RZO
¢ = max(|[£(e)llmaas [cll)

defines a C*-norm on J ® D. Since J is a nuclear C*-algebra then

=" =l—Il+ and if ¢ € J ® D then ||£(¢)|lmaz < |lc[|«. Thus, we can extend
k to a *~homomorphism from J ®, D to A @unax D. We denote this
extension by x« again. We note that if / € J and d € D then

(ior)((®d) =i(j(l)@d) =jl) @d=(j ®,idp)({ ®d).
Next, we again use Theorem [2.11.1] to construct the unique
*_homomorphism
. A D — B®,D
a®d +— wla)®d.

Observe that if e € A® D then ||7'(€)]|« < ||€]|maz- This is because the map
e — max(||7'(e)]|«, ||e|lmaz) is & C*-norm on A ® D. Therefore, we can
extend 7’ to a *-homomorphism from A ®,,., D to B ®, D. Abusing
notation, we denote the extension by 7’.

Next, let () be the quotient C*-algebra
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Q = (A ®max D)/lm K

and ¥ : A ®pex D — @ be the associated projection map. By the nuclearity
of B and the construction in Theorem [2.14.2] there exists a unique
*-homomorphism defined by

f: B,D — Q
m(a)®d — (a®d)+im k.

So far, we have the commutative diagram of C*-algebras

J®«idp TR de

J&@, D —— A®,D B ®. D

\T/l

A®maacD —> Q

Now we perform a diagram chase. Assume that ¢ € keri. Then, 7’'(c) =0
and ¥ (c) = (0 o7’)(c) = 0. This means that ¢ € im x and there exists
h € J®, D such that x(h) = c. So,

(j . idp)(h) = (i o K)(h) = i(c) = 0.

Since j @, idp is injective then h = 0 and ¢ = £(0) = 0. Therefore, i is
injective.

By part (a) and Theorem [1.6.4} i is isometric and hence, the maximal and
spatial C*-norms on A ® D are equal. Therefore, A ® D has only one
C*-norm and A is a nuclear C*-algebra as a result. O

2.15 An introduction to the K-theory of
C*-algebras

The idea behind the K-theory of C*-algebras is to adapt various methods
and techniques from homological algebra to the category of C*-algebras. As
stated in [Mur90, Chapter 7], the K-theory of C*-algebras was crucial to
solving a few longstanding open problems in C*-algebra theory.

The basic idea behind the K-theory of C*-algebras is to distinguish

C*-algebras by defining for a C*-algebra A, two abelian groups Ky(A) and
K1(A). These two groups can then be used to distinguish one C*-algebra
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from another. The next few sections are based on [Mur90, Chapter 7].

We begin by recalling some facts about block matrices. Let A be a
*-algebra, r = (r1,...,1p) € ZZ, and ¢ = (cq,...,¢,) € Z2,. If
i€{L,2,...,m}and j € {1,2,...,n} then let A;; € M, ;(A). Then, the
r X ¢ block matrix

A A 0 Ag
a4 — A:Ql A:22 .' .' . A:2’Vl (2‘7)
Al Apa .. Apn

is regarded as a (r; 4+ -+ + 1) X (¢1 + -+ - + ¢,) matrix whose elements are
in A. Its adjoint is the ¢ x r block matrix

* *

All A21 oo Anl
* * *

* A12 A22 DY An2
a = . . . .
* * *

Alm A?m ce Amn

Moreover, if d = (dy,...,d,) € Z%, and b is a ¢ x d block matrix given by

Bll Blg ce Blp

BQl ng Ce ng
b=1| . o .

Bui By ... By

then the product ab is the r x d block matrix

011 012 e Clp

021 022 . CQP
ab = : . .

Coi Crmz .. Cop

where if i € {1,2,...,m} and j € {1,2,...,p} then

CZ‘]‘ - Z AikBkj-
k=1

Succinctly, multiplying block matrices is exactly the same as multiplying
regular matrices.
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Definition 2.15.1. Let A be a *-algebra and a be the block matrix in
equation (2.7). If m =n and A;; = 0 whenever 4,5 € {1,2,...,n} are
distinct then we denote the matrix a by A1 @ Ay & --- D A,y

The n X n zero matrix with entries in A will be denoted by 0,, and if A is
unital then the n x n identity matrix will be denoted by I,,. For clarity, the
diagonal entries of I,, are all 14 and the off-diagonal entries are all zeros.

Definition 2.15.2. Let A be a *-algebra. Define the set

P[A] = U{p € M,xn(A) | pis a projection}.
n=1

If p,q € P[A] then we say that p and ¢ are equivalent if there exists
¢ € Z~o and a matrix u € M, «.(A) such that p = v*u and ¢ = uu*. As
usual, equivalence in P[A] will be denoted by p ~ g.

Of course, we must show that the above definition of equivalence is an
equivalence relation.

Theorem 2.15.1. Let A be a *~algebra. Then, the equivalence ~ on the set
P[A] is an equivalence relation.

Proof. Assume that A is a *-algebra. Assume that p,q,r € P[A]. Then,
p ~ p because p = p* = p*p = pp*. Next, assume that p ~ ¢q. Then, there
exists ¢ € Zsg and u € M,,«.(A) such that p = v*u and ¢ = uu*. So,

q = (u*)*u* and p = u*(u*)* and g ~ p.

Finally, assume that p ~ ¢ and ¢ ~ r. Then, there exists d € Z~q and
v € M.yq(A) such that ¢ = v*v and r = vv*. Now observe that

(vu)*vu = u* (v*v)u = u*(uu*)u = p* = p

and

vu(vu)® = v(uu)v* =v(v*v)v* = r2 —r

Therefore, p ~ r and ~ defines an equivalence relation on P[A]. ]

We note that if p, ¢ € P[A] happen to have the same dimension then p ~ ¢
if and only if p and ¢ are Murray-von Neumann equivalent projections (see

Definition [2.4.7)).
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Here is an important observation we will use later. Suppose that A is a
C*-algebra and p,q € P[A] satisfy p ~ ¢. Then, there exists a rectangular
matrix u such that p = u*u and ¢ = uu*. By replacing v with qup, we find
that

(qup)*qup = pu*qqup = pu*qup = p* = p, 2.8)
qup(qup)* = quppu*q = qupu*q = ¢* = q.

Moreover,

(qup)(qup)*(qup) = qupp = qup.

This means that if p, ¢ € P[A] satisfy p = u*u and ¢ = uu* then we can
assume without loss of generality that © = uu*u by replacing u with qup if
necessary.

Next, we prove some more properties pertaining to the equivalence relation
of P[A].

Theorem 2.15.2. Let A be a *-algebra and p,q,p',q € P[A].
1. Ifp~p and g~ ¢ thenp®q~p ®©¢.
2.pBqg~qDp.

3. Ifp,q € Myxn(A) and pg =0 thenp+q~p®q.

Proof. Assume that A is a *-algebra and p, q,p’, ¢ € P[A]. First, assume
that p ~ p’ and ¢ ~ ¢’ so that there exists rectangular matrices u, v with
entries in A such that p = u*u, p’ = wu*, ¢ = v*v and ¢’ = vv*. Define
w=u®v. Then, p®q=w*w and p' ® ¢ = ww*. So, pDqg~p Hq.

To see that p ® q ~ g & p, define
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Therefore, p & q ~ q & p.

Finally, assume that p,q € M, «,,(A) and pg = 0. Let 0,,,, be the n x m
matrix whose entries are all zero. Define

y= (p On,m) € Mnx(n+m)<A)
Then, y*y =p® 0,, and yy* = p. So, p ~ p @ 0,,. Now define

(p q

Z_(On On).
e (P 0\ (P q\ _ (P pq\ _
ZZ_(q* 0n> (On 0n>_<qp q2>_p@q

because pqg = gp = 0 and

. p q)\ (p O, P+q¢ 0,
Zzz(o 0>(q* 0):< 0. o )=@Ptde0.

Therefore, p@ q ~ (p+ q) ® 0, ~ p+ ¢ as required. ]

We have

Now we will begin constructing the group Ky(A) associated to a unital
*_algebra A. We make a few definitions below.

Definition 2.15.3. Let A be a unital *-algebra and p,q € P[A]. We say
that p and ¢ are stably equivalent if there exists n € Z-q such that
I, ®p~1I,®q. Stable equivalence will be denoted by =.

Theorem 2.15.3. Let A be a unital *-algebra. Then, the notion of stable
equivalence on the set P[A] defines an equivalence relation.

Proof. Assume that A is a unital *-algebra. The fact that stable
equivalence = is symmetric and reflexive follows from the fact that ~ is an
equivalence relation on P[A].

To see that ~ is transitive, assume that p,q,r € P[A], p~ qand ¢~ r.
Then, there exists m,n € Z~q such that I,, ®p ~ I, & ¢ and
I, ®q~ I, ®r. Using Theorem [2.15.2, we find that



So, p ~ r and ~ is transitive. Therefore, stable equivalence on P[A] is an
equivalence relation. O

We will prove one more property about stable equivalence before moving on
with our construction.

Theorem 2.15.4. Let A be a unital *-algebra and p,q,p',q € P[A]. If
p~p andg~q thenpBq~p B¢

Proof. Assume that A is a unital *-algebra. Assume that p,q,p’, ¢ € P[A]
satisfy p ~ p’ and ¢ = ¢’. Then, there exist m,n € Z~q such that
I, ®p~1,®p and [, ®q~ I, D q. Using Theorem [2.15.2] we have

Lnin®(p@q) =1L (n®p) &q
~ (Q®[n)@(jm @p)
~ (IN@Q)@Um @p)
~(Lod)® (I, @p)
~ i ® (P © ).

Therefore, p@ g~ p & ¢ O
Definition 2.15.4. Let A be a unital *-algebra. Define the set Ky(A)" as
the quotient

Ko(A)" = P[A]/ =

That is, the elements of Ky(A)T are the stable equivalence classes of P[A].
The elements of Ky(A)* will be denoted by the notation [p] (or [p]4 if we
need to be clear).

The idea here is that we can turn Ky(A)* into a cancellative commutative
monoid. Let us explain what this means.

Definition 2.15.5. Let M be a monoid. We say that M is left
cancellative if the following statement is satisfied: if g, h, kK € M and
gh = gk then h = k.

We say that M is right cancellative if the following statement is satisfied:
if g,h,k € M and hg = kg then h = k.

We say that M is cancellative if it is both left cancellative and right
cancellative.
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Theorem 2.15.5. Let A be a unital *-algebra. Then, the set Ko(A)T is a
cancellative commutative monoid whose binary operation is defined by
+ Ko(A)+ X Ko(A)+ — K0<A>+
([p), []) = [p®d]

and whose identity element is [0].

Proof. Assume that A is a unital *-algebra and that the binary operation +
on the set Ky(A)" is defined as above. By Theorem [2.15.4] the binary
operation + is well-defined.

Assume that p, q,7 € P[A]. Since stable equivalence is an equivalence
relation, we have

[Pl +ldl =p®q =[g®p| = [q] + [p]

and

(pl+la) +Irl=ped+rl=[oger=pe(q@dr) = [pl+ (¢ +[])

Hence, + is associative and commutative. We also note that if n € Z~, then

[p] + [0n] = [p & 0] = [p]
by the proof of the third property in Theorem [2.15.2} So, [0] is the identity

element of Ky(A)T (the zero matrix can be of any dimension) and hence,
Ko(A)" is a commutative monoid.

To see that Ko(A)" is cancellative, it suffices to show that Ko(A)™ is left
cancellative because Ky(A)" is commutative. So, assume that

[p]l + [q] = [p] + [r] in Ko(A)T. Then, p® g~ p P r and there exists

m € Z~g such that

I,®pdqg~I,Bpdr.
Now suppose that p € M, y,(A). By the above relation, we have
pDqg® L, ~pDdr® I, and

(Li—p)@p@q@ Ly~ L, —p) ®pBr &I,

By the third property in Theorem [2.15.2} (I, — p) @ p ~ I,,. Thus,
qP Lin ~ 7 ® Iy, and [g] = [r] in Ko(A)T. Therefore, Ko(A)" is a
cancellative commutative monoid. O]
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In order to obtain the abelian group Ky(A) from Ky(A)*, we perform a
well-known construction attributed to Grothendieck.

Theorem 2.15.6. Let N be a cancellative commutative monoid. Define the
equivalence relation ~ on N x N by setting (x,y) ~ (z,w) if v +w =1y + 2.
Let [z, y] be the equivalence class of (x,y) € N x N under this equivalence
relation and G(N) be the set of all such equivalence classes. Then, G(N) is
an abelian group with binary operation

+: G(N)xG(N) — G(N)
([z,9], [z;w]) = 242y +w].
Proof. Assume that IV is a cancellative commutative monoid and that the

identity element is 0. Assume that G(N) is the set of equivalence classes
defined as above. Assume that the binary operation + is defined as above.

To be complete, we will first show that ~ is an equivalence relation on

N x N. Since N is abelian then ~ is reflexive. Next, assume that

(x,y), (z,w) € N x N such that (z,y) ~ (z,w). Then, x + w = y + z and
(z,w) ~ (z,y) because N is abelian. Finally, assume that (s,t) € N x N,
(x,y) ~ (z,w) and (z,w) ~ (s,t). Then,

2+ (x+t)=ac+(2+t)=a+ (w+s)
=@rz+w)+s=(y+z2) +s
=2+ (y+s).

Since N is cancellative then x +t =y + s and (z,y) ~ (s,t). Therefore, ~
defines an equivalence relation on N x N.

To show: (a) + is well-defined.

(b) + is commutative.

(c) + is associative.

(a) To see that + is well-defined, assume that [x1, 4] = [z2, y2] and

[21,w1] = [22, W3] in G(N). Then, z1 + y2 = y1 + 22 and 2z; + wy = wy + 25.
Using this, we find that
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(14 21) + (g2 +w2) = (21 +y2) + (21 + w2)
= (y1 +72) + (w1 + 22)
= (y1 +w1) + (22 + 22).

Hence, [z1, 1] + [21, w1] = [2, y2] + [22, wo] and consequently, the binary
operation + is well-defined.

(b) If [x,y], [#,w] € G(N) then

[z y] + [z, 0] =[x+ 2,y +w] = [z + 2,0 + y] = [2,0] + [z, 9].

The second equality follows from the fact that NV is abelian. So, + is
commutative.

(c) If [s,t] € G(N) then

([z,y] + [z, w]) + [s,t] = [x + 2,y + w] + [s, 1]
=lx+2)+s,(y+w)+tl=[x+(z+5),y+ (w+1)]
= [z,y] + ([z, w] + [s,1]).

So, the binary operation + is associative.

It is easy to see that [0,0] € G(NV) is the identity element of +. Now
assume that [x,y] € G(N). Then,

[z, yl + [y, 7] =[x +y, 2 +y] =[0,0].

Hence, [y, z] is the additive inverse of [z,y] and consequently, (G(N),+) is
an abelian group. O

Definition 2.15.6. Let N be a cancellative commutative monoid. The
group G(N) constructed in Theorem [2.15.6|is called the Grothendieck
group of N. It is sometimes called the enveloping group of N.

Next, we will prove the universal property satisfied by the Grothendieck
group.

Theorem 2.15.7. Let N be a cancellative commutative monoid. Then, the
map
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¢: N — G(N)
x = [z,0]

1s an injective monotd homomorphism. Moreover, if G is an abelian group
and ¥ : N — G 1s a monoiwd homomorphism then there exists a unique group
homomorphism 1 : G(N) — G such that the following diagram commutes:

Proof. Assume that N is a cancellative commutative monoid. Assume that
0 € N is the identity element and that z,y € N. Then,

ez +y)=[r+y,0] = [z,0] + [y,0] = p(x) + ¢(y)

and ¢(0) = [0,0]. Thus, ¢ is a monoid homomorphism. To see that ¢ is
injective, assume that ¢(x) = ¢(y). Then, [x,0] = [y,0] and z = y. So, ¢ is
injective.

Now assume that G is an abelian group and ¢ : N — G is a monoid
homomorphism. Define the map 1 by

v: G(N) — G
[z,y] = () —d(y).
To show: (a) ¢ is well-defined.

(b) ¢ is a group homomorphism.
(¢) ¢ is the unique group homomorphism such that ¢ = 1) o .

(a) Assume that (x,y), (z,w) € N x N such that [z,y] = [z, w]. Then,
rHw=y+ 2 9@ +Pw) =Py) +P(z) and

O([z,y]) = (x) = (y) = ©(2) — Y(w) = ([z,w]).
Hence, 1 is well-defined.

(b) To see that ¢ is a group homomorphism, assume that
(2,1, [5,#] € G(N). Then,
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b(r+s,y+t]) =v(@+s—y—t) = v —y)+¥(s—t) = ¥([z,y]) +¥([s, 1)

and

¥([0,0]) = 9(0) —(0) = 0.

So, 1 is a group homomorphism.

(c) If z € N then

D(p(x)) = ([, 0]) = ¥(x) = (0) = V().
For uniqueness, assume that there exists another group homomorphism
p:G(N) — G such that pop =. If x,y € N then p([z,0]) = ¢(x) and

p([z, ) = p([2,00) + p([0,9]) = o[, 0]) = o[y, 0]) = ¥(x) =¥ (y) = ¥([z,4])-
Therefore, 1/? = p and 1; must be unique. This completes the proof. O

We briefly remark that we can extend the construction of the Grothendieck
group to non-cancellative commutative monoids. This requires the
equivalence relation in the definition of the Grothendieck group to be
tweaked slightly.

Definition 2.15.7. Let A be a unital *-algebra. We define the abelian
group Ky(A) to be the Grothendieck group of the cancellative commutative
monoid Ky(A)*. That is,

Ko(A) = G(Ko(A)*Y).

Next, we will show that if A is a unital *-algebra then the constructed
group Ky(A) can be interpreted as a functor.

Theorem 2.15.8. Let Ab denote the category of abelian groups and
U*-Alg denote the category of unital *-algebras. Then, the map

Ko: U*Alg — Ab

s a covariant functor.
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Proof. Assume that the map K is defined as above, where U*-Alg is the
category of unital *-algebras and Ab is the category of abelian groups. By
construction, K is well-defined on the objects of U*-Alg.

We need to understand what Ky does to the morphisms of U*-Alg, which
are the unital *-homomorphisms. Assume that ¢ : A — B is a unital
*_homomorphism between unital *-algebras A and B. If m,n € Z~, then
define the map

¢ Mysn(A) = Mpyxn(B)
ag) = (plai;))
If a = (aij) € Mypxn(A) and b = (b;;) € M,x,(A) then it is straightforward
to check that ¢'(ab) = ¢'(a)¢’(b). and ¢'(a*) = ¢'(a)*.

To show: (a) If p,q € P[A] and p ~ ¢ then ¢'(p) ~ ¢'(q).
(b) If p,q € P[A] and p ~ ¢ then ¢'(p) = ¢'(q).

(a) Assume that p,q € P[A]. Assume that p ~ ¢. Then, there exists a
rectangular matrix u with entries in A such that p = v*u and ¢ = uu*. So,

¢'(p) = ¢'(un) = ¢'(u)"¢'(u)
and similarly, ¢'(q) = ¢'(u)¢'(u)". Thus, ¢'(p) ~ ¢'(q).

(b) Now assume that p ~ ¢q. Then, there exists r € Z, such that
Ia®p~I.4®qwhere I, 4 € M,y (A) is the r x r identity matrix with
entries in A. Since ¢ is a unital *-homomorphism then ¢'(1, 4) = I, 5. By
part (a), we find that

Lg®¢'(p)=¢Urna)@¢' () = Ta®p) ~ ¢ (La®q) =I5 D¢(q).

Therefore, ¢'(p) =~ ¢'(q).

Now we define the map

Py Ko(A)Jr — Ko(B)+
] = [¢(p)]
By part (b), ¢, is well-defined. Furthermore, if [p], [q] € Ko(A)™ then

([Pl + [d]) = wullp @ q]) = [ (0 ® @)] = [¢'(p) © ¢ (q)] = @:([p]) + @« ([a])-
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We also have ¢,([0]) = [¢’(0)] = [0] because ¢ is a *-homomorphism. So,
the map ¢, is a monoid homomorphism.

Now let tp : Ko(B)T — Ky(B) be defined by ¢p([t]) = [t,0]. By Theorem
2.15.7) 1 is an injective monoid homomorphism. The composite ¢ o ¢, from
Ko(A)" to Ko(B) is a monoid homomorphism. By using the universal
property of the Grothendieck group in Theorem there exists a unique
group homomorphism K;(¢) which makes the following diagram commute:

To be clear, ¢4 is defined in a similar manner to tz. We observe that if
idy : A — A is the identity map on the unital *-algebra A then
(ida)s = tdg,cay+ and the group homomorphism Ky(id4) is defined by (see

Theorem [2.15.7))

Ko(ldA) : K()(A) — K()(A)
[l = callp]) — ea(la]) = [p,q)
SO7 Ko(idA) = idKO(A)-

To show: (c¢) If ¢ : A — B and ¢ : B — C are unital *-homomorphisms
then Ko( 0 @) = Ko(¥) o Ko().

(c) Assume that ¢ : A — B and ¢ : B — C are unital *~homomorphisms.
By construction, the group homomorphism Ky() o ¢) makes the following
diagram commute:

Ko(A)t < Ky(A)

Lco(wm

Note that (¢ o ). = 1, 0 p, and

Ko (o)

Ko(C)

Ko(1) o (Ko(p) o ta) = Ko(v) o L o o,
=1oou 0. =1co (Yo

By uniqueness, we deduce that Ky(¢ o ¢) = Ky(10) o Ko(p). Consequently,
Ky is a functor from U*-Alg to Ab. O
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We end this section with a few examples regarding the functor K in

Theorem 2.15.8]

Example 2.15.1. Let H be a separable infinite-dimensional Hilbert space.
By Example if p,q € B(H) are infinite-rank projections then p ~ q.
Note that ~ is the Murrary-von Neumann equivalence in Definition [2.4.7]

If n € Zs then we also have a *-isomorphism 1 : M,,.,(B(H)) — B(H™)
given by equation (3.1)). Note that H™ = @ | H. Now assume that

p € P[B(H)|. Then, there exists m € Z~q such that p is a projection in
M,xm(B(H)).

The projection I € My« (B(H)) corresponds to the identity map idy
under the *-isomorphism . Since H is infinite-dimensional then idy is an
infinite-rank projection. Therefore, Iy @ p ~ I as both are infinite-rank
projections. Consequently, [p] = [0] in P[B(H)] and we deduce that
Ko(B(H)) =0.

Example 2.15.2. In this example, we consider the unital *-algebra C. Let
p,q € P[C]. We claim that p ~ ¢ if and only if p and ¢ have the same rank.

Assume that p and ¢ have the same rank r € Z-. Assume that

D € Muxa(C) and q € Myy,(C). Let my,(x), my(z) € C[z] be the minimal
polynomials of p and ¢ respectively. Since p*> = p and ¢* = ¢ then m,(z)
and m,(x) must divide 22 — z = x(xz — 1). Hence, there exist matrices

P e GL,(C) and @ € GLy(C) such that

p=P(,®0,,) P and g=Q (I, ®0,_,) Q.
Without loss of generality, assume that a < b. Then,

PO 0o = (P S ]b—a)<]r D Ob—r)(P_l D Ib—a)
We know from the proof of Theorem [2.15.2f that p ~ p & 0;_,. Now define

U = QQ(P EB Ibfa)*(p EB Obfa)-

Then, we have
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=(@RPEI)—0)" (pP® 0p—0)) QP & Ip—a)" (p © 0p—0)
=[O 0-0o)(P®I-0)Q"qqQ(P & Iy—a)"(p © Op—a)
=P D 0p-0)(P @ Ip-0)(Q"qQ)(P @ Ip—0)"(p © 0p-a)
=(P®0p—a) (PO Iy-o)(Lr © 0 )(PD® Ih0) (pDOy_a)
= ( )’ =

p@oba (p@ob a)

and by a similar computation, uu* = q. Therefore, p ~ p & 0y_, ~ q.

Conversely, assume that p ~ ¢q. Then, there exists v € Mjy,(C) such that
p =v*v and ¢ = vv*. So,

rank(p) = rank(v*v) = rank(v) = rank(v*) = rank(vv*) = rank(q).

Observe that if p, ¢ € P[C] then rank(p @ q) = rank(p) + rank(q). Now
define the map

R: K(C)F = Z
[p] = rank(p)

By our previous observations, R’ is a well-defined monoid homomorphism.
Using the universal property in Theorem [2.15.7], there exists a unique group
homomorphism R : Ky(C) — Z such that the following diagram commutes:

The group homomorphism R is given explicitly by

R: Ko(@) — 7
p,q]  — rank(p) — rank(q).

We claim that R is an isomorphism. To see that R is surjective, assume
that k € Z. Select ko, k1 € Z>( such that £k = ky — k1. Then,
R([Iy,, Ix,]) = ko — k1 = k. To be clear, we define I to be the zero matrix.

To see that R is injective, assume that [p, q] € ker R so that R([p,q]) =
Then, rank(p) = rank(q) and subsequently, p ~ ¢. In the monoid K,(C
we have

0.
)"
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[Pl +[0] = [p® 0] = [p] = [a] = l¢ ® 0] = [q] + [0]

and [p,q] = [0,0] in Ko(C). Thus, R is injective and we conclude that R is
a group isomorphism from Ky(C) to Z.

2.16 K-theory of AF-algebras and Elliott’s
theorem

Let A be a unital AF-algebra. In this section, we will see that the group
Ky(A) has a naturally defined partial ordering, together with a “basepoint”
at [I1]. This extra structure on K((A) is integral to Elliott’s theorem, which
states that Ky(A) with this partial ordering is an “isomorphism invariant”
of A.

The concept required to obtain the partial ordering on the Ky-group of a
unital AF-algebra is that of stable finiteness.

Definition 2.16.1. Let A be a unital C*-algebra. We say that A is stably
finite if the following statement is satisfied: if n € Z~o, u € M, x,(A) and
w*u = I, then wu* = I,,. Here, I,, € M,,(A) is the identity matrix — the
multiplicative unit of M, ,(A).

The idea is that unital AF-algebras are stably finite. To understand the
proof of this statement, we will use the fact that if A is a C*-algebra and
n € Zwo then M, «,(A) is also a C*-algebra. This is dealt with later in
Theorem [3.1.3

Theorem 2.16.1. Let A be an AF-algebra and n € Z~o. Then, M, y,(A) is
an AF-algebra.

Proof. Assume that A is an AF-algebra and that n € Z~y. Then, there
exists an increasing sequence of finite dimensional C*-subalgebras
{A; }mez., of A such that

G A, =A.
m=1

If n € Z~( then by Theorem M, xn(A) is a C*-algebra and
{M,5n(Am) }mez-, 1s an increasing sequence of finite dimensional

C*-subalgebras contained in M, (A).
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We claim that |, Myuxn(Am) = Myxn(A). Assume that
a = (a;;) € Mpxn(A). If 4,5 € {1,2,...,n} then there exists a sequence
{agn)}mez>0 such that agn) € A, and

: (m) _
Jim ;5" — agl| = 0.

A consequence of Theorem and Theorem is the inequality

n
lassll < llall < ) llawll-

k=1

If m € Z~ then define a,, = (ag-n)). Then, a,, € M,xn(A,,) and

n
lam —all < > [lal™ — ag]| — 0
k=1

as m — 0o. Consequently, the sequence {a, }mez., converges to
a € Myyn(A) and U, Myuxn(Ap) = Mysn(A). So, My, (A) is an
AF-algebra. [

Theorem 2.16.2. Let A be a unital AF-algebra. Then, A is stably finite.

Proof. First, observe that if A = M,,«,(C) and u € A has a left inverse
(there exists v € A such that vu = I,, where I,, is the identity matrix in A)
then dim ker v = 0 and by the rank-nullity theorem, wv = I,,.

Now if A is finite-dimensional then by Theorem [2.10.3] there exist positive
integers k,nq,...,n; such that

k
A2 P M, (C).
i=1

By the previous observation, we deduce that if a € A has a left inverse then
a is invertible.

Now assume that A is a unital AF-algebra. By Theorem [2.16.1] the matrix
algebra M,,»,,(A) is a unital AF-algebra. We need to show that if n € Z-,
u € Myxn(A) and u*u = I, then uu* = I,,.

Since M,,x,(A) is a unital AF-algebra then it suffices to show the statement
holds for n = 1 by the proof of Theorem [2.16.1] To this end, assume that

u € A satisfies u*u = 14. Since A is an AF-algebra then there exists a
sequence {A,}nez., of finite dimensional C*-subalgebras of A such that
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[o¢]

A=A

n=1
So, there exists a sequence {uy, }nez., such that u,, € A, and the sequence
converges to u. Therefore,

1g=vu"u= lim u,u,.
n—o0

By passing to an appropriate subsequence of the sequence {u)uy }nez.,, We
may assume that |14 — wiu,| < 1. So, 1 € 0(1a — ulu,) and ufu, is
invertible. In particular, w, is left invertible and since A,, is finite
dimensional, wu,, is invertible.

Now we have

u= lim u, = lim (u}) ' u,.

To show: (a) lim,, . (u})™! = u.

(a) If n € Z~( then
= Cun) ™ < = () ™ |+ 1) ™ e — () 7|

(
< Jlu = (un) M|+ [1Cuy) M4 — 2|

We claim that the quantity ||(u})~!| is bounded. We compute directly that

1) M1 = Ml ()~

< |l () |

n

1
= HunH sup oy < 00,
Ao (ufun) |)‘|

The equality [|(u)un) ™"l = SUP)co(urun) W is a consequence of the spectral
mapping theorem (see Theorem |1.3.14)). The final inequality follows from
the fact that o(u}u,) is a bounded closed subset of R — {0}. Therefore,

llu = () 7HE < e = Cun) ™Ml + 1) 7ML = ugun|] = 0
and u = lim,, o (u}) 1.

By part (a), we find that uu* = lim, oo (u)) " 'u’ = 14. This completes the
proof. ]
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Now, we are ready to discuss how stable finiteness endows the Ky-group
with additional structure. We make the following preliminary definitions.

Definition 2.16.2. A partially ordered group is a pair (G, <)
consisting of an abelian group GG and a partial order < on G satisfying the
following properties:

1. Gt ={xeG|x>0} then G=G" - GT
2. fx,y,ze Gandx <ythenzx+z<y+ z.

Definition 2.16.3. Let G be an abelian group and N be a subset of G.
We say that N is a cone on G if
N+N:{n1—|—n2 | niy,Ng € N} QN,
G:{nl—nglnl,ngeN}:N—N
and NN (=N)={0}.

Observe that we can construct partially ordered groups in the manner
outlined by the theorem below.

Theorem 2.16.3. Let G be an abelian group and N C G be a cone on G.
Define a partial order <y on G by setting x <y y if y —x € N. Then, the
pair (G, <y) is a partially ordered group with G = N.

Proof. Assume that G, N and <y are defined as above.
To show: (a) Gt = N.

(b) G =G —GT.

(c)lfz,y,ze Gand x <y ythen z+ 2 <y y+ 2.

(a) We have

Gr={zeG|lz>y0}={zreG|z—-0€N}=N.
(b) Using part (a) and the fact that N is a cone, we have
G=N-N=G"-G".

(c) Assume that z,y,z € G and x <y y. Then,

(y+2)—(x+z2)=y—xz €N.
So, v+ z<yy-+z. O

341



The partial order <y defined in Theorem [2.16.3| is called the partial order
induced by N. In the next theorem, we will prove that Ky(A) can be
constructed as a partially ordered group by using Theorem [2.16.3

Theorem 2.16.4. Let A be a stably finite unital C*-algebra. Let < (ay+
be the partial order on the abelian group Ko(A) induced by Ko(A)*. Then,
the pair (Ko(A), <kya)y+) 15 a partially ordered group.

Proof. Assume that A is a stably finite unital C*-algebra. Assume that
<ko(a)+ be the partial order on Ky(A) induced by Ko(A)*. By Theorem
2.16.3] it suffices to show that Ky(A)" defines a cone on Ky(A).

To show: (a) Ko(A)" defines a cone on Ky(A).

(a) We identify Ky(A)T as a subset of Ky(A) by using the injective monoid
homomorphism
(o K(](A)+ — KO(A)
Pl = p,0L
If p,q € P[A] then [p,0] + [¢,0] = [p+ ¢,0] € Ko(A)". So,

Ko(A)" + Ko(A)T C Ko(A)™T.

Next, we have the inclusion Ko(A)™ — Ko(A)™ C Ko(A). To obtain the
reverse inclusion, assume that p,q € P[A]. Then,

[Pl = [p,0] + [0,q] = [p,0] = [g,0] € Ko(A)" = Ko(A)”
Now assume that [g,0] € Ko(A)™ N (—=Ky(A)T). Then, there exists p € P[A]
such that [¢,0] = —[p, 0] = [0, p]. This means that in KO(A)

[p+aql=[p®dq =10
So, there exists r € Ry such that I, ® (p®q) ~ [, 0 ~ I,.. If s € Z~( then

I, ® ([r D (pEB Q)> ~I,® I = [err-
This means that there exists u € M, .(A) such that I, = u*u and

uw* =IO (Lo (p®q) =L ®(pDq).

Since A is stably finite then uu* = I,.,.. Subsequently, p & ¢ = 0 and the
projections p, ¢ € P[A] are zero projections. So, [p,¢] = [0,0] and
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Ko(A)™ N (= Ko(A)F) = 0.

We deduce that Ky(A)" is a cone on Ko(A) and so, (Ko(A), <ka)+) is a
partially ordered group. ]

We give another example of a partially ordered group below.

Example 2.16.1. Let H be a Hilbert space. Let B(H ), be the set of
positive operators on H. Then, B(H), defines a cone on B(H) (see
Theorem [2.2.2)), which is an abelian group with addition as its binary
operation.

The partial order <p(p), induced by B(H) is defined by setting
r <pwm, ¥ if y —x € B(H)4. This is just the relation given by Definition

m By Theorem [2.16.3| the pair (B(H), <p(m), ) is a partially ordered
group.

Here is a structure theorem regarding direct sums of projections.

Theorem 2.16.5. Let A be a C*-algebra and p,...,p, € P[A]. Let q be a
projection in A such that ¢ ~ p1 @ --- ® p,. Then there exists pairwise
orthogonal projections qi,...,q, € A such that if i € {1,2,...,n} then

g~ piand ¢ =q1+ -+ qn.

Proof. Assume that A is a C*-algebra. Assume that p,ps,...,p, are
projections in P[A]. Assume that ¢ is a projection in A such that
q~p1 @D pp. Assume that if i € {1,2,...,n} then p; € M, «m,(A).
Let m =", m;.

There exists a rectangular matrix u € M,,«1(A) such that

qg=u"u and p1LD- D p, = uu’.
Write the matrix u as
U
Uz

u =

Unp

where if i € {1,2,...,n} then u; € M,,,x1(A). Then,

n
*
q= § U; U
i=1
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and

LUy UUy ... U

* * *

. UgUy UUgy ... UU,
DD - Dpp, =uu =

* *

UpU] UpUs ... Upl,

Ifi € {1,2,...,n} then define ¢; = ufu; € M;y1(A) = A. Observe that

pi = w;u; so that ¢; ~ p;. Moreover, if i,7 € {1,2,...,n} are distinct then
j
Finally, ¢ = >~ wfu; = > | ¢;- This completes the proof. ]

Qi = U UG U = U:(O)Uj = 0.

So far, we have defined partially ordered groups and constructed a few
examples. Next, we will define maps/morphisms between partially ordered
groups.

Definition 2.16.4. Let G and H be partially ordered groups. Let
¢ : G — H be a group homomorphism. We say that ¢ is positive if the
image p(G*) C H*.

Now let ¢ : G — H be a positive group homomorphism. We say that 1) is
an order isomorphism if 1 is a group isomorphism and ! is positive.
We say that the partially ordered groups G and H are order isomorphic
if there exists an order isomorphism from G to H.

We will now provide a specific example of an order isomorphism. Recall
that the matrix algebra M, «,(C) has a linear basis given by its matrix
units:

{eij | Za] S {17277n}}

Recall that if 7,7 € {1,2,...,n} then e;; € M, +,(C) is the matrix with a 1
in the 5 position and zeros elsewhere. We also know that
M,,5n(C) = B(C™).

Now let m € Z~q. Then,

mem(Mnxn(C>) = Mme(B<Cn)) - B(Cmn)

So, if p € P[M,x,(C)] then it can diagonalised so that it is unitarily
equivalent to a diagonal matrix with ones and zeros on the diagonal. So,
there exists k € Z~q such that in Ko(M,«,(C))",
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k k

[p] = 2[611] = [@ en] = klen].

=1 =1

Now let nqy,ng,...,ni € Z~o and

k
A= My, (C).

i=1
If £ €{1,2,...,k} then let {ef; | i,j € {1,2,...,n}} be the canonical basis
for the matrix algebra M, «n,(C). Then,

{efj | Za.] € {1,2,...,71},€ € {17277k}}
defines a basis for A.
If k € Z~( then Z* is a partially ordered group when equipped with the

partial order induced by the cone (Z-)*. This is last ingredient required to
construct our order isomorphism.

Theorem 2.16.6. Let ny,...,n, € Z~y and

k
A= @ anan(C)
i=1
Define the map
T: 7> — Ko(A)
(my, .. omy) = S0 myledy, 0.

Then, T is an order isomorphism, where ZF is equipped with the partial
order induced by (Zo)* and Ko(A) is equipped with the partial order

induced by Ko(A)™ (see Theorem |2.16.4)).

Proof. Assume that A = @} | My, «n,(C). Assume that 7 is the map
defined as above. First observe that 7 is well-defined because if

i € {1,2,...,k} then by the aforementioned reasoning, m;[el;, 0] = m;[e},]
is equal to [p;] in Ko(Mp,xn,(C))T where p; € P[M,,xn; (C)].

It is straightforward to check that 7 is a group homomorphism. To see that
T is positive, assume that (jy,...,Jx) € (Z=o)*. Then,

k k
(1) = Y Gilein, 0] = [Y_ jiehy, 0] € Ko(A)™.
i=1 i=1
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Therefore, 7 is a positive group homomorphism. To see that 7 is surjective,
assume that [p, q] € Ko(A). By writing [p, ¢ as [p, 0] — [g, 0], it suffices to
show that there exists (f1,..., fi) € Z* such that 7(f1,..., fx) = [p,0].

Since p is a projection in P[A] then p = p; + ps + - - + px, where if
i€{1,2,...,k} then p; € P[M,,xn,(C)]. In turn, we have

(673

i) = ailen] = [P ein]

a=1

in Ko(My,xn; (C))* where o; € Z~,. Subsequently, the set

{[e5,0] | £ € {1,2,...,k}}

generates Ky(A) and 7 is surjective.

To see that 7 is injective, assume that (my,...,my) € Z* such that

k
T(my,...,my) = Zmi[elﬁ,O] =0
i=1

Ifi € {1,2,...,k} then m;[e};,0] = 0 and

[mi

@ e, =0.

j=1
Therefore, m; = 0 and (my,...,mg) = (0,...,0). So, 7 is injective. Since
the inverse 77! is positive by direct computation then 7 is an order
isomorphism. ]

In proving Theorem [2.16.6 we learnt how to compute the Ky group of a
finite-dimensional C*-algebra.

Theorem 2.16.7. Let A be a non-zero finite-dimensional C*-algebra.
Then, there exists k € Z~q such that Ko(A) = Z* as groups. Moreover, if
{x1,...,x} is a basis for Kyo(A) then

[(0(14)+ = Z>01’1 + -+ Z>0.I'k.

Proof. Assume that A is a non-zero finite-dimensional C*-algebra. By
Theorem [2.10.3], there exists k,ny,...,n; € Zg such that as C*-algebras,

346



k
A= P My, (C).
i=1

By the proof of Theorem [2.16.6, Ko(A) = Z* and if {z1,..., 23} is a basis
for the free abelian group Ky(A) then

Ko(A)" = Zsowy + - - + Loy,
as required. O

Definition 2.16.5. Let A and B be unital C*-algebras. Let
7 : Ko(A) = Ko(B) be a group homomorphism. We say that 7 is unital if
7([11,0]) = [{1,0], where I; is the 1 x 1 identity matrix.

If Ais a C*-algebra and u € A is unitary then we define the
*_homomorphism

Adu: A — A

a = uau®. (2.9)

Before we proceed, let us observe a situation where stable equivalence and
Murray-von Neumann equivalence of projections are equivalent.

Theorem 2.16.8. Let A be a finite dimensional C*-algebra and
p,q € PlA]. Then, p =~ q if and only if p ~ q.

Proof. Assume that A is a finite dimensional C*-algebra. By Theorem
2.10.3] it suffices to prove the statement of the theorem for A = M,,,,,(C)
where n € Z.

So, assume that p,q € P[M,x,(C)] and assume that p ~ ¢q. Assume that
p € Maxa<Mn><n((C)) = Manxcm(c) and q € Mb><b<Mn><n((C)) = Mbnxbn(C)'

Then, there exists a rectangular matrix u € My, xq,(C) such that
p=u'u and q = uu’.

Let v be the block matrix

1 0
v = (O u) € Mpnt1)x(ant1)(C).

Then, v'v =1 ®p and vv* =1; ® q. So, p ~ q.

Conversely, assume that p &~ ¢. Then, there exists r € Z~q such that
I, ®p ~ I, ®q. So, there exists a rectangular matrix w € Mn4r)x (antr)(C)
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such that w*w = I, & p and ww* = I, & q.
Since Tr(w*w) = Tr(ww*) then Tr(l,. ® p) = Tr(I, ® q) and

Tr(p)=Tr(I, &p)—r=Tr(I, ®q) —r =Tr(q).

By diagonalising p and ¢, there exist unitary matrices u € My,xan(C) and
v € Myxp(C) such that

p= U(Ia S Oan—a)U* and q= 'U(]oc D Obn—a)v*-

Here, a = rank(p) = rank(q) € Z-o. We conclude that p and ¢ are
projection matrices with the same rank. By the result proven in Example

2.15.2| p ~ g as required. O

The next theorem tells us that the functor Ky in Theorem [2.15.8| behaves
nicely with respect to finite dimensional C*-algebras.

Theorem 2.16.9. Let A and B be non-zero finite dimensional C*-algebras.

1. If 7: Ko(A) = Ko(B) is a unital positive group homomorphism then
there exists a unital *~homomorphism @ : A — B such that
K(](QO) =T.

2. If o, : A — B are unital *~homomorphisms then Ky(¢) = Ko(¢) if
and only if there exists a unitary element u € B such that

= (Ad u) o .

Proof. Assume that A and B are non-zero finite dimensional C*-algebras.

Firstly, assume that 7 : Ky(A) — Ky(B) is a unital positive group
homomorphism. By Theorem [2.10.3] we may assume that there exist
k,ny,...,ng € Zsg such that

k

A= My, (C).

i=1

Before we proceed, let us set up some notation. Let

{16, e{l,2,...,n}, e {1,2,... . k}}

denote the canonical basis elements of A. If £ € {1,2,...,k} then let ¢, be
the unit of M,,xn,(C). Let 14 and 15 be the units of A and B.
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Since 7 is a positive group morphism then there exists p, € P[B] such
7([ee, 0]) = [pe, 0]. So,

1 @ @k, 0] = 7(_ler, 0]) = 7([14,0]) = [15,0

e

¢

Il
—

because 7 is unital. Therefore, [p; @ -+ @ px] = [15] in Ko(B)* and by

Theorem [2.16.8), p1 & - - - & pr ~ 1. By Theorem [2.16.5| there exist
pairwise orthogonal projections qi, qa, ..., q € B such that if

¢e{1,2,... k} then ¢ ~ p, and

Ilp=q+q+ +a.
We note that 7([eg, 0]) = [pe, 0] = [qy, 0]

Now we can repeat the above argument for the elements [e{;,0] € Ky(A)
where ¢ € {1,2,...,k}. There exists a projection pf, € P[B] such that
7([e4;,0]) = [p%;, 0]. Therefore,

ne[piy, 0] = 7(neleny, 01) = 7(lee, 0]) = [ge, 0]-

Theorem [2.16.8] tells us that if £ € {1,2,...,k} then @7, pt; ~ q.
Applying Theorem [2.16.5] we deduce that there exist pairwise orthogonal
projections ¢{,, ... ,qfwm in B such that

G+ G+ + que,mz =
and if j € {1,2,...,n,} then qu ~ p%,. So, there exist uﬁ € B such that

¢; =us(us)”  and  qfy = (uf)ul.

Ifi,j € {1,2,...,ne} then define ¢; = uf(u})*. If i = j then we recover the

7

projection ¢ € B from this definition. We compute directly that

(ij)* = uﬁ(uf)* = sz‘

and if m,n € {1,2,...,ny} then
Qi = 3 (W) U (1) = ity
where 0, is the Kronecker delta. Hence, define the map

v: A — B

14 14
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Using the previous computations above, we find that ¢ is a
*_homomorphism. Furthermore, ¢ is unital because

p(la) = @(Z Z ¢i) = Z(Z ¢;) = ZQE = 1p.

=1 i=1 =1 i=1

Recall from the proof of Theorem [2.16.6| that the set

{[‘9?170] ’ 4 S {1727 ce 7k}}
generates Ko[A]. So,

Ko(@)(ler, 01) = [g(enr), 0] = [2(0), 0] = [g11, 0] = [pfy, 0] = 7([e1y, 0]).

Hence, Ky(y) = 7 as required.

Next, assume that ¢, ¢ : A — B are unital *-homomorphisms. Assume that
there exists a unitary element u € B such that ¢ = (Ad u) o ¢. To be clear,
Ad u is the map in equation (2.9). Observe that if a;,ay € P[A] then

So, Ko(Ad u) = idg,(p) and consequently,

Ko(¥) = Ko(Ad u) o Ko(p) = Ko(p)-

Conversely, assume that Ky(p) = Ko(v¢). If 4,5 € {1,2,...,n,} and
¢e{1,2,...,k} then define

Since Ko(¢) = Ko(p) then

[, 0] = Ko()([e, 0]) = Ko(v)([ei;, 0) = [s7;, 0].
In particular, [r;] = [s{,] in Ko(B)*. By Theorem ri; ~ 5. So,

i p 17
there exist uy, € B such that

= uiuy and st = ueu).
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Now define

U—E E 7"1Ue311

=1 i=1

We claim that v € B is unitary. We compute directly that

k k Nm
_ ¢
Uu= ( E E 1“451z> ( E E 1Y 51j>
=1 =1 m=1 j=1
ng Nm k
_ V4 £ m_ * V4 * £
= E ,§ § E Silufrlirjlumslj § § Szluﬂ"lz z1“£311
=1 i=1 m=1 j=1 =1 i=1
k
¢
= § § 11“47”11@%311 § § zluéueuéuesu
Z 1 =1 /=1 i=1
k k  ng
¢ ¢
= E E S; 1811811 E E Sii = E E V(ey)
(=1 i=1 /=1 i=1 =1 i=1
=¢(1a) = 1p
and
k e k Nm %
x 0, x 0 m, % M
uu = ( E Tilueslz‘)( E Tj1um51j>

(=1 1=1 m=1 j=1

k  ng
§ E E € 2 E § 0« 0 14

(=1 i=1 m=1 j=1 =1 i=1
k. ng
¢ ¢
Tzluésllufrlz ﬂueu[ugwrh
=1 1=1 (=1 i=1
k Ny k k Ny
_ y4 V4
= E E :7"17"117"12 E E :Tu E E w(ei)
(=1 i=1 =1 i=1 (=1 i=1
=p(la) =15

Hence, u is a unitary element of B. We also note that if m € {1,2,...,k}
and z,y € {1,2,...,nm} then
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_ _.m, m_m __ .m
raclu Sllumrly T:tlrllrly rccy'

Consequently, if £ € {1,2,...,k} and i,j € {1,2,...,n,} then

(Ad u* 0 p)(ef;) = (Ad u*)(ri) = w'riju = si; = ¥(efy).

Since the set {ef;} forms a basis for A = @Y, My, «n,(C) then
1 = (Ad u*) o . This completes the proof. O

We require a few more results before we state and prove Elliott’s theorem.
The next result gives a specific condition required for Murray-von Neumann
equivalence.

Theorem 2.16.10. Let A be a C*-algebra and p,q € A be projections.
Assume that there exists u € A such that

lp — v u| <1, llg —uwu*]] <1 and — u = qup.
Then, p ~ q.

Proof. Assume that A is a C*-algebra. Assume that p,q € A are
projections and that there exists u € A such that the above three
conditions are satisfied.

Recall that p is the unit for the C*-subalgebra pAp. Since u = qup,
u*u = pu*up € pAp. Since ||p — u*u|| < 1 then u*u is invertible in the
C*-subalgebra pAp. Similarly, uu* is an invertible element of the
C*-subalgebra gAq.

By considering the polar decomposition of u, we have u*u = |u|®. Let z be
the inverse of |u| in pAp and define w = uz. Then, z is self-adjoint because

it is the inverse of a self-adjoint element and

wrw = Futuz = 2*ulfz = z|ulp = p* = p.

Moreover,
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wufww* = wutuzziut = u(utu) et = ulul? et = et

Now let  be the inverse of uu* in the C*-subalgebra ¢qAq. Then,

ww* = ruu* = q. Therefore, p ~ q. O

Theorem 2.16.11. Let A be unital C*-algebra. Let {A,}nez., be an
increasing sequence of C*-subalgebras of A such that if m € Z~q then
14 € A,,. Assume that

G A, =A.
n=1

1. If p € P[A] then there ezists k € Zso and q € P[Ag] such that
[pla = lala in Ko(A)*.

2. If t € Z~y, p,q € P[A;] and [p|a = [q]a then there exists m € Z~y such
that [pl a,, = [qla,, in Ko(An)*.

Proof. Assume that A and {A,},ez., are defined as above. Note that if

0 € Z~o then {Myxo(An)}nez., is an increasing sequence of C*-subalgebras
of Myye(A) such that

U MZXE(An) == MZXZ(A)-

Also, each C*-subalgebra My,(A,) contains the unit of My.,(A).
Therefore, it suffices to prove the first statement in the case where p is a
projection in A. Note that it also suffices to prove the second statement in
the case where p and ¢ are projections in A, for some ¢ € Z-,.

So assume that p is a projection in A. Since |J,~, A, is dense in A then
there exists a sequence {u, }nez., with u, € A, converging to p. By
replacing each u, with Re(u,) = 3(u, + u) if necessary, we may assume
that each u, is self-adjoint.

We would like to use Theorem [2.16.10} Since {u2},cz., converges to p then
there exists k € Z~( such that

1
lp—wl <5 and flu—u] < .

By Theorem [2.10.6, there exists a projection ¢ in the C*-subalgebra
generated by {ug} such that ||¢ — u|| < 3. Note that by construction of g,
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there exists j € Z such that ¢ € A;.

By the triangle inequality, ||p — ¢|| < 1. So, by Theorem [2.10.5] there exists
a unitary element u € A such that ¢ = upu*. By Theorem [2.16.10 we
deduce that g ~ p as required.

Next, assume that ¢ € Z~y and p, q are projections in A, such that

[p]a = [¢]a in Ko(A)". Then, there exists u € A such that p = u*u, ¢ = uu*
and u = qup (see equation (2.8)). Let {u,}nez., be a sequence in (J)~ | 4,
converging to u. Without loss of generality, we may assume that

Um = QU p by replacing u,, by qu,,p if necessary.

Since {u,} converges to u then there exists N € Z~q such that if n > N
then

lp — uruy,|| <1 and llg — upur] < 1.

Choose n’ € Z>x large enough so that there exists m € Z>, such that

Up € Ap,. By Theorem [2.16.10, we deduce that [p|a,, = [¢]a,, in the
monoid Ky(A4,,)" as required. O

The next result plays an important role in the proof of Elliott’s theorem.

Theorem 2.16.12. Let A, B and C be unital stably finite C*-algebras.
Assume that A is finite dimensional. Let 7 : Ko(A) — Ko(C) and

p: Ko(B) — Ko(C) be positive group homomorphisms such that

T(Ko(A)T) C p(Ko(B)T). Then, there exists a unique positive group
homomorphism 7' : Ko(A) — Ko(B) such that the following diagram (in the
category of partially ordered groups) commutes:

Proof. Assume that A, B and C are unital stably finite C*-algebras.
Assume that A is finite dimensional and that 7 : Ky(A) — Ko(C) and
p: Ko(B) — Ky(C) are positive group homomorphisms. Assume that

T(Ko(A)") € p(Ko(B)).
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By Theorem [2.16.7, there exists k € Z- such that Ky(A) = Z* as partially
ordered groups. Moreover, there exists a basis {x1,..., 2} of Ko(A) such
that

Ko(A)" = Zsow1 + Loy + - - - + Loy

Recall that 7(Ky(A)T) C p(Ko(B)*). So, if i € {1,2,...,k} then there
exists y; € Ko(B)" such that p(y;) = 7(x;). Subsequently, we define 7 to be
the unique map

T K()(A) — Ko(B)
Zf:l T Z?:l Q;Y;

Here, we consider Ky(B)" as a subset of Ky(B). By construction of 7/, if
ie{l,2,...,k} then

(po7)(w:) = plyi) = 7(x2).
Since {x1,...,zx} is a basis for Ky(A) then p o7’ = 7. Furthermore, 7’ is a

group homomorphism. To see that 7’ is positive, assume that
Biy. ..y Bk € Z~p. Then,

k k
T’(Z Bix;) = Zﬁz‘yz‘ € Ko(B)*
i=1 i=1
because y; € Ko(B)'. So, 7 is a positive group homomorphism. H
Now we will state and prove Elliott’s theorem on unital AF-algebras.

Theorem 2.16.13 (Elliott’s theorem). Let A and B be unital AF-algebras
and 7 : Ko(A) = Ko(B) be a unital order isomorphism. Then, there exists
a *-isomorphism ¢ : A — B such that Ko(¢) = 7.

Proof. Assume that A and B are unital AF-algebras. Assume that
7 : Ko(A) — Ko(B) is a unital order isomorphism so that Ky(A4) and
Ky(B) are isomorphic as partially ordered groups (see Theorem [2.16.4]).

Since A and B are unital AF-algebras then there exist increasing sequences
{An}nezo, and { By, }nez., of finite dimensional C*-subalgebras of A and B
respectively, such that

GAn:A and [OJBn:B.
n=1 n=1

355



We may assume that if n € Z-y then 14 € A, and 15 € B,,. We also let
©": A, — Aand YY" : B, — B denote the inclusion *-homomorphisms. Let
p be the inverse of the unital order isomorphism 7. Then,

p: Ko(B) = Ky(A) is also a unital order isomorphism.

Consider the increasing sequence

{KO(QON)(K0<AH)+>}7LEZ>0'
We claim that Ky(A)" is the union of the above increasing sequence.
To show: (a) Ko(A)T = U2, Ko(¢")(Ko(A,)T).
(a) Since Ky(p™) is a positive group homomorphism from Ky(A,) to Ky(A)
then |J)~, Ko(¢™")(Ko(An)T) € Ko(A)T. For the reverse inclusion, assume
that p € P[A] so that the stable equivalence class [p]a € Ko(A)T. By

Theorem [2.16.11} there exists k € Z~o and g € P[A] such that [p]a = [g]a.
Now note that [¢,0]a, € Ko(Ag) satisfies

KO(QOk)([(L O]Ak) = [Q7 O]A
Consequently, [pla = [g]la € Ko(¢")(Ko(Ax)") and

Ko(A)* € [ Ko(¢") (Ko(An)").
This proves part (a).
By part (a), we also have

Ko(BY* = | Ko(w™)(Ko(Ba)).

Subsequently, we deduce that

Ko(A) = U Ko(¢")(Ko(An)) and Ko(B) = U Ko(¢")(Ko(Bn)).

Let n; = 1. By Theorem [2.16.7] there exists a basis {x1, ..., 2} for the free
abelian group Ky(A,,) such that

Ko(An1)+ = Loy + Lsoxy + - - - + LsoTy.
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Applying the composite 7o Ky(¢™) : Ko(An,) — Ko(B), we find that

(TKo(0™))(Ko(An,) ") = Zso(TKo(@™)) (1) + - - - + Zso(TKo (™)) (1)

We know that Ko(B)* is the increasing union of the sequence of sets
{Ko(¥"™)(Ko(Bm)") }mez~,- Therefore, if i € {1,2,...,k} then there exists
m € Zsn, such that

(TEKo(¢™))(x:) € Ko(¥™)(Ko(Bm)").

Consequently, (7Ky(¢™))(Ko(An,)") C Ko(¥™)(Ko(Bm)"). By Theorem
2.16.12] there exists a positive group homomorphism
7: Ko(Ay,) = Ko(B,,) such that the following diagram commutes:

Ko(An) —— Ko(By,)
Ko(wnl)l lKo(wm)
Ko(A) —— Ko(B)
Now consider the element [14,0]4, € Ko(Ayn,). Let [e,0]p,, = 7([14,0]4,, )
By commutativity of the above diagram,

e, 005 = Ko(¢™)([e,0]5,,) = (7 0 Ko(¢™))([14,0]a,,) = [15,0]5.

So, e, 1p are elements of B,, satisfying [e]g = [15]|p in Ko(B)*. By the
second part of Theorem [2.16.11} there exists m; € Z~,, such that in
KO(Bml)Jr)

le]B,,, = [1B]B,, -
Let ¢p™™ : B,, < B,,, be the inclusion map and define
= Ko(™™) o 7 : Ko(An,) — Ko(Bp,).

Then, 7! is a unital positive group homomorphism which makes the
following diagram commute:

Ko(An,) ——— Ko(Bpn,)
K(](«pnl)l lKo(dJml)
Ko(A) ——— Ko(B)
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Let us repeat the argument just used, except for the commutative square
above. Let [f,0]4 = p([e,0]5) (recall that p = 77!). By the commutativity
of the above diagram,

;014 = (po Ko(¥™))([e, Olm,)
= (p © K0(¢ml))([137 O]ml)
= Ko(¢")([14,0]n,) (because 7' is unital)
= [14,0]4.
Therefore, [f]a = [1a]a in Ko(A)". By the second part of Theorem

there exists n € Z~ such that [f]4, = [1a]a, in Ko(A,)". Now let
"M A, — A, be the inclusion map and define

p=Ko(p"")opoKo(¥™) : Ko(Bm,) = Ko(An)

Then, p is a unital positive group homomorphism which makes the
following diagram commute:

Ko(Bu,) 2" K,

d

Ko(A,) Ko(A)

—
Ko(¢™)

Next, consider the basis {x1,...,xx} of A,,. If j € {1,2,... k} then we
write z; = [p;,0]a,, where p; € P[A,,]. We also write

(porh)(z;) = [g;,0]a,

where ¢; € P[A,]. We compute directly that

(45,014 = (Ko(") 0 po7')(x;)
= (po Ko(v™) o 7")(x;)
(po7oKo(e™))([ps0]a,,)

So, [pjla = [gj]a in Ko(A)*. By the second part of Theorem [2.16.11] there
exists ng € Zs,, such that if j € {1,2,...,k} then p;,q; € P[A,,] and

[pj]An2 = [Qj]An2 .
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Again, let ™" : A,, — A,, be the inclusion map and define the unital
positive group homomorphism

pl = Ko(¢"") 0 p: Ko(Bm,) = Ko(An,).
Then, the following square commutes:

Ko(Bo) 5 K,

T
Ko(A,,) Ko (A)

—
Ko(p™2)

Now we claim that the composite p' o 71 = Ky(p""2).
To show: (b) p' o 7! = Ky(pm"2)

(b) We compute directly that if j € {1,2,...,k} then

(p' o Th)(x5) = (Ko(¢™") 0 po7')(a;)
= Ko(¢""™)([45,0]4,)
= [Qjao] = [pj70]

= Ko(p s ([ps; ]Anl) Ko(p™")(;).

So, pl o7t = Ky(pmm2).

The idea here is that we can continue the above fiendish construction.
Inductively, we obtain two sequences of positive integers {n; }icz., and
{m;}iez., such that

Ny <mg <ng <mg<...

We also obtain positive group homomorphisms 7% : Ky(A,, ) — Ko(Bm,)
and p* : Ko(Bp,) — Ko(Apn, .,) such that the following diagrams below
commute:

Ko(An,) —27 5 Ko(A)
Tkl lT (2.10)
Ko(Bmy,) — 7w Ko(B)

Ko(¢™*)
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Ko(™k)
Ko(Bp,) ———— Ky(B)

pkl lp (2.11)

K0<Ank+1) KO(A>

Ko(p"k+1)

Moreover, the maps p¥ and 7% also satisfy

Forh = Ko(gmm) and  rFLogF = Ky(ymeme) (2.12)

Note that since 7! is unital, an induction argument using the above
composition relations demonstrates that if k£ € Z-( then the group
homomorphisms 7% and p* are unital.

As an aside, the argument used to inductively construct the positive group
homomorphisms 7% : Ko(A,,) = Ko(Bp,) and p* : Ko(B,,,) — Ko(An,,,)
is known as Elliott’s intertwining argument. It is an important pillar in
the theory of classification of C*-algebras. See [Whi23), Section 6] for
modern applications of the intertwining argument.

The next step is to exploit Theorem [2.16.9, We find that if & € Z- then
there exist unital *-homomorphisms o : A, — B, and B : B,,, =+ A
such that

Nk+1

Ky(a®) = 7F and Ko(BF) = p*.
Moreover, by equation ([2.12)),

5]@ o Oék — (pnk,nk+1 and ak+1 o Bk — wmk,karl.

Now observe that if a € A,,, then
ak(a) — (wmk,mkﬂ o ozk)(a) — Oék—"_lﬁkak(a) — ak+1(pnk7nk+1 (a) — ak+1 (a)
Now define the map

o: Ui 4, — B
a€ A, ~— o).
We know that if a € A, then o*(a) = a*1(a). Thus, the map ¢ is
well-defined. Recall that o* : A,, — B,,, are *-homomorphism and are

norm-decreasing. This means that ¢ is also a (norm-decreasing)
*~homomorphism. So, we can extend ¢ from the dense *-subalgebra
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Ure; An, to all of A. We denote this extension by ¢ again.

Similarly, define the map

v: Ul By — A
be B, + B*0b).

The map v is well-defined because if b € B,,, then
BE(b) = (gm0 BE)(b) = BT IAR(b) = pEHTymm (b) = BHT(D).

By employing a similar argument to the one used to construct ¢, we extend
Y to a *-homomorphism ¢ : B — A.

Now, if a € A,,, then

(0 )(a) =¥ (a*(a)) = B*(a*(a)) = @™+ (a) = a
and if b € B,,, then

(po)(b) = p(B*(D)) = "1 (B(b)) = Y™™+ (b) = b.
Therefore, p 01 =idg and 1 o ¢ = id4. This means that ¢ is a
*_isomorphism.

To show: (¢) Ko(p) =T.

(c) Assume that p € P[A,,]. Then,

Yo )([ ,0]4,,,) (by diagram (2.10)))

So, 7 = Ko(p) on the sets Ko(p™)(Ko(A,,)") and because

Ko(A) = | Ko(¢™) (Ko(An,)h)
k=1
and it generates Ky(A), we deduce that 7 = Ky(p) as required. O
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A very straightforward consequence of Theorem [2.16.13|is

Theorem 2.16.14. Let A and B be unital AF-algebras. Then, A= B as
C*-algebras if and only if Ko(A) = Ko(B) as partially ordered groups. That
is, there exists a *-isomorphism from A to B if and only if there exists a
unital order isomorphism from Ko(A) to Ko(B).
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Chapter 3
Topics from [BOOS]

3.1 Completely positive maps and
Stinespring’s theorem

As explained in [BOOS|, Section 1.5, completely positive maps form the
foundations of C*-approximation theory. In fact, nuclear C*-algebras are
defined using completely positive maps in [BO0S, Definition 2.3.1]. This
section is dedicated to outlining the basic theory behind completely positive
maps, following the treatment in [BOO§|, Section 1.5].

In order to define completely positive maps, we must first define the objects
they map from.

Definition 3.1.1. Let A be a unital C*-algebra. An operator system E
is a self-adjoint subspace of A such that 14 € F.

By definition, a unital C*-algebra is an operator system.

Theorem 3.1.1. Let E be an operator system. Then, E is spanned by its
positive elements. That is, E 1s spanned by the set

{e € E'| e is positive}.

Proof. Assume that F is an operator system. Then, FE is a self-adjoint
subspace of a unital C*-algebra A such that 1, € E. Assume that ¢ € E.
Then, e can be written as

1 . 1 .
e:§(e+e )+@(E(e—e ).

363



In particular, e is a linear combination of two self-adjoint elements of F.
Hence, it suffices to prove that a self-adjoint element of E can be written as
a linear combination of positive elements in F.

So, assume that s € F is self-adjoint. By Theorem [1.2.6] the spectral radius
r(s) = ||s||. If t > ||s|| then s+ ¢t14 and —s + t14 are positive elements of
and

1 1
s = §(S+t1A> — 5(—S+t1A)

Thus, any self-adjoint element in E is a linear combination of two positive
elements in £. We conclude that any element in F is a linear combination
of four positive elements in . So, E is spanned by its positive

elements. O

Before we define completely positive maps, we must first explain the
structure of the matrix algebra M, ., (A) as a C*-algebra, where n € Z
and A is a C*-algebra. We already made use of this fact when we proved
that the matrix algebra M,,»,(C) is a nuclear C*-algebra.

If n € Zso and A is a *-algebra then M, ., (A) is a *-algebra where scalar
multiplication, addition and multiplication is defined analogously to
My (C). Involution in M, x,(A) is given by (a;;)* = (a};).

Definition 3.1.2. Let A and B be *-algebras and ¢ : A — B be a
*_homomorphism. The inflation of ¢, which is also denoted by ¢, is the
*_homomorphism

©: Mpxn(A) — Muxn(B)
(aij) = (p(ai;))
Now if H is a Hilbert space and n € Z~( then we define the Hilbert space

H™ = é H.
=1

If u € Myy,(B(H)) then define the map 1 : M,»,(B(H)) — B(H™),
where ¥ (u) is given explicitly by

P(u) H™ — H®
(@1, ma) = (D)o (), o0 uni()))

It is straightforward to verify that v is a *-isomorphism. We call ¢ the
canonical *-isomorphism of M,,.,(B(H)) onto B(H™).

(3.1)
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Definition 3.1.3. Let H be a Hilbert space and n € Z+,. Let v € B(H™)
and ¢ : M,,,,,(B(H)) — B(H™) be the canonical *-isomorphism. Let

u € Myx,(B(H)) be such that ¢¥(u) = v. Then, u is called the operator
matrix of v.

To define a norm on M, «,(B(H)) which makes it a C*-algebra, we set
=1+ Mnn(B(H)) = R
u = ()]

Theorem 3.1.2. Let H be a Hilbert space and n € Z~q. If
i,j€{1,2,...,n} and u € M,x,(B(H)) then

n
il < flall <l

k=1

Proof. Assume that H is a Hilbert space and n € Z~(. Let ¥ denote the
canonical *-isomorphism from M, ,(B(H)) to B(H™). If
i,j €{1,2,...,n} and u = (u;j) € Myxn(B(H)) then

[ull = ()]
= sup lp(u)(z, . @)

= E :ulj x] E :um x]

= sup max Zuk x;
[(21,...zn)||=1 ke{1,2,..., n}H J J
= sup ||Zuw (@;)[l = sup [Jug (@)l = [luy]-

l(@1,...wn)l|=1 [l ll=1

J=1

We also compute directly that
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Jull =¥l = sup  [[o(u)(@,. .. z0)|

(1,50, xn)H 1

= § :UIJ x] § :Um IJ

=  sup max Z“ (.
2)l=1 bE{1.2,0., n}”jl ki (25)]]

n
< sup max Z U (T
I(21,....zn)||=1 ke{1,2,...n} || ( )“
ZHUM )| = Z [Jwa]-
H(xl ..... acn || 1le 1 k‘l 1

]

Theorem 3.1.3. Let A be a C*-algebra and n € Z~q. Then, there exists a
unique norm on My, (A) such that M, «,(A) is a C*-algebra.

Proof. Assume that A is a C*-algebra and n € Z-(. Let (¢, H) denote the
universal representation of A, which is faithful. Since ¢ : A — B(H) is
injective, its inflation ¢ : My«n(A) = M,wn(B(H)) is also injective. Now
define the map

=1l Mnn(4) = Ry
a = lea)]-

It is straightforward to verify that ||—| is a norm on M, (A). If a € A
then

lall* = lle(a)]|* = llv(a) (@) || = lp(a*a)|| = [la*al.
To see that M,,«,(A) is complete with respect to its norm, let {a,, }mez-,

be a Cauchy sequence in M, ., (A). If € € R.q then there exists N € Z+
such that if £,/ > N then

lar — arll = lle(ar) — (a)] <e
By Theorem 3.1.2] if 4, j € {1,2,...,n} then

le((ar)ij) — @((a)i;)|l < e

Therefore, the sequence {¢((ax)i;) trez., is a Cauchy sequence in B(H) and
hence converges to b;; € B(H). By Theorem _ 6, there exists a;; € A such

366



that p(a;j) = b;jj. Now let A = (a;;) € Myxn(A). We claim that the
sequence {am, }mez., converges to A. We compute directly that if € € R
then

lar = All = lle(ar) = p(A)]]

= [le(ax = A
< Z ||(90(ak - A))lm”
I,m=1
= > llel(@n)m) = elam)|
I,m=1
"L e
< Z ﬁ = €.
I,m=1
We conclude that M, (A) is complete with respect to the norm ||—||
defined as above. Therefore, ||—|| makes M, ., (A) into a C*-algebra. By
Theorem [1.2.8] it is the unique norm which does this. O]

Since injective *~homomorphisms are isometric, if A is a C*-algebra,
n € Lo, a = (a;;) € Mypyn(A) and 4,j € {1,2,...,n} then

n
lall < llall < ) llawll-

k=1
This follows directly from Theorem [3.1.2

Definition 3.1.4. Let A and B be C*-algebras. A linear map ¢ : A — B is
positive if for a positive element a € A, p(a) is a positive element of B.

Let E be an operator system and B be a C*-algebra. We say that the
linear map ¢ : £ — B is completely positive if for n € Z-( the map

Pn : Mnxn(E) — Mnxn(B)
(ai;) = (plai))

is positive. The set of completely positive maps from E to B is denoted by
CP(E,B).

If A is a unital C*-algebra and E C A is an operator system then M, (F)
inherits positivity from M, «,(A). We say that A € M, ,(FE) is positive if
and only if A is positive in M,,«,,(A). Note that the definition of a
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completely positive map can be extended to cover maps between
C*-algebras.

The term “completely positive” is commonly abbreviated as c.p, “unital
completely positive” is abbreviated as u.c.p and “contractive completely
positive” is abbreviated as c.c.p.

Example 3.1.1. Let A and B be C*-algebras and 7 : A — B be a
*_homomorphism. Then, 7 is completely positive because if n € Z~q then
its inflations 7 : My,xn(A) = Mp«n(B) are *~homomorphisms themselves
and hence, preserve positivity.

More generally, let H be a Hilbert space and ¢ : A — B(H) be a map of
the form p(a) = V*r(a)V, where 7 : A — B(H’) is a *-homomorphism and
V : H — H'is an operator. We claim that ¢ is a completely positive map.
Assume that n € Z- and A = (\;;) € M« (A) is positive. Then, there
exists I' = (745) € Mpuxn(A) such that A =TT If i, j € {1,2,...,n} then

(en(N),; = VTNV = V7D vV = DV r(iom)V.
k=1 k=1

Then, ¢, (A) = A*A where Ay; = 7(yk;)V € Myxn(B(H, H')). Making use
of the isomorphism ) : M,,x,(B(H)) — B(H™), assume that
r=(xy,...,2,) € H™. Then,

(W0 @n)(N)z,2) = (Y(A*A)z,2) = [[Y(A)z[|* > 0.

This means that (1) o, )(A) is a positive element of B(H™). By composing
with the *~homomorphism ¥, we deduce that ¢, (A) is positive. Since
n € Z~o was arbitrary, we deduce that ¢ is completely positive.

Example 3.1.2. Let A be a unital C*-algebra and £ C A be an operator
system. Let f: EF — C be a positive linear functional. We claim that f is
completely positive. Assume that n € Z~y. The idea is to take advantage of
the isomorphism M,,«,,(C) = B(C") and the fact that C" is a Hilbert space.

Assume that A = (a;;) € M,xn(E) is positive. Assume that
x = (x1,...,2,) € C". Then,
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(aj;)x;T; = (Z a;;x;T;) = f(a*Ax).

< Z?zlf(au)% Z1 >
Z? 1 f(ani)xi ﬂfn
>

Since A is positive, there exists B = (b;;) € M,x,(F) such that A = B*B.
Then, we have

(fu(A)z,2) = f(a"B*Bx) = f((Bx)"Bx) = f(||(Bx)"||*) > 0

Hence, the map f,, : Mpun(E) = M,x,(C) is positive for arbitrary n € Z-.
So, f is a c.p map.

Here is an example of a map which is not c.p.

Example 3.1.3. Let n € Z-q and ¢ : M,,4,(C) = M, «,,(C) be the adjoint
map A — A*. We claim that ¢ is not completely positive. First, we observe
that ¢ is positive. Assume that A = B*B € M,,«,(C) is a positive element.
Then,

¢(B*B) = (B*B)* = B*B = A.

Hence, ¢ is positive. To see that ¢ is not completely positive, we will give a
counterexample.

Let n = 2. Then, Mayo(May2(C)) = Myyxs(C) as C*-algebras. Let

A= c M4><4((C).

_ o O =
o O OO
o O OO
_— o O =

If © = (z1, 9, 3, 24) € C* then

(Az, ) = (21 + 24)(T1 + T3) = |21 + 24> > 0.

So, A is a positive element of My, 4(C). However,
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<1 o>* (0 1)* 1000
0 0 0 0 0010
A =170 0\ 720 o\*|= o1 0 0

10 0 1 000 1

If v = (x1, 79, 3, 24) € C* then

(pa(A)z, z) = |21[* + 2273 + 2373 + |24 |*.
If x =(0,1,—1,0) then (p2(A)z,z) = —2. Therefore, po(A) is not a

positive element of My, 4(C). So, ¢ is not a completely positive map.

Stinespring’s dilation theorem characterises completely positive maps to
B(H), where H is a Hilbert space.

Theorem 3.1.4. Let A be a unital C*-algebra, H be a Hilbert space and
¢:A— B(H) be a c.p map. Then, there exists a representation (w, H) and
an operator V : H — H such that if a € A then

o(a) =V*r(a)V.
Moreover, [V*V] = (1)

Proof. Assume that A is a unital C*-algebra and H is a Hilbert space.
Assume that ¢ : A — B(H) is a completely positive map. We begin by
defining a sesquilinear form on the algebraic tensor product A ® H.

Define
(—,—): (A H)? — C
(D2 050m, 2,0 ®&) = 3, (elaib)n;, &)
To be clear, (—, —)y is the inner product on H.
To show: (a) (—, —) defines a positive semidefinite sesquilinear form.

(a) Assume that A € C. Then,
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= D_{wlaibi)ng, &du
—AZ (a;by)nys &)
Zb ®?7],Zai®§z‘>

and

<Z b; ® nj,AZai ®R&) = (Z b; ®nj,Z(Aai) ® &)
j | —Z ((Aaa)*bj)ms, &)
—AZ abi)n;, &) n

Zb ®77],Zai®§i).

Now assume that by,by € A and 1,7, € H. Then,

<(bl®m)+(bz®m)7zai®£z ZZI plazh)ny, &)
| —ij (afba)mn, &) + (a3 bo ), €
Z (asbi)m, &) H+Z (a;ba)n, &)
= b1®n1,Zai®§i>+(b2®n2,Zai®§i>.

By a similar computation, we also have

<Z a; &, (b1 @m)+ (ba®@ne)) = <Z a; @&, b @m)+ (Z a; @&, by @12).

Hence, (—, —) is a sesquilinear form. Next, assume that

Yoria;®& € A® H. Then,
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O ai®&,> &) =Y (plaa), &) n
=1 =1

ij=1
&1 &1
=<90n((a?aj)) SN
&n &n H("n)
& &
= <90n(a*a) N PN
&n &n H(®)
where
a; Qs ,
0 O 0
o= : € Myxn(A)
0 O 0

In the above computation, we recall that the inner product on the direct
sum of Hilbert spaces H™ is given by

n

<(gla s 7971)’ (h17 R hn)>H(") = Z<gza hz)H

i=1

Since ¢ is completely positive, ¢, is a positive map. Therefore,

n n 51 51
Q_ai®& ) aivg) = <%<a*a> ANE
i=1 i=1 ¢ ¢

n n H®)

Finally, assume that a ® { =0 in A ® H. By definition of (—, —), we

compute directly that (a ® &, a ® &) = 0. Hence, we conclude that (—, —) is
a positive semidefinite sesquilinear form on A ® H.

> 0.

Now define

N={ue A® H | (u,u) =0}.

Since (—, —) is a sesquilinear form on A ® H, it must satisfy the
Cauchy-Schwarz inequality. If u,v € A ® H then

[, v)]* < (u, u)(v, v).
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Thus,

N={uec A H|Ifve A® H then (u,v) = 0}. (3.2)

Using equation (3.2)), it is straightforward to check that A is a vector
subspace of A® H. To see that N is closed, assume that {u,}nez., is a
sequence in N which converges tou € A® H. If v € A® H then

(u,v) = <nh—>rglo Up, V) = nh_}rgo(un,v) =0.
Hence, u € N and N is a closed subspace of A ® H.

Now consider the quotient space (A ® H)/N. Define the map (—, —) by

(—, =) (A® H)/N)? — C
(D05 @n, Do ®@&]) = Q200,00 ®&).
Here, [>_,b; ® n;] refers to the equivalence class of . b; @ 7; € A® H in
(A® H)/N. By construction, the pair (A® H)/N,(—,—)) is an inner
product space. Analogously to the GNS construction, let H be the
completion of (A ® H)/N with respect to the inner product (—, —)’. Then,
H is a Hilbert space by construction.

Following the notation in [BOOS|, Theorem 1.5.3], let (3. a; ® &)" be the
element in H corresponding to >, a; ® § € H. Define

~

V. H — H
€T <1A (29 :L')/\.
Then, V is a linear operator. To see that V' is bounded, we compute
directly that

IVI* = sup [[V(2)|?
=1
= sup [[(1a® )"
=1
= sup ([la®az],[14 @ z])’
=1
= sup (p(1y1a)z, 2)n

=]l =1

< sup [le(La)lllzl* = lle(La)ll-

[l =1

In fact, we claim that the reverse inequality also holds. We have
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le(L))* = sup [lo(La)(2)l7

:E%}ﬂummwmmwm

- ”j&p:lqu ® 2], [1a ® p(1a)(2)])’

- ”stlj{p:1<(1A ®2)", (14 ® ¢(14)(z))")

< 2 (1as 2 (0 e L)

= s V@IV 06

< s IVIPldale( @l = IVl

So, [l¢(La)[l < [[V]]* and consequently, [[V*V|| = [V[* = |l¢(L1a)].
For the next step, we define the map

T A — B(ﬁ)
a = ((Tbi@m) = (Xab o))

To show: (b) 7 is a *-homomorphism.

(b) Since (A ® H)/N is dense in H, it suffices to check that 7 is a
*-homomorphism on (A ® H)/N. It is straightforward to check that 7 is a
linear map. To see that 7 is a *-homomorphism, assume that a € A and

O o) geg) el
@ J

We compute directly that
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a)*(zbl.@m)ﬁ(zc@gj = Zb Q)T Zq@@A
Z ] Zbi@m Zaq@ﬁj
—Z (caD,) o
Zab@nz ,(ch®§j)A>
Eb ®m:)", ZCJ®§5) )

and if b € A then

w(ab) (D ;&) = (O abe;®8)" = Zb0g®§a = m(a)m(b)(D ¢;0E)".

J J J
Therefore, 7 is a *-homomorphism.

By part (b), the pair (, H ) is a representation of A. Now assume that
x,y € H and a € A. Then,

(Vr(a)V(z),y)y =

Finally, we conclude that if a € A then V*7(a)V = ¢(a). O

In the statement of Theorem [3.1.4] we note that ||p(14)] = ||¢||. This was
stated in [BOO8, Theorem 1.5.3]. However, this fact is not obvious.

Definition 3.1.5. Let A be a unital C*-algebra and H be a Hilbert space.
Let ¢ : A— B(H) be a c.p map. The triplet (r, H, V') in Theorem is
called a Stinespring dilation of ¢.

If ¢ is a u.c.p map then

375



VYV = V*ﬂ'(lA)V = (p(lA) = idB(H).

In this case, V' is an isometry and VV* € B(H) is a projection operator.
We call VV* the Stinespring projection.

In general, there are many different Stinespring dilations. It is explained in
[BOO§| that we can always choose a minimal Stinespring dilation in the
following manner.

Definition 3.1.6. Let A be a unital C*-algebra and H be a Hilbert space.
Let ¢ : A — B(H) be a c.p map and (m, }AI, V') be a Stinespring dilation of
¢. The Stinespring dilation (, H , V') is called minimal if the subspace
m(A)V H is dense in H.

Note that in the proof of Theorem [3.1.4] the Stinespring dilation we R
constructed is minimal because 7(A)VH = (A® H)/N which is dense in H.

Theorem 3.1.5. Let A be a unital C*—a{gebm and H be a Hilbert space.
Let m: A — B(H) be a c.p map and (w, H, V') be a minimal Stinespring
dilation. Then, (m, H,V) is unique up to unitary equivalence.

Proof. Assume that ¢ : A — B(H) is a c.p map and (7, H, V) be a minimal
Stinespring dilation of ¢. Suppose that (7', H', W) is another minimal
Stinespring dilation of ¢. If a € A then

o(a) = W*r'(a)W = V*r(a)V.

Since the Stinespring dilations (7, H, V) and (x/, H', W) are both minimal,
the subspaces m(A)V H and 7'(A)W H are both dense in H and H’
respectively. Define the map

u: m(A)VH — 7« (AWH
m(a)V(z) — 7'(a)W(x).

To see that u is isometric, assume that a € A and x € X. Then,



By the universal property of completeness, we can extend u to a unitary
operator @ : H — H'. Now observe that if a € A and 7(b)V (z) € 7(A)VH
then

ar(a)(m(b)V (z)) = 7' (ab)W (z) = 7' (a) (7' (O)W (z)) = 7' (a)a (7 (b)V (z)).

Since m(A)V H is dense in H, we deduce that urm(a) = 7'(a)u on H.
Therefore, the Stinespring dilations (w, H, V') and (7', H', W) are unitarily
equivalent as required. O

As explained in [BOOS, Remark 1.5.4], Stinespring’s theorem also holds for
non-unital C*-algebras. We also claim that Stinespring’s theorem is a
generalisation of the GNS construction . Let A be a unital C*-algebra and
T be a state on A. Since 7 is a state, it is a positive linear functional on A
and is thus, completely positive.

By identifying C with B(C), let (w, H,V') be a minimal Stinespring dilation
of 7. If a € A then 7(a) = V*r(a)V. Define £ = V(1) € H. If A € C then
V(A) = A¢ and by Theorem and Theorem [1.12.2]

VP = V*V] = (1)l = |I7]| = 1.
So, [|[V|| =1 and
[V = sup [|A¢] = [1€]] = 1.
N=1

Hence, ¢ is a unit vector in H. Moreover, if a € A then

(m(a)§, ) = (r(a)V(1), V(1)) = (V'm(a)V(1),1) = (7(a)1, 1) = 7(a).

Finally, to see that £ is a cyclic vector, observe that since (7, H,V) is a
minimal Stinespring dilation of 7, the subspace 7(A)VC is dense in H.
Hence, 7(A)¢ = m(A)VC = H and £ is a unit cyclic vector for the
representation (7, H). This connects Stinespring’s theorem to the GNS
construction.

The next result we prove is an analogue of Theorem [2.12.2] applied to a
minimal Stinespring dilation.

Theorem 3.1.6. Let A be a unital C*-algg\bm and H be a Hilbert space.
Let o : A — B(H) be a c.c.p map and (w, H, V') be the minimal Stinespring
dilation of ¢. Then, there exists a *-homomorphism
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~

p:e(A) — 7(A) € B(H)
such that if a € A and x € p(A)’ then

pla)r =Vrr(a)p(x)V.

Proof. Assume that ¢ : A — B(H) is a c.c.p map and (7, H, V) is a

~

minimal Stinespring dilation of ¢. Define the map p: p(A)" — B(H) by

p(z): w(AVH —  w(AVH
>m(a)Ve = Y m(a)Vag;

Note that p(x) is a linear operator.
To show: (a) If x € p(A)" then p(z) is well-defined and bounded.

(a) Assume that x € p(A)". Assume that >, w(a;)VE = >, m(b;)Vpy in
7(A)VH. If c€ A and X € H then

<P($)(Zﬂ(ai)vfi),7f(0)v}\> = <Z m(a;)Va&;, m(c)VA)

= <Z Vir(cta;) Vi, \)
= QO _wlcraag, N) = (3 wp(ca), )
= () m(a) V&, (c)VarA)

= <Z T(b))V g, w(e)Va'A)
= <Z V(b)) Vg, A) = <Z o(c*by) iy, A)
= Qb m(e)VA)

= (pl(2) (D m(b;)Viz), m(e)V A

J

i

Since 7(A)V H is dense in H, we conclude that

p()( Z m(a;)VE&) = pla)( Z (b)) V ;).

i J
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Therefore, p(z) is well-defined. To see that p(z) is bounded, let
E=1&,...,&]" € H™. Let diag(x) be the n x n matrix whose diagonal
elements are x and non-diagonal elements are zeros. Then,

IIp(l’)Zﬂ(ai)V&IIQ—(Z (a)Vats, Y m(a;)Vag)

i J

= Z (z*V*m(aja;) Vi, &)

= Z CL e x527£]>

= <dw9( ) on((aja;))diag(x)E, §) pm
= (diag(z)*diag(v)pn((aja;))&, &) an
< zl*(en((afa;))E, &) n

- el Clptante &)
= ||x||2||27r<ai>v&||2.

Therefore, ||p(z)] < ||z|| and p(x) is a bounded operator.

By part (a), if z € ¢(A)" then p(z) can be extended to a bounded linear
operator on H because w(A)VH = H.

To show: (b) p is a *~homomorphism.
(¢) plp(A)) € m(A).
(d) If a € A and x € p(A) then p(a)z = V*r(a)p(z)V.

(b) It is straightforward to check that p is a linear operator. Now assume

that x,y € p(A) and >, 7(a;)VE € m(A)V H. Then,

p(zy)( Z m(a;)VE) = Z m(a;)Vryé;

% 7

= p(x) () m(a)Vye)

i

= p(@)p(y) (D 7(a:)VE).

%
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We also have

Zwaz VE), DY mb) Vi) = wl(a)VE, p( Zw W)
J

i

= w(a)Ve, <>(Z (b)Viy))

= (Zﬂ(ai)v&, Zw(bj)ij>

= Z (z*V*m(bia;)VE, 1)
= Z b*az fza,u]

= Z b a;)x*&;, fy)
= <Z (a)Va&, Y w(b;)V i)

i J
= (p(z") ( Z W(ai)vfi) ) Z m(b;)V 1)
( J
Since m(A)V H is dense in H, we conclude that if 2,y € ¢(A)’ then
p(xy) = p(z)p(y) and p(z*) = p(x)*. So, p is a *-homomorphism.

(c) Assume that m(a)VE € n(A)VH,be Aand x € ¢(A)'. Then,

(p(2)m (b)) (m(a)VE) = ﬂ(l‘) (m(ba)V§)
m(ba)Vzé = n(b)m(a)V g

= (W(b)p(l’)) (m(a)VE).

Hence, 7(b)p(z) = p(z)m(b) in B(H) because m(A)V H is dense in H. So,
p(p(A)) € m(A).

(d) Assume that a € A and = € p(A)". Recall from the construction in
Theorem m that 7 : A — B(H) is a unital *-homomorphism. If £ € H
then

Vin(a)p(x)VE = Vin(a)p(x)n(14)VE = Vin(a)r(14)Val = p(a)at.
This completes the proof. O
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3.2 Multiplicative domains and conditional
expectations

The definition of a multiplicative domain is motivated by the following
properties of a c.c.p map.

Theorem 3.2.1. Let A and B be C*-algebras and ¢ : A — B be a c.c.p
map.

1. (Schwarz Inequality) If a € A then ¢(a)*p(a) < p(a*a).

2. (Bimodule property) If a € A such that p(a*a) = ¢(a)*p(a) and
p(aa*) = p(a)p(a)* then if b € A then p(ba) = p(b)e(a) and
p(ab) = p(a)p(b).

3. The subspace

Ay ={a € Al p(a’a) = p(a)"p(a) and p(aa”) = p(a)p(a)"}
is a C*-subalgebra of A.

Proof. Assume that A and B are C*-algebras. Assume that ¢ : A — Bis a
c.c.p map. Let (¢, H) be a faithful representation of B. Since 1) is an
isometric *-homomorphism by Theorem [1.6.4, the composite

op:A— B(H)is ac.c.p map. Let (m, H,V) be a minimal Stinespring
dilation of 1) o . If @ € A then

Y(pla*a) —p(a) p(a)) = (?ﬁ p)(a*a) — (Y op)(a)* (¥ op)(a)
=Vin(a*a)V = V'r(a")VVir(a)V
=V*r(a) (idg — VV*)r(a)V

By Theorem B.L4, [VV*]| = [[(¥ 0 p)(La)[| < [[(¥ 0 @)|| <[]l < 1. So,
V|| <1and V is a contraction. By the proof of Theorem idg — VV*

is a positive element of B(H). By Theorem 2.2.4] (p(a*a) — pla)*p(a)) is
positive. Since B is isomorphic to 1(B) as C*-algebras, we deduce that
w(a*a) — ¢(a)*p(a) > 0 in B as required.

Now assume that a € A satisfies p(a*a) = p(a)*¢(a) and
p(aa*) = @(a)p(a)*. By the first part, this means that

(p(a*a) — pla) ¢la)) = Vir(a) (idg — VV*)r(a)V = 0.
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In particular, (idg — VV*)zm(a)V = 0. Therefore, if b € A then

b(plab) = p(a)p(b)) = Vir(b)(idg — VV™)r(a)V = 0.

Since v is injective, then @(ab) = p(a)p(b). By symmetry,
(ba) = @(b)p(a). This proves the bimodule property.

Before we proceed, we make the following observation. If ¢ € A then by

Theorem [3.1.4]

() = Vim()V = Vin(e)'V = (Vi (c)V)" = P(p(c))” = d(e(c)).
Since v is injective, p(c*) = p(c)*.
Finally, assume that A, is the set defined in the statement of the theorem.

Assume that a,b € A, and A € C. By using the bimodule property of ¢, we
have

p((Aa) Aa) = p(|A"a"a) = AMp(a) p(a) = p(Aa)"p(Aa),

p((a+b)"(a+b)

p(a*a) + p(a*d) + ¢(b*a) + p(b*d)

p(a) p(a) + p(a) e(b) + () p(a) + »(b)"p(b)
(p(a)” + ()")(¢(a) + (b))
(pla+b))"pla+D),

and

p((a")"a”) = p(a)p(a)” = p(a®) p(a’).
So, A, is closed under scalar multiplication, addition, multiplication and
involution. In order to show that A, is a C*-subalgebra, it suffices to show
that A, is closed with respect to the norm topology on A. Assume that
{an}nez-, is a sequence in A, which converges to some a € A. Since ¢ is a
c.c.p map, it is continuous. So,
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pla*a) = lim p(azan) = lim p(an)"¢(an) = p(a)*@(a).

Similarly, p(aa*) = ¢(a)p(a)*. So, a € A, and A, is a closed subspace of
A. Hence, A, is a C*-subalgebra of A. This completes the proof. m

Definition 3.2.1. Let A and B be C*-algebras and ¢ : A — B be a c.c.p
map. Let A, denote the C*-subalgebra of A defined in Theorem
Then, A, is called the multiplicative domain of ¢.

By the bimodule property of c.c.p maps, A, is the largest C*-subalgebra
where ¢ restricts to a *-homomorphism.

We now turn to an important class of c.c.p maps.

Definition 3.2.2. Let A and B be C*-algebras with B C A. A
conditional expectation from A onto Bisac.c.pmap F: A— B
satisfying the following two properties:

1. It b € B then E(b) = b.
2. If z € Aand b,V € B then E(bzb') = bE(z)b'.

The second property of a conditional expectation tells us that conditional
expectations are B-bimodule homomorphisms. In the next theorem, we
prove an important characterisation of conditional expectations. First, we
make a definition.

Definition 3.2.3. Let A be a C*-algebra and (m, H) be the universal
representation of A. The enveloping von Neumann algebra of A is the
double commutant m(A)".

The reason why the enveloping von Neumann algebra is useful is due to the
following theorem (see [BOOS, Theorem 1.4.1]):

Theorem 3.2.2. Let A be a C*-algebra and E be the enveloping von
Neumann algebra of A. Let A** be the Banach space double dual of A.
Then, E is isometrically isomorphic to A**.

Recall that A embeds into its Banach space double dual A** and that
A = A* if and only if A is a reflexive Banach space.

Theorem 3.2.3. Let A and B be unital C*-algebras such that B C A. Let
E : A — B be a linear map such that if b € B then E(b) =b. Then, the
following are equivalent:
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1. F is a conditional expectation.
2. E is a c.c.p map.

3. E is contractive.

Proof. Assume that A and B are unital C*-algebras with B C A. Assume
that £ : A — B is a linear map such that if b € B then F(b) = b. It suffices
to prove that if E is contractive then E is a conditional expectation.

To show: (a) If E is contractive then F is a conditional expectation.

(a) Assume that F : A — B is contractive. We can pass to the double dual
map E** : A* — B** and without loss of generality, assume that A and B
are von Neumann algebras.

To show: (aa) E' is a B-bimodule map.
(ab) E is a completely positive map.

(aa) Since B was assumed to be a von Neumann algebra, it is the closed
linear span of its projections (in the norm topology). Thus, it suffices to
check that E is a B-bimodule map on the projections of B. Let p € B be a
projection and p* = 14 — p. By our assumption on E, if € A then

E(pE(px)) = pE(p*z).
So, if t € R then

(1+t)?pE(p 2)|I” = [IpE(p =) + tpE(p )|
= [lpE(p*z) + tppE(p-z)|>
= [|pE(p*z) + pE(tpE(p*-x))|?
= ||pE(p*x + tpE(p™=))|?
< |ptz + tpE(p x|
< |lp*=|* + *|[pE(pa)|>.

The first inequality follows from the fact that |[p|| < 1 and E is contractive.
So, if t € R then

(1+2t)[lpE(p )| < |p*a|?
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and subsequently, pE(ptz) = 0. In particular, if p = 1 (the multiplicative
unit of B) then E(15z) = 1pE(15z) = 0.

Now observe that if € A and p € B is a projection then

0=(1p—p)E((1p —p)*2)
= (1p —p)E((1a — 1p + p)7)
=(1g —p) (E((lA —1p)x) + E(pa:))
= (1 — p)(E(15z) + E(px))
= (1p — p)E(px)

and consequently,

E(pz) = 13E(pz) = pE(pz) = pE(x — p"z) = pE(z) — pE(p"z) = pE().

By repeating the same argument with xp* rather than p*z, we also find
that E(zp) = E(z)p. Therefore, E is a B-bimodule map as required.

(ab) First we note that F is unital. If b € B then

bE(14) = E(b) = b

because E is a B-bimodule map by part (aa). Since F is unital and
contractive, it must be positive. To see that F is a c.p map, let

(zij) € Myxn(A) be a positive element. Let (7, H) be a representation of B
with cyclic vector £ (for instance, a GNS representation). If

bhbg,...,bn € B then

Z(W(E(wz‘j))ﬂ(bj) (b)) = (Z 7 (b )m(E(x5))m(b)E, &)
= (W(Z b; E(2ij)b;)€,€)
= (W(E(Z biwib))€,€) >0

because »_, . biw;;b; is a positive element of A. So, the matrix
(7(E(245))) = 0 in Myx,(7(B)). Since 7 is an arbitrary cyclic
representation of B, we deduce that (E(x;;)) is a positive element of

385



M, «n(B). So, E is a c.p map.

(a) By parts (aa) and (ab), we deduce that F is a conditional expectation
as required. O

Theorem is attributed to Tomiyama. We also have the following
useful result from [BOO8, Lemma 1.5.11].

Theorem 3.2.4. Let M be a von Neumann algebra and 7 : M — C be a
faithful normal tracial state. Let N C M be a von Neumann subalgebra such
that 15y € N. Then, there exists a unique conditional expectation

E : M — N which is trace-preserving and normal.

We omit the proof because it relies on material we have not covered in
these notes.

3.3 Matrix algebras and Arveson’s
extension theorem

There are useful bijective correspondences involving completely positive
maps to and from a matrix algebra. In this section, we will prove some of
these correspondences and end with the proof of Arveson’s extension
theorem, which can be thought of as an analogue of the well-known
Hahn-Banach theorem for c.c.p maps.

Theorem 3.3.1. Let A be a C*-algebra and {e;;}i jcq1,2
units of Myxn(C). Then, the following map is bijective:

,,,,, ny be the matriz
C: CP(Muxn(C),A) — Muxn(A)y
® = (pley)

Proof. Assume that A is a C*-agebra and that {e;;}; jc(1,2,..n} is the set of
matrix units of M,,«,(C). Assume that the map C is defined as above.

To show: (a) C is well-defined.

(a) Assume that ¢ € CP(M,xn(C), A). The matrix
(€ij) € Myxn(Mpyxn(C)) is positive because

*

€11 €12 ... €1n €11 €12 ... €1n
0 0 ... 0 0 0O ... O
(@‘,j) = . . . . . . . .
0 0 0 0 0 0
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Since ¢ is completely positive, the matrix (¢(e; ;)) is a positive element of
M, «n(A). So, C is well-defined.

To show: (b) C is injective.
(c) C is surjective.

(b) Assume that ¢, 9 € CP(M,x,(C), A) such that C(¢) = C(¢). If
i,j €{1,2,...,n} then ¢(e; ;) = ¥(e;;). By linearity, we find that if
B € My, (C) then ¢(B) = ¢(B). So, ¢ =1 and C is injective.

(c) Assume that X = (2;;) € Myuxn(A)4+. Define a linear map v by
: Myn(C) — A
€;.j = T

Then, (¢(e;;)) = X. We will now show that ¢ is completely positive. Since
X is a positive element of M, (A), let X2 = (bij) € Myxn(A) denote the
square root of X. Then,

n
zij = p(eij) = Z bz,ibku‘-
k=1

Now let (7, H) be a faithful representation of A. If n € Z-( then let
{&, ..., &} be the standard orthonormal basis for the Hilbert space C™.
Define the operator V' by
V: H — CreC'o@H
£ = D016 @& @ m(by)E
If T = (t;;) € Mpxn(C) and &, € H then
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(VT ®iden @ idg)Vn, &) = (T ® iden ® idy)Vn, VE)

= (> T & @m(big)n, Y & ©&n @ T(bne))cracnan

Ji:k=1 Lm=1
= D (T, &) (& &) (m(bry)n, 7 (bin,0)E)
7,k l,m=1
= Y (T, &) (m (b brj)n, €)
jik =1
= Z teg () m(0kebrj)n, )
3, 0=1 k=1
:Zt53< (Pleei)n. &) = Ztheh )1,€)
7.0=1 7,4=1

= (r(¥(T))n, &)
Therefore, if T € M,,«,(C) then

VT ® iden @ idg)V = 7((T)).
So, 7o 1) is completely positive. Since 7 : A — B(H) is injective, we deduce
that ¢ is a completely positive map.

By parts (b) and (c), C is a bijection. O

Example 3.3.1. Let A be a C*-algebra and n € Z~,. Let a4,...,a, € A.
Ifi,7 € {1,2,...,n} then define the linear map

¢: Mpyn(C) — A
€i,j — (]JZ'CL;.
We compute directly that the matrix

aa; a1y ... aa,
(207} G205 ... G20,
(wleiy)) =
Q] QpG5 ... GnpQ
*
ay 0O ... 0 aq 0O ... 0
ag 0 ... 0 as 0 ... 0
=1 . . : .. . .| =0
a, 0 ... O a, 0 ... 0
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By Theorem |3.3.1}, we deduce that ¢ is a completely positive map.

We also have a bijective correspondence for completely positive maps from
a C*-algebra to a matrix algebra.

Theorem 3.3.2. Let A be a unital C*-algebra. Then, the following map is
bijective:

D: CP(A, M,x,(C)) — Msn(A)%
2 = ( (aij) — 223:1 (p(ai;))ig )

Proof. Assume that A is a unital C*-algebra and that the map D is defined
as above.

To show: (a) The map D is well-defined.

(a) Assume that ¢ : A — M,,«,(C) is a completely positive map and that
© = D(p). It is straightforward to verify that ¢ is a linear functional on
M, «n(A). To see that @ is positive, let {&;,...,&,} be the standard
orthonormal basis for C". Let £ = [&1,...,&,]T € (C)". If (ai;) € Myuxn(A)
and ,, is the inflation of ¢ then

<()0n< aZ] f 5 Z Qpn azg 1 k£k7 S 72 Spn((ai,j»n,kgk]Tv €>
k=1
= <[Z Sp(al,k)kaka SR Z (pn(an,k)n,kfk]T> 5)
k=1

_Z (aer)er = £((aig)).

k=1
Since ¢ is a c.p map, the inflation ¢,, is a positive map. So, if
(a; ;) € Mpxn(A) then ¢((a;;)) > 0 and consequently, ¢ is a positive linear
functional. Hence, D is well-defined.
To show: (b) D is injective.
(c) D is surjective.
(b) Assume that ¢, € CP(A, M,«,(C)) such that = o. If
(a; ;) € Mpxn(A) then by part (a),
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n n

(pn((aiy))E, €) = Z( (i g))ig = Z(w(au)) = (¥n((ai )¢S, €)-

7,7=1 2,j=1

So, ((¢n — Vn)((a;;))E,€) =0. If n =1 and a € A then ((¢ —¢)(a)l,1) =0
(the inner product is on C) and consequently, ¢(a) = 1 (a). So, D is
injective.

(c) Assume that 0 : M,,x,(A) — C is a positive linear functional. Since A is
a unital C*-algebra, we let {e;;}; jc(1,2,..n} be the matrix units on
M, (A). Define the map ¢s5 : A — M, «,(C) by

(¢5(a))m =d(a-e; ).

We compute directly that if (a;;) € Mx,(A) then

n

D(¢s)((aiz)) = Y (¢5(ai;))i

t,j=1

= ($s(ai))i

ij=1
= d(ai; - i) = 6((aiy)).
ij=1

It remains to show that ¢s is a c.p map. Let (s, Hs,&s) be the GNS
representation associated to 0. Reusing the standard orthonormal basis
{&, ..., &} for C" from part (a), define the operator V' by

V: C" — H
& — meler)és

Of course, V' is extended to a linear map on all of C". If j, k € {1,2,...,n}
and a € A then

(V*rs(diagla,a, ..., a])VE;, &) = (ms(diagla,a, ... a])VE;, VE)
diagla,a, ..., a])ms(e1,;)Es, ms(e1r)s)
= <7r5 ekldiag[a a,...,aler;)&s,&s)

—
S
=2
@
o
?T
&,
N—
N
<
oy
(o9
&

:5(a €lw) (¢5(a))
= (ds(a)&j, k)
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By linearity, we find that

s = Virs(diagla, . .., a])V.

Therefore, ¢5 is a c¢.p map and D is surjective.

By parts (b) and (c), we find that D is a bijection as required. O

We will now work towards Arveson’s extension theorem by proving a few
extension related results.

Theorem 3.3.3. Let A be a unital C*-algebra and E C A be an operator
system. Let ¢ : E — C be a positive linear functional. Then, ||| = ¥(14).

Proof. Assume that A is a unital C*-algebra and that £ C A is an operator
system. Assume that ¢ : E — C is a positive linear functional and € € R..
Pick z € E such that ||z|] <1 and

[l = e < [ ()].

Multiplying by a complex scalar of norm 1, we may assume that
(x) € Rog. Since v is positive, it is self-adjoint. So,

Y(@) = 50(a +27)

Thus, we may assume that x is self-adjoint. By the proof of Theorem [2.2.5
x < ||z]|]14 and consequently, ¢(x) < ||z||)(14). By taking the supremum
over all z € E with ||z|| <1, we find that ||¢|| < ¢(14) and consequently,

P(1a) = ([0l =

A useful consequence of Theorem [3.3.3]is that if there exists an extension
' A — C such that ¢'|g = ¢ and ||¢|| = ||¢|| then

P'(1a) = ¥(1a) = [[¥] = Y]
If a € A then

a*a

Y'(a*a) = Ha||2@//(”a”2)

By Theorem [2.3.7, the norm-preserving extension ¢’ is also a positive linear
functional.

Theorem 3.3.4. Let A be a unital C*-algebra and E C A be an operator

system. Let ¢ : E — M,x,(C) be a c.p map. Then, ¢ extends to a c.p map
¢ A= My (C).
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Proof. Assume that A is a unital C*-algebra and F C A is an operator
system. Assume that ¢ : E — M,,,(C) is a c.p map. By a similar
argument to Theorem [3.3.2] we can define the positive linear functional
O Myun(E) — C.

By the Hahn-Banach extension theorem, we can extend P to a linear R
functional ¢’ : M., (A) = C such that ||¢/|| = ||3]|. By Theorem [3.3.3, ¢/

is a positive linear functional.

Finally, by Theorem we obtain a c.p map ¢’ : A — M, ,(C) which
extends ¢. O

The proof of Arveson’s extension theorem relies on an application of the
Banach-Alaoglu theorem, which we will make clear by following [Pau02,
Chapter 7].

Recall the ultraweak topology as defined in Definition [2.5.40 We want to
understand the ultraweak topology in the special case where Y = By(H),
where H is a Hilbert space and B;(H) is the Banach algebra of trace class
operators on H. Recall that By(H)* = B(H) from Theorem [2.5.2] Hence, if
X is a Banach space then we can endow B(X, B(H)) with the ultraweak
topology.

Theorem 3.3.5. Let X be a Banach space and H be a Hilbert space.
Then, a bounded net {Ly} en converges in the ultraweak topology to L if
and only if for &, p € H and x € X

(La(z)&, 1) converges to  (L(z)&, ).

Proof. Assume that X is a Banach space and H is a Hilbert space. Let
{Ly} ea be a bounded net in B(X, B(H)). By Theorem 2.5.4 {L)}xea
converges in the ultraweak topology on B(X, B(H)) to L if and only if for
x € X, Ly(x) converges weakly to L(z).

We recall the following bijective isometry from B(H) to By (H)*:
v: B(H) — By(H)*
y = (z—Tr(yz))

Here, T'r refers to the trace on B(H),. Hence, {L)} e converges in the
ultraweak topology to L if and only if for x € X and T' € By(H),
Y(La(z))(T) = Tr(La(z)T) converges to ¢(L(x))(T) = Tr(L(x)T). Now
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recall that the Banach space of trace class operators By (H) is the closure of
the linear span of rank-one operators in B(H). That is,

By(H) = spanc{|§)(ul | & p € H}.

Since the net {Ly}xeca is bounded, it is enough to consider the case where
= &) (u| where &, p € H. In this case, if {¢y, }nez., is an orthonormal
basis for H then

oo

Tr(L(@)€){ul) = Y (La(@)[€) (ulns on)

n:l

Z ){Pns I, @n)

SZM%%
= (L ()5#)

Therefore, {L,} converges in the ultraweak topology to L if and only if for
re X and {,pu € H, (Ly(x)&, u) converges to (L(z)&, p). O

For the proof of Arveson’s extension theorem, we also need the following
result about the closed unit ball of B(X, B(H)).

Theorem 3.3.6. Let X be a Banach space and H be a Hilbert space. Let

B={peB(X,B(H)) |l <1}
Then, B is a compact subset of B(X, B(H)) with respect to the ultraweak
topology on B(X, B(H)).

Proof. Assume that X is a Banach space and H is a Hilbert space. Assume
that B is the unit ball defined as above. By the isometric isomorphism in

equation (2.2)),

ev(B) ={¢ e Z" | [[y]| < 1}

where Z is the Banach space such that ev : B(X, B(H)) — Z* is an
isometric isomorphism of Banach spaces. By the Banach-Alaoglu theorem,
ev(B) is a compact subset of Z* with respect to the weak-* topology on Z*.
By applying the continuous inverse ev™!, we deduce that

B =ev(ev(B))
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is compact with respect to the ultraweak topology on B(X, B(H)), since it
is the continuous image of a compact set. O]

Now we embark on the proof of the fundamental Arveson’s extension
theorem.

Theorem 3.3.7 (Arveson’s extension theorem). Let A be a unital
C*-algebra and E C A be an operator system. Let H be a Hilbert space. If
¢:E— B(H) is a c.c.p map then there exists a c.c.p map @ : A — B(H)
such that ¢|g = .

Proof. Assume that A is a unital C*-algebra. Assume that £ C A is an
operator system. Assume that H is a Hilbert space and ¢ : E — B(H) is a
c.c.p map.

Let {P;}icr € B(H) be an increasing net of finite-rank projections which
converge to idy in the strong operator topology. Define the map

vi: B — PBH)P C B(H)
e Pip(e)P,.
Since P; is a finite-rank projection, we can regard ; as a ¢.p map which

takes values in a matrix algebra. By Theorem [3.3.4] we may assume that if
1 € I then ¢; is defined on all of A.

Now regard ¢; as taking values in B(H). By Theorem [3.3.6] the unit ball in
B(A, B(H)) is compact with respect to the ultraweak topology on

B(A, B(H)). Since {p;}icr is a net in the unit ball of B(A, B(H)), it
converges in the ultraweak topology to an accumulation point ¢ in the unit
ball of B(A, B(H)). By Theorem [3.3.5 if a € A and &, € H then

(pi(a)§, ) converges to  (@(a)§, ).
To see that ¢ extends ¢, assume that e € E. If £, u € H then
{p(e)8, p) = (lim Prp(e) B, 1) = lim(ps(e)€, 1) = (@(e)E, 1)

The first equality follows from the fact that {P;};c; is an increasing net of
finite-rank projections which converge to idy in the strong operator
topology on B(H). Hence, ¢|p = ¢.

Finally, to see that ¢ is a c.c.p map, first recall that ¢ is an element of the
unit ball of B(A, B(H)). So, ||¢]| < 1. Now assume that
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Y = (yi,j) € Mnxn<A) so that @(Y) = (@(yi,j)) € Mnxn(B<H>)

Recall that we have the canonical *-isomorphism ¢ from M, ,(B(H)) to
B(H™), where

) HO H
(hh T 7hn) = (Z?:l @(ij)(hj)’ R Z?:l @(yn,])(hj))

Using the inner product on the direct sum H™ we compute directly that if
h=(hi,...,hy,) € H™ then

W(@(Y))h h> (n) = <(Z¢ yl] Z@ yn] > (n)

Z (Y i) th o (Yig)(hi), hi)

7j=1 i,0=1

since (i (Y)) is a positive element of B(H™). So, 1(3(Y)) is a positive
element of B(H™) and

P(Y) =0 (Y(g(Y)))

is positive in M, .,(B(H)). Since n € Z~( was arbitrary, we deduce that ¢
is a completely positive map. This completes the proof. O

In the language of category theory, Arveson’s extension theorem (Theorem
tells us that if H is a Hilbert space then B(H) is an injective object
in the category of operator systems with the morphisms being c.c.p maps.

We finish this section with an application of Theorem |3.3.7|

Theorem 3.3.8. Let M be a von Neumann algebra and (w, H) be a faithful
representation of M. Then, M 1is injective in the category of operator
systems with c.c.p maps as morphisms if and only if there exists a
conditional expectation E : B(H) — M.
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Proof. Assume that M is a von Neumann algebra and (7, H) is a faithful
representation of M. Let O.., denote the category of operator systems
whose morphisms are c.c.p maps. By definition of a von Neumann algebra,
M is an object in the category O,.c.p.

To show: (a) If M is an injective object in O, ., then there exists a
conditional expectation F : B(H) — M.

(b) If there exists a conditional expectation F : B(H) — M then M is an
injective object in O cp.

(a) Assume that M is an injective object in the category O, ,. We treat M
as a closed subspace of B(H) (it is isomorphic to 7(M), which is a closed
subspace of B(H) by Theorem . Since M is injective, the identity
map tdys : M — M is a c.c.p map which extends to a c.c.p map

E : B(H) — M. By construction, if m € M then E(m) = idy(m) = m. By
Theorem [3.2.3] F is a conditional expectation as required.

(b) Assume that F : B(H) — M is a conditional expectation. Let A be a
unital C*-algebra, S C A be an operator system and ¢ : S — M be a c.c.p
map. As in part (a), we can treat ¢ as a map from S to B(H). By
Arveson’s extension theorem (Theorem , we can extend ¢ to a c.c.p
map ¢ : A — B(H). If s € S then

(Eo@)(s) = (Eop)(s) = E(p(s)) = ¢(s).
The last equality follows from the assumption that E is a conditional

expectation and ¢(s) € M. By Theorem[3.2.3] Eop: A — M isac.cp
map which extends . Therefore, M is an injective object in Ogcp. O

As a consequence of the proof of Theorem [3.3.8| the injectivity of a von
Neumann algebra M in the category O,.., does not depend on the choice of
faithful representation of M.

3.4 Quasicentral approximate units

So far, we have been working with approximate units of a C*-algebra or an
ideal of a C*-algebra. By Theorem [2.3.3] every closed left ideal of a
C*-algebra has an approximate unit. In this section, we will consider the
following extension of the notion of an approximate unit:
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Definition 3.4.1. Let A be a C*-algebra and I be a closed two-sided ideal
of A. Let {uy}rea be an approximate unit for /. We say that {u,} is a
quasicentral approximate unit for [ if for a € A,

li/{nHu,\a — auyl| = 0.

There is a subtle difference between the definition of a quasicentral
approximate unit for an ideal I and the approximate unit constructed in
Theorem 2.3.3] In Theorem the approximation property must hold for
every element in the ideal. In Definition the corresponding
approximation property must hold for every element in the entire
C*-algebra.

The goal of this section is to prove that every closed two-sided ideal of a
C*-algebra admits a quasicentral approximate unit, as stated in [BOOS,
Theorem 1.2.1]. The main references we will consult for this section are
[Arv77] and [Dav96]. The preliminary results we will prove in this section
are from [Mur90].

It is worth noting that in both [Dav96] and [BOOQS], all ideals are assumed
to be closed and two-sided. This was stated in [Dav96l Section 1.5] and
[BOOS, Section 1.1] respectively. For clarity, we will still refer to them as
closed two-sided ideals in this section.

We begin from [Mur90, Page 91]. Let X be a compact Hausdorff space and
Ctsg(X,R) denote the real Banach space of real-valued continuous
functions on X. As usual, the operations on Ctsg(X,R) are defined
pointwise and the norm is the supremum norm.

Let M,(X) denote the set of real-valued measures on X. A consequence of
the Riesz-Markov-Kakutani representation theorem states that the
following map is an isometric isomorphism

M.(X) — Ctsg(X,R)*
pooo— (f = [ f du)~
Note that if 4 € M,.(X) then the norm on p is the total variation of p,
usually written as ||| = ||(X). Surjectivity of the above map arises from
the Riesz-Markov-Kakutani representation theorem. See [Rud87, Theorem

6.19] for the complete statement and proof of this theorem. For a reference
on the Riesz-Markov-Kakutani representation theorem, see [Rud87,
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Theorem 2.14].

Another result we will need from measure theory is the Jordan
decomposition theorem, which states that if u is a real-valued measure on X
then there exists positive measures u™ and g~ on X such that

p=p"—p
and |||l = ||| + ||#~||. Combining this with the Riesz-Markov-Kakutani

representation theorem, we obtain the following result about linear
functionals.

Theorem 3.4.1. Let X be a compact Hausdorff space and
7 : Ctsg(X,R) = R be a bounded real-linear functional. Then, there exists
positive bounded real-linear functionals 7o and 7— on Ctsg(X,R) such that

T=1p—7  and 7]l = [I7e ] + [l

Our first goal is to prove a version of Theorem for C*-algebras. So, let
A be a C*-algebra and 7 € A*. We claim that

I7ll = sup |Re(r(a))| (53)

First, note that if a € A and ||a|| <1 then

|[Re(r(a))] < [7(a)] < |I7]

On the other hand, there exists A € C such that |A\| =1 and
A7(a) = 7(Aa) € R. So,

7(a)] = [7(Aa)| = [Re(7(Aa))| < HSI||1£>1|R€(T(G))\-
Hence, the equality in equation (3.3) is proved. If 7 € A* then we define the
linear functional 7* € A* by
™: A - C
a — T1(a*).

(3.4)

It is straightforward to verify that the map 7+ 7* is conjugate-linear,
=7 and 7] = 7.

Definition 3.4.2. Let A be a C*-algebra and 7: A — C be a bounded
linear functional. We say that 7 is self-adjoint if 7 = 7* where 77 is
defined by equation ((3.4]).
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If 7 € A* then let

1 1
T = 5(7’-1—7'*) and T = Z(T—T*).
Then, 7, and 7y are self-adjoint bounded linear functionals on A satisfying
T =T +1T.

Now observe that 7 € A* is self-adjoint if and only if 7(A,,) € R. Hence,
the restriction

T'=7la,: Aw — R
a — 7(a)

defines a bounded real-linear functional on Ay,. Moreover, ||| = ||7/||

because by equation (3.3)), Theorem and Theorem [3.4.1]

Il = sup |Re(7(a))]

llall<1
1 -
= sup |§(T(a) +T(a))‘
llall<1
1
= sup ’5(7((1) +7(a*))| (by Theorem and Theorem [3.4.1))
llall<1

- g rigte )

< sup |7(b)|
IBISL, beAsa

=17l < I=1l.

If Ais a C*-algebra then we define A%, to be the set of self-adjoint
functionals in A*. We also define A% to be the set of positive functionals in
A*.

Now, we will define some temporary notation in preparation for the next
theorem, analogously to [Mur90, Page 92]. If X is a real-linear Banach
space then its dual space over the field R will be denoted by X*. We
observe that

1. If Ais a C*-algebra then A,, is a real-linear Banach space.

2. The space A}, of self-adjoint functionals in A* is a real-linear vector
subspace of A*.
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3. The map given by

r: A, — Al
T = 7 =7|a,

is an isometric real-linear isomorphism with inverse given by

rl AL — Az,
a = (a—a(z3(a+a’))+ia(s(a—a”)))

The above statements are not too difficult to show.

Theorem 3.4.2. Let A be a non-zero C*-algebra and a € A be normal.
Then, there exists a state T : A — C such that |7(a)| = | a|.

Proof. Assume that A is a non-zero C*-algebra. Assume that a € A is
normal. Let A be the unitization of A and B the C*-algebra generated by
the set {14,a}. By Theorem[1.2.6] ||a|| € o(a). Since B is commutative and
unital then we can use Theorem to obtain 7, € M(B) such that

[m2(a)] = la]|.

By the Hahn-Banach extension theorem, there exists a bounded linear
functional 7, : A — C such that ||| = 1 and 7| = 7. Now observe that
71(15) = 72(14) = 1. By Theorem [2.3.7, 7 is a positive linear functional on
A.

Now define 7 = 71]4. Then, 7 is a positive linear functional on A satisfying
|7(a)| = ||a]|. This means that

ITlllall = |7(a)] = o]

and so, 1 < ||7]|. We also have

Il = sup [r(B)] < sup [n(b)] = [l =1.
llll<1, be A ol <1, be A
Therefore, ||7|| =1 and so, 7 is a state on A such that |7(a)| = ||a]|. O

We now prove our analogue of the Jordan decomposition in Theorem [3.4.1
for C*-algebras.
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Theorem 3.4.3. Let A be a C*-algebra and T € A%, be a self-adjoint
bounded linear functional on A. Then, there exist positive linear functionals
Ty, 7— € A* such that

r=r -7 and 7] = [I7e ] + [l

Proof. Assume that A is a C*-algebra. Assume that 7 € A%, is a
self-adjoint bounded linear functional on A. Define the set

Q={reA |7l <1}

Then, 2 is a weak-* closed subset of the closed unit ball of A*, which is
weak-* compact by the Banach-Alaoglu theorem. Therefore, Q2 is a weak-*
compact and Hausdorff set. Now define the evaluation map ev by

ev: A, — Ctsg (), R)
a = (- 7(a)=17(a))

Then, ev is real-linear. It is also order-preserving because if a € A, and
7 € Q then ev(7)(a) = 7(a) > 0. Now we claim that ev is isometric. Firstly,
if a € Ay, then

lev(a)l] = Hb;l”151|€v(a)(7)| = HsTlnlgllT(a)! < [lall

For the reverse inequality, note that there exists a state ¢ : A — C such

that |¢(a)| = ||a|| by Theorem [3.4.2] So,
lall = [¢(a)] = lev(a)(®)] < [lev(a)ll

Therefore, ev is an isometry.

Now if 7 € A%, then 7/ € A% by definition. By the Hahn-Banach extension

theorem, there exists a real-linear functional p € C'tsg (2, R)? such that
poev=rT7"and ||p|| = ||7’||. By Theorem [3.4.1] there exists positive
bounded real-linear functionals p, and p_ on Ctsg(£2,R) such that

p=pr —p—and [[pi]| + [lp-[| = o]

Now we define
/

/ —_— JR—
T, =pyoev and T =p_oev.

Then, 7,7 € A% . Now recall that the map
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r: A, — Al
T = T =7

Asa

is an isometric real-linear isomorphism. Let 7y = r~(7/) and 7— = r~1(7/).
Then,

and
|7l = 1lr = ()]

=[I7ll = llpoevl

= lloll = llo+1l + llo-|

2 [l -+ N2

= [l + 7]l

2 |7 =7 =7l
So, || 7] = ||7+|| + ||7—|| as required. Moreover, 7 and 7_ are positive linear
functionals because p, and p_ are positive and ev is order-preserving. O]

Every linear functional on a C*-algebra A can be written as a linear
combination of two self-adjoint linear functionals on A. By Theorem [3.4.3
it follows that every linear functional on A is a linear combination of
positive linear functionals. By scaling, we find that every linear functional
on A can be written as a linear combinations of states on A. This has a
particular consequence regarding the universal representation of A, which
we will use in the proof of the existence of a quasicentral approximate unit.

Theorem 3.4.4. Let A be a C*-algebra and

(m, H) = ( €D 7, €D Ho)
) )

#ES(A $ES(A

be the universal representation of A. Let a: A — C be a bounded linear
functional. Then, there exists x,y € H, such that if a € A then

afa) = (m(a)z,y).

Proof. Assume that A is a C*-algebra and that (m,, H,) is the universal
representation of A. Assume that a: A — C is a bounded linear functional
on A. By Theorem [3.4.3] and the remark preceding the theorem, we can
write o as a linear combination of states on A. So,
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a = i Ai®i
i=1

where Ay,..., A\, € Cand ¢1,...,¢, € S(A). If p € S(A) then let {, € Hy,
be the cyclic vector associated to the GNS representation of ). Now let
x,y € H, be defined by

T = GB x()¢y  and  y= EB Mo)Es
)

peS(A #ES(A)
where if i € {1,2,...,n} then

g(ﬁ'v 1f¢:¢za /\_25(177 1f¢:¢17
= ' d Ao) = '
x(9) {0, otherwise. o () 0, otherwise.

If a € A then

n

<7Tu(a’)xv y) = Z<7T¢)i(a’)€¢i7)\_i€¢i>

i=1

= Z AilTg, (@) Nis:)
i=1

= z”: A = .
i=1

]

As mentioned in the statement of [BO0S, Theorem 1.2.1], the quasicentral
approximate unit we will construct arises from the convezr hull of an
existing approximate unit. We will show that the convex hull of an
approximate unit is, in its own right, an approximate unit.

Definition 3.4.3. Let X be a subset of a vector space V. The convex
hull of X, denoted by conv(X), is the set

conv(X) = {Z)wxz r; € X, \; €10,1], Z)‘i = 1}'

=1 i=1

Theorem 3.4.5. Let A be a C*-algebra and I be a closed two-sided ideal of
A. Let {uy}ren be an approzimate unit for I. Then, the convex hull of
{ur}ren is also an approximate unit for I.
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Proof. Assume that A is a C*-algebra and that I is a closed two-sided ideal
of A. Assume that {uy}ep is an approximate ideal for I. Define

A = conv({uy | X € A}).

To see that A’ is upwards directed, assume that > | puy, € A'. Since A is
upwards directed then there exists uy such that if i € {1,2,...,n} then
uy, < uy. Hence,

n n
E pity; < 5 Hity = Uy
i=1 =1

and consequently, A’ is upwards directed with respect to the order on
positive elements of I.

To see that A’ is an approximate unit for I, assume that j € [ and u, € A.
If v € A/ satisfies v > u, then

17 = vill* = 115" (15 — )%
< (1a —o)ill < Ml77(Lx — w)l
< {17117 = urgl

Taking the limit over A € A, we deduce that lim,|[j — vj|| = 0. By a similar
computation, lim,||j — jv|| = 0. Therefore, the convex hull A’ is an
approximate unit for 1. O

We also require a few results pertaining to the extension and restriction of
representations. These results originate from [Dav96, Lemma 1.9.14,
Lemma 1.9.15].

Theorem 3.4.6. Let A be a C*-algebra and I be a closed two-sided ideal of
A. Let (m,H) be a non-degenerate representation of 1. Then, there exists a
unique representation ™ : A — B(H) of A such that 7|} = 7. Furthermore,
7 18 irreducible if and only if ™ is irreducible.

Proof. Assume that A is a C*-algebra and that I is a closed two-sided ideal

of A. Assume that (7w, H) is a representation of I. First, define the map 7’
by

B(x(I)H)

7. A —
a — (7(j)z— m(aj)z).
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The fact that 7’ is linear follows from direct calculations.
To show: (a) If a € A then 7'(a) is well-defined.

(a) Assume that a € A. Assume that ji, jo € I and 1,29 € H such that
7(71)x1 = 7(j2)xa. Let {up}rea be an approximate unit for I (see Theorem
2.3.3). We compute directly that

Therefore, 7" is well-defined.
We also have

17 (a) (w (7)) < N[ (au)[[[l7 (7)) < flalllw ()] < oo

Since (m, H) is a non-degenerate representation then 7(/)H is dense in H.
Hence, we can extend 7' to a linear map 7 : A — B(H).

Now, we will show that 7 is a *-homomorphism. Assume that a;,as € A,
j€Iland z € H. Then,

T(araz)(7(j)x) = 7'(araz)(7(j)z)
m(ayasj)x

(
= 7(ay)(m(azj))
( :



Since m(A)H is dense in H then we deduce that 7 is a *-homomorphism.
Next, we will show that 7 is unique. Suppose that ¢ : A — B(H) is
another *~homomorphism such that ¢|; = x. If j,k € [ and x € H then

V() (m(k)a) = n(j)m(k)z = 7(jk)z = 7(j) (7w (k)).

So, 1 = 7 and hence, 7 is the unique *-homomorphism such that 7|; = 7.

Now assume that (7, H) is not an irreducible representation of A. Then,
there exists a proper closed invariant subspace L for 7(A), which also
qualifies as a proper closed invariant subspace for 7(I). So, (7, H) is not an
irreducible representation of I.

Conversely, assume that 7 is not an irreducible representation of I. Then,
there exists a proper closed invariant subspace M of w(I). Using the fact
that (7, H) is non-degenerate,

H=n()H=n(l)(M&® M) Ca(I)M @ r(l)M=L.
Note that 7(I)M+ C M+ by Theorem [1.10.2, So, M = 7(I)M and

FAM =7 Aa()M = x(1)M = M.

Hence, (7, H) is not an irreducible representation of A, which completes the
proof. O]

Now we consider the restriction of a representation.

Theorem 3.4.7. Let A be a C*-algebra and (7, H) be a representation of
A. Let I be a closed two-sided of A and p be the projection onto the closed
subspace w(I)H. Then, p is an element of the centre of w(A)". Moreover, if
(7, H) is irreducible and w(I) # 0 then the restricted representation (w|r, H)

18 also irreducible.

Proof. Assume that A is a C*-algebra and that (7, H) is a representation of
A. Assume that [ is a closed two-sided ideal of A and that p is the
projection operator onto the closed subspace 7(I)H. Note that
w(A)(w(I)H) =w([)H. So, m(I)H is a proper closed invariant subspace for
m(A). and consequently, pm(a) = 7(a)p because w(A)w(I)H = n(I)H. This
means that p € m(A)".

Now assume that a € 7(I)". We compute directly that if j € I and £ € H
then an(j)é = n(j)(a) € w(I)H. This means that 7(/)H = pH is a closed
invariant subspace for 7(I)’. Hence, p € 7(I)” and
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pen(l)'Nnr(A) Cn(A)" Nnr(A).

We conclude that p is in the centre of m(A)” as required.

Now assume that (m, H) is an irreducible representation of A. By Theorem
2.4.14] 7(A)’ = Cidy. Since p € m(A)" and p is a projection operator, we
deduce that p = idy. Consequently, 7(I)H = H and the restricted
representation (7|7, H) of I is irreducible. O

The crux of the proof that quasicentral approximate units exist is detailed
by the following theorem.

Theorem 3.4.8. Let A be a C*-algebra and I be a closed two-sided ideal of
A. Let {uy}rea be an approximate unit for I and
E =conv{uy| N€A}.

Ifay,...,a, € A and A € A then there exists f € £ such that f > uy and if
ie{l,2,...,n} then

1
la;f — fail| < —.
n

Proof. Assume that A is a C*-algebra and that I is a closed two-sided ideal
of A. Assume that {u)}rea is an approximate unit for 7. Assume that £ is
the convex hull of {uy}rea, a1,...,a, € A and A € A. By Theorem [3.4.5 £

forms an approximate unit for /.

If 1 € Z~( then let

1%

ul) = P ux € B(AD) = M;yi(A)
j=1

be the direct sum of 7 copies of uy. Then, the net {ug\”)} ren forms an
approximate unit for M, (I), which is an ideal of the C*-algebra
M5 (A). Let

a:al@az@"‘@@nEMnxn(A)

be the operator (on the direct sum A™) with diagonal entries ay, ..., a,.
Define

F=conv{E, | pel, p>A}
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and

S ={af™ — f™q | feF}C Myn(A).

We note that if f € F then f™ € M,,,(A) is the diagonal matrix whose
diagonal entries are all f. The idea of the proof is to show that 0 € S.

To show: (a) 0 € S.

(a) Suppose for the sake of contradiction that 0 € S. We first observe that
S is a convex set. By the separation version of the Hahn-Banach theorem
(see [Mur90, Theorem A.7]), there exists a linear functional

¢ : Myyn(A) — C such that if 4 € A and g > A then

Re (gb(aul(l”) - u,&”)a)) > 1.

Now let (7, H) be the universal representation of M, «,(A). By Theorem
there exists vectors x,y € H such that if z € M,y (A) then

¢(z) = (m(z)z,y).
Now let p € B(H) be the projection operator onto the subspace
T(Msn(I))H. We observe that if £ € H then

I (uS™)e — pel* = (w(ui")E — p€, m(ul”)E — pE)
= (p(r(ui)E - €), <<&">>s—f>>
— (r(u{)€ — &, p(r(ui)E — €))

= |lm(u)EN? + |pel|? — (m(uS™)E, €) — (€, m(ui)E)
< 2||€]2 — (m(u{)E, €) — (€, m(ul™)€)

— 2|[€|[* — [|€]2 — [|€]? (by Theorem 2:3.4)

=0

The limit is taken over A. Hence, p is the strong limit of the net {ﬂ(ug\n))}
By Theorem [3.4.7, p is in the centre of w(7)”. In particular, p € 7(A)" and
consequently,

liin gb(au()\n) - ug\n)a) = li§n<7r(aug\") - uf\n)a)x, Y)
= (r(a)pr — pr(a)z,y) = 0.

However, this contradicts the fact that if © > A then

408



Re (gb(auﬁ”) - u&”)a)) > 1.
Therefore, 0 € S.

Using part (a) of the proof, there exists a sequence {af](n) — f;n)a}jezw in
S such that

. () _ ) s =
Jlim Jlaf;™ = f;"al| = lim iegﬁfn}llazf] fiaill = 0.

So, there exists k € Z~q such that if : € {1,2,... ,n} then

S|

laifr — frail <

Moreover, f, € F which means that f; > uy. O

We can finally use Theorem to prove the existence of quasicentral
approximate units.

Theorem 3.4.9. Let A be a C*-algebra and I be a closed two-sided ideal of
A. Let {uy}rea be an approximate unit for I and

E = conv{uy | A € A}.

Then, there exists a quasicentral approximate unit for I, arising from the
convex hull €.

Proof. Assume that A is a C*-algebra and I is a closed two-sided ideal of
A. Assume that {uy}rea is an approximate unit for I and that & is its
convex hull. By Theorem [3.4.5 £ is an approximate unit for I.

Let F be the set of all finite subsets of A. Then, F is a poset with the
binary relation of inclusion. We also note that the product of sets F x A is
also a poset. That is, (X,\) < (Y, u) in F x A if and only if X C Y and
A< .

Now assume that X € F and A € A. By Theorem [3.4.8 there exists
Fx € € such that Fx, > uy and if x € X then

1
H«TFX,)\ — FX,)\IH < —.
| X

Here, | X| is the cardinality of X. Now define the set
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Q:{FX,)\|X€.F,)\€A}.

Then, @ is a poset when we define Fx y < Fy,, if and only if (X, \) < (Y, p)
(using the relation on F x A) and Fx < Fy,, (using the positivity
relation).

To see that () is upwards-directed, assume that X, Y € F and u, A € A.
Since Fx x, Fy,, € £ then we can write

l n
Fx\= E Sy, and Fy, = E ity
i=1 i=1

Now let Z = X UY and v € A such that if i € {1,2,...,¢} and
j€{1,2,...,n} then v > \; and v > p;. Then, u, > Fx , and u, > Fy,,.

Now, using the fact that A is upwards-directed, we can select 1/ € A such
that v/ > v, v/ > X and v/ > u. By the construction in Theorem [3.4.8| we
have
FZ,V’ Z Uy Z Uy Z FX,)\

and similarly, Fz,» > Fy,. Using the relation on the poset F x A, we also
have

(Z)= (XN and  (ZV) = (V).
Therefore, F,, = Fx x and Fyz,, = Fy, and consequently, ) is an

upwards-directed set.

To see that () defines a quasicentral approximate unit for I, assume that
a € Aand j el Since @ C & and £ is an approximate unit for I then
lim|[jq — j|| = lim||¢j — j|| = 0.
liml5q — 7| = limflqj — J
Now observe that if X € F and a € X then
laFxr — Fxaal < — =0
al'x x — I'x\a T
| X

when we take the limit over (). This is because by the poset relation on @),
the finite set X containing a must increase in cardinality when the limit is
taken over ). Therefore, () is a quasicentral approximate unit for /. O
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The result [BOOS, Proposition 1.2.2] is a particular type of approximation
which arises from a quasicentral approximate unit. We will prove this
below.

Theorem 3.4.10. Let A be a unital C*-algebra and I be a closed two-sided
ideal of A. Let {uy}ren be a quasicentral approximate unit for I. If a,b € A
and a —b € I then

1 1 1 1
lim Ha - ((1A )31 —un)t + uiaui) H —0

Proof. Assume that A is a unital C*-algebra and I is a closed two-sided
ideal of A. Assume that {uy}rea is a quasicentral approximate unit for 1.

To show: (a) If n € Z>( and a € A then lim,[|u}a — au}|| = 0.
(a) Assume that n € Zso and a € A. Then,
li§n||u§a —awl|| = ||1aa —alsl| =0

and limy||uya — auy|| = 0 because {uy}rea is a quasicentral approximate
unit. This will be used as the base case.

For the inductive hypothesis, assume that there exists k € Z~ such that if
a € A then limy|[ufa — au}|| = 0. Observe that

luy™a — auk ™| < Juf(ura) — (ura)uil| + Jus(aul) — (auf)us.

Taking the limit of A € A, the RHS of the above inequality vanishes due to

the inductive hypothesis and the fact that {uy} e is a quasicentral

approximate unit for /. So, lim,|[u}™a — au§™"|| = 0 which proves the

claim.

Now let p(z) = Y7, bz be a polynomial with by,....,b, € C. By the
continuous functional calculus, if x € A then

Ip(ux)z — zp(ur)|| = [I( Z biuj )z — x( Z biuiy ) |

n
< > Ibillluiz — 2| =0

=1
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where we take the limit over A € A. By the Weierstrass approximation
theorem, the elements of Cts(o(uy),C) can be approximated by
polynomials. We conclude that if x € A then

11§n||u§$—xu§|| =0 and li)I\n||(1A—u,\)%x—x(lA—u,\)%H =0.
To show: (b) If z € A then ||z + I|| = lim,||(1a — uy)z||.

(b) Assume that z € A. Recall that the norm on the quotient C*-algebra
A/I is given by
I|| = inf 1B
|l + 1| = infle + ji]

Assume that € € R.y. Then, there exists k € I such that

€
lz + &l < flz + 11| + 5.

Since {uy}rea is an approximate unit for I, there exists u € A such that if
A > p then

€
|k — kuy|| < 3"
Therefore, if A € A and A\ > p then

[ = zurll = fJa(La = wy)]]

= [l(z+ k= k)14 —w)]

< Itz +F)(1a —wa)|| + [[Fux — ]

< [lz + Kl[[[1a = urll + [[k = Fux|

< [l + Kl [F = Fua]

< |z + 1| +e.
Note that |14 — uy|| < 1 because u, is positive with norm at most 1 (see
Theorem [2.2.5)). Hence, lim, ||z — zu,|| = ||z + I||. By replacing = with z*,
we also find that lim,||x — uyz|| = ||z + I||. This proves part (b).

Now assume that a,b € A such that a — b € I. Then,
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1

(a—b))(La —un)z — (La — ur)(a—b)|| + |(1a — ur)(a —b)]|
(a—b))(1a —ur)? — (1a —w)(a —b)|| + [|(a — b) + 1|
La—up)2(a—b)(1a —uy)? — (1a —wp)(a—b)|| =0

Note that the second last equality follows from part (b) and that the final
equality follows from the assumption that a — b € I.

Combining all the previous observations, we find that

a— ((1A — uy)

11
= Hau,\ +a(ly —uy) — <(1A — u,\)%b(lA — u,\)% + uiauf\) H

[N
S
—~
[u—
hS
|
<
>
N~—
(S
+
I
>l
Q
<
>l
N——

1 1 1 1
< laux —ugaus || + [la(la —uy) — (1a —ur)2a(la — uy)2||
1 1 1 1
H[(1a —ur)2a(la —ur)? — (14 —ux)2b(1a — uy)2||
—0

in the limit of A\ € A. O

We finish this section with the following remark. The theories of
C*-algebras and von Neumann algebras are parallel in the sense that results
about von Neumann algebras are “exact”, whereas the analogous results
about C*-algebras are “approximate”. For instance, von Neumann algebras
are unital by Theorem [2.4.10] The analogous result for C*-algebras is the
existence of an approximate unit in Theorem [2.3.2]

Another pair of parallel results is Theorem for C*-algebras and
Theorem for von Neumann algebras. The analogous result for von
Neumann algebras to the existence of a quasicentral approximate unit in
Theorem |3.4.9is given below.

Theorem 3.4.11. Let H be a Hilbert space and A C B(H) be a von
Neumann algebra. Let I C A be a weakly closed two-sided ideal of A (closed
in the weak operator topology). Then, there exists a projection p in the
centre of A such that I = pA.
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Proof. Assume that H is a Hilbert space and A C B(H) is a von Neumann
algebra. Assume that I C A is a weakly closed two-sided ideal of A. Since [
is a weakly closed *-subalgebra of B(H) then by Theorem , 1 is itself
a von Neumann algebra. By Theorem I must have a unit, which we
denote by p. Obviously, p?> = pp = p and if b € I then

bp* = (pb*)*=b  and  p*b= (b"p)" =b.

Hence, p is a projection in A.
To show: (a) p is in the centre of A.
(b) I = pA.

(a) Assume that a € A and that 1, is the unit of A (see Theorem [2.4.10)).
Then, pa,ap € I and

pa = (pa)p = p(ap) = ap.
We conclude that p is in the centre of A.

(b) We know that pA C I. To see the reverse inclusion holds, assume that
be I. Then, b=pbe pA. So, I = pA. m

In the proof of Theorem the fact that p is an element of the centre
of the von Neumann algebra A mirrors the “approximate commutativity”
exhibited by the quasicentral approximate unit in Theorem (3.4.9|

3.5 Nuclear and weakly nuclear maps

In [Mur90], Murphy defines nuclear C*-algebras by using tensor products
(see Definition . Historically, this was how nuclear C*-algebras were
defined. In the upcoming sections, we follow [BO0S, Chapter 2] and
approach the notion of nuclearity via c.c.p maps.

The first port of call is to define nuclear maps between C*-algebras.

Definition 3.5.1. Let A and B be C*-algebras. Let # : A — B be a linear
map. We say that # is nuclear if there exist c.c.p maps

©On A= M (C) and Uy Myn)(C) = B
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such that if @ € A then (¢, 0 ¢,)(a) — 6(a) in the norm topology on A.
That is, if a € A then

liml| (45, © ¢n)(a) = O(a)[| = 0.

Note that in the above definition, we have switched to using the standard
notation Mj,)(C) for the matrix algebra rather than M, xkm)(C). By
definition, a nuclear map is a c.c.p map.

The definition of a nuclear map can be thought of as constructing an
“approximately commutative triangle”. If A and B are C*-algebras and

6 : A — B is a nuclear map then there exist c.c.p maps ¥, @, such that the
following diagram “approximately commutes”:

This type of diagram was used in [BOOS| Definition 2.3.1] — the definition
of nuclearity given by Brown and Ozawa.

It should be pointed out that in the definition of nuclear maps, it is not
explicitly specified whether to work with nets or sequences. As stated in
[BOOS, Page 27], it does not really matter because nuclearity of maps is a
local property by Theorem [3.5.8| which we will prove later. One should use
nets in general and reserve the use of sequences for the separable setting.

It turns out that there is a counterpart to nuclear maps for von Neumann
algebras.

Definition 3.5.2. Let M and N be von Neumann algebras. We say that a
linear map ¢ : M — N is normal if the following statement is satisfied: If
{z;}icr is a norm bounded, monotonically increasing net of self-adjoint
elements in M then

‘P(SUP T;) = sup 90(9%)
iel iel

If M and N are von Neumann algebras then they have a predual by
Theorem [2.5.12 We have already shown that the weak-* topologies
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induced on M and N are the ultraweak topologies. Thus, it is reasonable to
conclude that the important linear maps between M and N are those which
are ultraweakly continuous. Fortunately, this matches up with the
definition of normal maps above because of the following result, which we
state without proof.

Theorem 3.5.1. Let M and N be von Neumann algebras and ¢ : M — N
be a positive linear map. Then, ¢ is normal if and only if ¢ is ultraweakly
continuous.

See [KR86, Theorem 7.1.2], [KR86L Proposition 7.4.5] and the comment in
[Argl6] for the details on Theorem [3.5.1]

Definition 3.5.3. Let A be a C*-algebra and N be a von Neumann
algebra. Let # : A — N be a linear map. Let N, be the predual of N (the
Banach space satisfying (N.)* = N. See Theorem [2.5.12). We say that 6 is
weakly nuclear if there exist c.c.p maps

On A= M) (C) and Uy M) (C) = N

such that if @ € A then (¢, 0 ¢,,)(a) — 0(a) in the ultraweak topology on
N. That is, if a € A and n € N, is a normal functional then

N((¥n © pn)(a)) = n(0(a)).

The reason why we use normal linear functional in the above definition of
weakly nuclear maps is due to Sakai’s predual theorem which states that a
von Neumann algebra M is the dual space of the Banach space of normal
linear functionals on M. See [BO0S, Theorem 1.3.5] and Theorem [2.5.12

Before we proceed, we note the following result.

Theorem 3.5.2. Let H be a Hilbert space and S be a (norm) bounded
subset of B(H). Then, the weak operator topology and ultraweak topology
on S coincide.

Proof. Assume that H is a Hilbert space and S is a norm bounded subset
of B(H). Then, there exists r € R, such that
SC{z e BH) ||z <r}=B,.

Recall Theorem [2.5.6] which states that the weak operator topology and
the ultraweak topology on B(H) coincide on the closed unit ball of B(H).
Now define the maps
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(25 (BT,WOT) — (Bl7WOT>
T — iz

T

and

Y2 (Bb UWT) — (Br, UWT)
i — rx

Then, ¢ and ¢y are homeomorphisms. Let id : (B1,UWT) — (B, WOT)
be the identity map on B, as defined in Theorem [2.5.6] Then, ¢, o id o ¢,
is a homeomorphism and thus, the ultraweak and weak operator topologies
coincide on B,. Since S C B, then the ultraweak and weak operator
topologies coincide on S. [

It is a fact that the nuclearity of certain linear maps depends on its range.
A common occurrence is that a map ¢ : A — B may not be nuclear, but
becomes nuclear after embedding B into a larger C*-algebra. This
phenomenon is readily seen in the context of von Neumann algebras —
there exist von Neumann algebras M C B(H) such that the identity map
tdp; - M — M is not nuclear. However, we have the following theorem:

Theorem 3.5.3. Let H be a Hilbert space and M C B(H) be a von
Neumann algebra. Then, the inclusion map ¢ : M — B(H) is a weakly
nuclear map.

Proof. Assume that H is a Hilbert space and M C B(H) is a von Neumann
algebra. Assume that ¢ : M < B(H) is the inclusion map. Let {p;}ics be a
net of finite-rank projections which strongly converge to the identity map
idy.

If n € I then let k(n) € Z~( be the rank of the projection p,. Define the
linear maps

Pn - M — Mk(n) ((C) = pnB(H)pn
a = PnQPn
and
Py Mk(n)(c) = pnB(H)pn — B(H)
A —> A

Observe that if n € I then ¢, and 1, are *-homomorphisms and thus, c.c.p
maps.
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To show: (a) If @ € M then (¢, o p,)(a) — t(a) in the ultraweak topology
on B(H).

(a) Observe that if a € M and n € Z~q then

1@ © n) (@)l = [lpnapall < [lall

By Theorem [3.5.2] it suffices to show that if a € M then

(tn 0 ©n)(a) = t(a) in the weak operator topology on B(H). Assume that
¢&,ne€ H and a € M. Then,

’<pna§ - pnapnga 77>‘ = |<pna(ZdH - pn)ga 77>|
< \pnallll(idu — pa)élllnll
= |lpnallll§ — puélllinll — 0

where the limit is taken over I because the net {p;};,c; converges strongly to
the identity map idy. Similarly, the quantities

[((idar — pn)apa€,m)l and  [((idg — pn)alidg — pn)&, )|

converge to zero. Now, we have

[(((thn 0 @u)(a) — u(a)&,n)| = |((pnapn — a)&,n)|

<pnapn€ - af? 77>|

(Pnapn€ — apn&, )| + [{apn€ — a&, )|

(Pnapné — apn&,m)| + [{apné — a& + ppa& — prapné, )|
+{Pnapné — pna&,m)|

= |<(idH _pn>apn£777>| + |<(ZdH _pn)a@dH - pn)§7 77>|
+{pna(idy — pn)§,n)|

—0

in the limit over /. Thus, (¢, o ¢,)(a) — t(a) in the ultraweak topology
and consequently, the inclusion ¢ is weakly nuclear. O

In the next few results, we will prove various properties of nuclear maps,
which are the content of [BO0S, Exercises 2.1.1-2.1.9]. According to [BOOS|
Chapter 2|, the exercises tend to be used often without proof in the
literature. The first result deals with restrictions of nuclear maps.
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Theorem 3.5.4. Let A and B be C*-algebras and C' C A be a
C*-subalgebra of A. Let 6 : A — B be a nuclear map. Then, the restriction
Olc : C — B is also a nuclear map.

Proof. Assume that A and B are C*-algebras. Assume that C is a
C*-subalgebra of A. Assume that 6 : A — B is a nuclear map. Then there
exist c.c.p maps
On A= M (C) and Uy Myn)(C) — B
such that if @ € A then (¢, 0 v,,)(a) — 0(a) in the norm topology on B.
Now the restriction
SOn|C' C = Mk(n)((C)

is a c.c.p map. Furthermore, if ¢ € C' then

14 © @nlc)(€) = Blo()]| = [[(¥n © pn)(c) = B(c)] = 0

where the limit is taken over n. Therefore, the restriction 0|c : C' — B is a
nuclear map. O

Next, we will see how nuclear maps behave under composition.

Theorem 3.5.5. Let A, B and C be C*-algebras. Let 0 : A — B and
o: B — C be c.c.p maps. If either 6 or o is nuclear then the composite
oo # is also a nuclear map.

Proof. Assume that A, B and C are C*-algebras. Assume that 6 : A — B
and o : B — C are c.c.p maps. Assume that # is a nuclear map. Then there
exist c.c.p maps

On A= M) (C) and Yy Myn)(C) — B

such that if @ € A then (i, o ¢,)(a) converges to 6(a) in the norm topology
on B. Observe that the composites o o ¢, are c.c.p maps from M,y (C) to
C. Furthermore, if a € A then

(o 0 ¢no@n)(a) = (o 00)(a)ll < [lol|i(n o wn)(a) = O(a)|| =0

in the limit over all n. Therefore, o 0 8 is a nuclear map. The case where o
is a nuclear map is dealt with by a similar argument. O]

There are two special cases of Theorem we wish to highlight.
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Theorem 3.5.6. Let A and B be C*-algebras and 6 : A — B be a c.c.p
map. If the identity map idy : A — A is a nuclear map then 0 is a nuclear
map.

Proof. Assume that A and B are C*-algebras. Assume that §: A — B is a
c.c.p map. Assume that the identity map id4 : A — A on A is nuclear. By
Theorem [3.5.5 # = 6 o id4 must be a nuclear map. O

Theorem 3.5.7. Let H be a Hilbert space and A C B(H) be a concretely
represented C*-algebra. Assume that the inclusion map v : A — B(H) is a
nuclear map. If K is a Hilbert space and 0 : A — B(K) is a c.c.p map then
0 is a nuclear map.

Proof. Assume that H is a Hilbert space and A C B(H) is a C*-algebra
such that the inclusion map ¢ : A — B(H) is a nuclear map.

Assume that K is a Hilbert space and 6 : A — B(K) is a c.c.p map. By
Arveson’s extension theorem (Theorem , there exists a c.c.p map

0 : B(H) — B(K) such that the restriction A|4 = 6. Since ¢ is nuclear then
by Theorem the composite § o1 : A — B(K) is a nuclear map. But, if
a € A then

(é ou)(a) = é(a) =0(a).
Hence, 6 is a nuclear map as required. O

Now, we will state and prove alternative characterisations of nuclear maps.

Theorem 3.5.8. Let A and B be C*-algebras and 6 : A — B be a c.c.p
map. Then, 0 is a nuclear map if and only if the following statement is
satisfied: If F C A is a finite subset of A and € € R+ then there exist
n € Zso and c.c.p maps

v:A— M,(C) and 1 : M, (C)— B
such that if a € F' then

10(a) = (W o @)(a)]l <e.

Proof. Assume that A and B are C*-algebras. Assume that §: A — B is a
c.c.p map.

First assume that 6 : A — B is a nuclear map. If n € I then there exist
c.c.p maps
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©n - A— Mk(n) (C) and 1/Jn : Mk(n) ((C) — B
such that if @ € A then ||(¢,, o vn)(a) — 0(a)|| — 0.

Now assume that F' is a finite subset of A and ¢ € R.(. Since # is nuclear,
we may choose N € [ such that if n > N and a € A then

16(a) = (¢ © on)(a)l| <

Fix m > N. Then, the positive integer k(m) and the c.c.p maps @, and ,,
satisfy

10(a) — (¥Ym o om)(a)]| < e

In particular, the above inequality holds for a € A and thus, for a € F'. So,
the second statement must be satisfied.

Conversely, assume that the second statement holds. We want to show that
0 : A — B is anuclear map. Let S be the set

S={(F,n)| F C Ais finite, n € R.}.

Then, S is a poset with relation < defined by declaring that
(F,n) < (G,m) if and only if F* C G and n > m. It is straightforward to
see that the pair (S, <) is an upwards-directed set.

By the second statement, if & = (F,n) € S then there exists n, € Z~o and
C.C.p mMaps

Yo : A— M, (C) and o : M, (C)— B

such that if @ € F' then

(Y0 © wa)(a) — O(a)| < n.

We claim that the net {1, © ¢4 }acs consists of the c.c.p maps required for
0 to be a nuclear map. Assume that a € A and € € Ry(. Then, there exists
a = (F,e) € S such that a € F and

1(¢a © pa)(a) = O(a)|| < e.
Now assume that 8 = (G, d) > a. Then, a € G, § < € and

(5 0 wg)(a) —0(a)|| <6 <e.
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We deduce that if @ € A then

lim| (¢ © ) (a) — 6(a)]| = 0.
Consequently, 6 is a nuclear map as required. n

By adapting the proof given in Theorem [3.5.8 we will also show that weak
nuclearity of maps is also a local property.

Theorem 3.5.9. Let A be a C*-algebra, N be a von Neumann algebra and
0:A— N beac.cpmap. Then, 0 is a weakly nuclear map if and only if
the following statement is satisfied: If FF C A is a finite subset of A, x C N,
is a finite subset of normal linear functionals and € € Ry then there exist
n € Z~qo and c.c.p maps

p:A— M,(C) and Y : M, (C)— B
such that if a € F' and n € x then

[n(0(a)) —n(( o p)(a))| <e

Proof. Assume that A is a C*-algebra and that N is a von Neumann
algebra. Assume that 0 : A — N is a c.c.p map.

First, assume that § : A — N is a weakly nuclear map. Assume that F* C A
is a finite set and that y C N, is a finite set of normal linear functionals on
N. Assume that € € Ryg. If n € I then there exist c.c.p maps

On A= My (C) and Yy Myn)(C) = N

such that if a € A and n € N, is a normal linear functional then
In((¢n 0 pn)(a)) —n(f(a))| — 0 in the limit over n. Now choose m € I such
that

[((¢n 0 pn)(a)) = n(0(a))] < e

Since the inequality above holds for arbitrary a € A and for an arbitrary
normal functional n € N,, it must hold for @ € F' and n € x. So, the second
statement is satisfied.

Conversely, assume that the second statement holds. We want to show that
f: A— N is a nuclear map. Arguing as in Theorem [3.5.8] let S be the set

C oA .
S_ {(FyX,”) ) FCAis ﬁn1te,n€R>0}

X € N, is a finite set
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Then, § is a poset when equipped with the relation <. If

(F,x,n), (G,0,m) € S then we define (F,x,n) < (G,d,m) if and only if

F C G, x €9 and m < n. Similarly to Theorem [3.5.8] it is straightforward
to see that the pair (S, <) is an upwards-directed set.

By the second statement, if « = (F, x,n) € S then there exist n, € Z~o and
c.c.p maps

Yo A— M, (C) and Vo : M, (C) = N
such that if a € F and n € x then

(e © a)(a)) = n(0(a))] <e.

We claim that {1, 0 ¢4 }aecs is then net of c.c.p maps required for

f: A— N to be a weakly nuclear map. To this end, assume that a € A,
1 € N, is a normal linear functional and € € R.y. Then, there exists

a = (F,x,¢) € Ssuch that a € F', n € x and

1N((1a © o) (@) — n(B(a))| < e.
Now, if 8 = (G,6,7) = (F,x,¢) then a € G, n € § and

n((4s 0 ps)(a)) —n(Bla))] <7 <e

Thus, if a € A and n € N, is a normal linear functional on N then

lim|[(¥a © @a)(a) = 0(a)]| = 0.
So, # is a weakly nuclear map which completes the proof. O

Theorem 3.5.10. Let A and B be C*-algebras and 6 : A — B be a c.c.p
map. Then, 0 is a nuclear map if and only if there exist finite dimensional
C*-algebras C,, and c.c.p maps

on A= C, and Up:Cp, — B
such that if a € A then

liml| (45, © ¢n)(a) = O(a)[| = 0.

Proof. Assume that A and B are C*-algebras and that # : A — B is a c.c.p
map. If 0 is a nuclear map then there exist c.c.p maps

On A= M (C) and Yy Myn)(C) — B
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and finite dimensional C*-algebra My ,)(C) such that if a € A then

[(%n © pn)(a) = O(a)l| = 0

in the limit over n. So, the second statement must be satisfied.

Conversely, assume that there exist finite dimensional C*-algebras C,, and
c.c.p maps

on A= C, and v C, - B
such that if a € A then

lim|[ (¢ © pp)(a) = 6(a)|| = 0.
By Theorem [2.10.3, there exist kp,, 71, - .., M, m € Zso such that

Let n,, = Zf;”l n;m- We have the unital embedding
(a17a27" akm> — GI@GZ@"'@akm.

By the isomorphism C,,, = @km M,. (C), C,, € M,, (C)is a direct sum of

7,mM

matrix blocks. This means that there exist pairwise orthogonal projections
D1, P2, - - - Pk, Such that

km
Cn = Z i, (C)p
=1

This propels us to define the map

E: M, (C) — Cm
X — ZZ " DX Di.

We claim that E' is a conditional expectatlon. Firstly, if X € C,, then there
exists Y € M, (C) such that X = S p;YVp;. So,

Z pi Z ;Y p))p Z piYp; =
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because if i, j € {1,2,...,k,,} are distinct then p;p; = p;p; = 0. It is

obvious that FE is a linear map.

To see that E is a contractive map, observe that if X € M, (C) then
k77L

IECO)I = 1Y piXpill = emax  [lp Xpil| < X1

1,...k
= {1y}

In the second equality, we used the norm of the direct sum @f:l M,,,.(C)
which is isomorphic to C,,. By Theorem [3.2.3, E is a conditional
expectation.

Now consider the composites

lnon:A— M, (C) and tYpo E: M, (C)— B.

By Theorem [3.2.3] 1, o E is a c.c.p map. Since the embedding

tn : Cp — M, (C) is a *-homomorphism then it is a c.c.p map.
Consequently, the composite ¢, o ¢, is also a c.c.p map. Finally, if a € A
then

lim|[(¢n © E 0 1y, 0 pn)(a) = 6(a)|| = lim|(¢n 0 E)(n(pn(a))) — O(a)]
= lim|[ (¥, 0 p)(a) = O(a)]|
=0

where the second line follows from the fact that E is a conditional
expectation. Therefore, 0 is a nuclear map. O

The next two results constitute examples of how the nuclearity of maps
depends on the ranges of the maps.

Theorem 3.5.11. Let A and B be C*-algebras and 0 : A — B be a nuclear
map. Let C C B be a C*-subalgebra of B satisfying the following two
properties:

1. The image 0(A) C C
2. There exists a conditional expectation ® : B — C.

Then, the map 6 : A — C' is also a nuclear map.
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Proof. Assume that A and B are C*-algebras and that C C B is a
C*-subalgebra of B. Assume that 6 : A — B is a nuclear map. Assume
that §(A) C C and that we have a conditional expectation ® : B — C.

Since 6 is a nuclear map then there exist c.c.p maps

©n t A= My (C) and U+ Myn)(C) — B
such that if @ € A then ||(¢, o vn)(a) — 0(a)|| = 0 in the limit over n.
The composite ® o v, : M) (C) — C'is a composite of c.c.p maps and
thus, is a c.c.p map itself. To see that 6 : A — C is a nuclear map, let fg be

the nuclear map ¢ : A — B and 6¢ be the c.c.p map 6 : A — C. Since ® is
a conditional expectation then 6o = ® o g because §(A) C C. So,

(@0 ¢n 0 @n)(a) = bc(a)ll = (P ot opn)(a) — (P obp)(a)]
< [[(¥n 0 @n)(a) = Op(a)[| = 0

in the limit over n. The inequality follows from the fact that & is
contractive. Therefore, the map 6o =0 : A — C is a nuclear map. O

Theorem 3.5.12. Let A and B be C*-algebras and 0 : A — B be a nuclear
map. Let C' C B be a C*-subalgebra satisfying the following two properties:

1. The image 0(A) C C.

2. There exist a net of c.c.p maps ®,, : B — C such that if c € C then
|Pnlc(c) —ido(c)|| = [|Pn(c) — c|| = 0 in the limit over n.

Then, 0 : A — C' is also a nuclear map.

Proof. Assume that A and B are C*-algebras. Assume that §: A — B is a
nuclear map. Assume that C' is a C*-subalgebra of B. Assume that

0(A) C C and there exist a net of c.c.p maps ®,, : B — C such that if c € C
then

[Pnlc(c) —ido(c)]] = |@n(e) — ¢l = 0

in the limit over n.
Since 6 is a nuclear map then there exist c.c.p maps
©On A= M (C) and Uy Myn)(C) — B
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such that if a € A then ||(¢y, 0 ¢n)(a) — 6(a)|| — 0 in the limit over n. Now
since ®,, and ,, are c.c.p maps then the composites

d,, o '(ﬁn : Mk(n)((C) — C

are also c.c.p maps. Let 6 be the map 6 : A — C' and g be the map
0:A— B. If a € Athen

[(®r 0¥y 0 @n)(a) — bc(a)|| < [[(Pn o thn 0 @n)(a) = (Pnobp)(a)
+[[(®n 0 05)(a) — Oc(a)|
< |[(¥n 0 pn)(a) = Op(a)|| + [[(®5 0 O5)(a) — Oc(a)|
= [|(¥n 0 n)(a) = Op(a)|| + [|(Py 0 05)(a) — O5(a)|
— 0

in the limit over n. The second inequality follows from the fact that ®,, is
contractive. The final equality follows from the fact that 6(A) C C.
Therefore, the map 0 =60 : A — C is a nuclear map as required. O

The final result of this section concerns nuclear maps from quotient
C*-algebras. It requires the following definition.

Definition 3.5.4. Let A be a unital C*-algebra and

0 y B sy A —— (C > 0

be a short exact sequence of C*-algebras. We say that the short exact
sequence is locally split if for each finite dimensional operator system
E C C, there exists a u.c.p (unital completely positive) map o : £ — A
such that mo o = idg.

In order to state the next theorem properly, we need to make a
construction. Let A and B be unital C*-algebras and 6 : A — B be a unital
nuclear map. Suppose that there exists a closed two-sided ideal J such that
0|; = 0. Define the map

0: A/J — B

a+J — 0(a) (3:5)

Since 0|; = 0 then 0 is a well-defined linear map. Note that 0 is unital
because 0(14 + J) = 0(14) = 1p. To see that 0 is completely positive,
assume that n € Z-q and let 6, : M, (A/J) — M,(B) be the inflation of 6.
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Let X € M,,(A/J) be positive. Then, there exists Y € M, (A/J) such that
X =Y*Y. Let Y = (y;; + J). Then,

0n(X) = én(Y*Y) = én((z Yrilkj + J))

k=1

= (00 vrury))

which is a positive matrix in M, (B). Thus, the linear map 6 in equation

(3.5) is a well-defined u.c.p map.

The last theorem we will prove in this section gives criteria for the map in
equation (3.5)) to be nuclear.

Theorem 3.5.13. Let A and B be unital C*-algebras and 6 : A — B be a
unital nuclear map. Suppose that there exists a closed two-sided ideal J
such that 0|; = 0. Let m: A — A/J be the projection map. If the short
exact sequence

0 > —— A —T— A/J —— 0

is locally split then the u.c.p map 0 : A/J — B in equation (3.5)) is a
nuclear map.

Proof. Assume that A and B are unital C*-algebras. Assume that
0 : A — B is a unital nuclear map and that there exists a closed two-sided
ideal J such that 0|, = 0. Assume that the short exact sequence

0 » J —— A —"— A/J —— 0

is locally split. Note that since A is unital then A/J is also a unital
C*-algebra with unit given by 14 + J.

We will use Theorem M to prove that 6 is nuclear. Assume that

F C A/J is a finite subset of A/J and € € Ry(. Let Er be the finite
dimensional C*-algebra generated by the finite set {14 + J} U F.. Note that
Er is a finite dimensional operator system. Since the short exact sequence
above is locally split then there exists a u.c.p map o : Ep — A such that
moo =idg,.
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We know that [|o|| = ||o(14 + J)|| = 1 by [Pau02, Corollary 2.9]. We

emphasise that we can apply [Pau02, Corollary 2.9] because Er is a unital
C*-algebra by construction. This means that o is a c.c.p map. The image
o(F') is a finite subset of A. Since 6 is nuclear then there exist c.c.p maps

p:A— M,(C) and ¢ :M,(C)— B
such that if @ € o(F) then

(¥ o p)(a) —O(a)]| <e
The composite p oo : Ep — M,(C) is a c.c.p map. By Arveson’s extension

theorem (see Theorem [3.3.7)), there exists a c.c.p map p: A/J — M,(C)
such that p|g, = poo. Soif f+ J € F then

I op)(f + ) = 0(f + Dl = (@ owoo)(f+J)—0(f)l
<[[@op)a(f+J))=b(c(f+I)I
+H0(a(f + 1)) = 0.

Notice that

m(o(f+J)=f)=(@oo)(f+J) = (f+]) =0+

because 7 o 0 = idg,. This means that o(f + J) — f € J. Using the fact
that 6|; = 0, we find that

I op)(f +J) =0(f + DI < (W op)(a(f + ) = bla(f+ )] <e.
By Theorem , 0 is a nuclear map. O

3.6 Extensions of c.c.p maps

As stated in [BOOS|, Section 2.2], many arguments involving c.c.p maps are
easier in the presence of unital C*-algebras. This sections contains results
pertaining to extensions of completely positive maps which involve unital
C*-algebras.

Recall from Theorem [3.2.2] (which is [BO08|, Theorem 1.4.1]) that the
enveloping von Neumann algebra of a C*-algebra is isometrically isomorphic
(as a Banach space) to the double dual of the C*-algebra. We will make
liberal use of this identification in the following extension theorem.
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Theorem 3.6.1. Let A and B be C*-algebras. Assume that A is not unital
and that B is unital. Let ¢ : A — B be a c.c.p map. Then, there exists a
linear map

QO A — B
a+Al; — ¢la)+ Mg

defined on the unitization A such that ¢ is a u.c.p map and Pla = .

Proof. Assume that A is a non-unital C*-algebra and that B is a unital
C*-algebra. Assume that ¢ : A — B is a c.c.p map. It is easy to see that
the map ¢ defined as above is a linear map. The map ¢ is unital because

P(12) = ¢(0) +1p = 13.
Also, if a € A then ¢(a) = p(a) + 01 = p(a).

It remains to show that ¢ is a completely positive map. The idea behind
the proof is to consider the double adjoint map ¢** : A* — B**.

To show: (a) The map ¢** is positive.

(a) Here, we identify the double duals A** and B** with the enveloping von
Neumann algebras of A and B respectively. Assume that o € A* is
positive. By Theorem [2.5.10, Theorem and Theorem the
enveloping von Neumann algebra A** is the weak closure of A (more
accurately, the image of A under its universal representation, but this is
isomorphic to A as a C*-algebra). Thus, there exists a net {a;}icr of
positive elements in A which converges to « in the weak-* topology on A**.

Now assume that § € B* is a positive linear functional. We compute
directly that

" (0)(8) = a(¢"(8)) = limay(e*(5)
= lim " (9) (@)
= lim B(p(a;)) = 0.
In the first and last equalites, we used the definition of the adjoint map.

The inequality follows from the fact that 5 and ¢ are positive maps. Thus,
@** is a positive map.
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Now we claim that ¢** is a completely positive map. If n € Z- then let

(@™ )n + M (A™) — M,(B™)

be the inflation of ¢**. To see that (¢**), is positive, we will use the fact
that if C' is an arbitrary C*-algebra and n € Z- then

M, (C*) = (M,(C))*. Under this isomorphism, the linear map (¢**),
becomes

(pn)™ = My (A)™ — M, (B)™
which by part (a) is positive. Since n € Z~, was arbitrary then ¢** is

completely positive.

Now, identify the unitization A with A + C14.- € A* by sending )
a+ Al ;€ Atoa+ Ala~. Hence, we can consider ¢** as a map on A. Now
we will show that ¢ is completely positive.

To show: (b) ¢ is a completely positive map.

(b) Assume that n € Zsq and (a;; + Aij1a+) € M,(A) be a positive
element. Then,

S5n((aij + )\ile**)) = (p(aij) + Alp).

Since the map ¢** is completely positive then it suffices to show that

@n((azj + )\ile**)) 2 (QO**)TL((CLZJ —|- )\ile**))~
We compute directly that

(@ + AgLa)) — (™) ((ag) + Aijla)
= (¢(aij) + Xijle) — (@(ay) + Aij@™ (Lax=))
e ()\ij(lB — cp**(lA**))
= (\ylp) diag((1p — ¢ (La-)).

To be clear, diag((1g — ¢**(1a=)) € M,(B**) is the diagonal matrix whose
diagonal entries are all 15 — ¢**(14+-) € B**. Since (a;; + Aij1a+-) > 0 and

M, (C) is a quotient of M, (A) then (X\;;15) > 0. Furthermore, the positive
matrix (\;15) commutes with the scalar matrix diag((1s — @™ (1a++)).

To see that diag((1p — ¢ (1a+)) > 0, note that
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0 <™ (lam) = @™ (Law)1pe < [l@l1p~ < 15

because ¢ is a c.c.p map. Therefore, the product of matrices

(\ij1p) diag((1p — @™ (14+-))

is a product of commuting positive operators, which is again positive.
Therefore,

@n(((lij + )‘2]1A**)> Z (gp**)n((aw + )\ile**))
and @ : A — Bis a u.c.p map as required. O]

We observe that in Theorem the norm of ¢ is generally larger than
that of . In particular, we claim that ||@|| > ||¢|| if and only if ||¢|| < 1.

Assume that ||| < 1. The map $: A — B constructed in Theorem is
a u.c.p map between the unital C*-algebras A and B. By [Pau02, Corollary
2.9],

el = el = sl = 1.

Conversely, if ||@]| > ||| then ||¢|| < ||| = 1. We also note that if we
insist that ¢(14) = ||¢[|1p then the proof of Theorem [3.6.1] still works and
in addition, ||@|| = ||¢||. Usually, the fact that ¢ is a unital map is more
useful than forcing ||2]| = [|¢||-

Theorem 3.6.2. Let A and B be unital C*-algebras and ¢ : A — B be a
c.c.p map. Then, the map

o: AeC — B
a®A = pla) +A(lp = ¢(1a))

is a u.c.p map such that ¢4 = .

Proof. Assume that A and B are unital C*-algebras. Assume that
¢: A — Bisac.c.pmap. The map ¢ is by direct computation a unital
linear map satisfying @4 = ¢.

It remains to show that ¢ is completely positive. Using the fact that ¢ is a
c.c.p map, we have

©(1a) = (1)1 < |lplllp < 1p.
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This means that the linear map
p: C — B
A= AMlp —e(la))
is positive. Moreover, if n € Z-o and ()\;;) € M,,(C) is positive then

& (M) = (Nij(1s — (1)) = (\ylp)diag(lp — ¢(1a))-
Arguing in a similar manner to Theorem , we find that ¢, ((A\;)) is a

product of two commuting positive operators in M, (B), which is again
positive. Therefore, ¢ is completely positive.

Now, ¢ = ¢ + ¢ by definition. Since ¢ is the sum of two c.p maps, it must
also be completely positive. Thus, ¢ is a u.c.p map satisfying |4 = ¢. O

Next, we will show that extending c.c.p maps with Theorem preserves
nuclearity.

Theorem 3.6.3. Let A and B be C*-algebras and 6 : A — B be a nuclear
map.

1. If A is not unital and B is a unital C*-algebra then the u.c.p
extension of ¢ given in Theorem (3.6.1] is a nuclear map.

2. If A and B are both not unital then the unique unital extension

0: A — B is also a nuclear map.

Proof. Assume that A and B are C*-algebras and that #: A — B is a
nuclear map. Then, there exist c.c.p maps

©n, - A — Mk(n) (C) and @Dn : Mk(n)((:) — B
such that if a € A then

liml| (4 0 9u)(a) — B(a)]| = 0.

First assume that A is not unital and B is unital. Let 6 : A — B be the
u.c.p extension of 6 constructed in Theorem [3.6.1. By applying Theorem
to the c.c.p maps ¢,, we can extend them to u.c.p maps

On A Mk(n)(C) e C

where we regard My ,)(C) as a C*-subalgebra of Mj,(C) ® C. By [Pau02,
Corollary 2.9], ||#n]| = 1 and so, ¢, is a c.c.p map.
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By Theorem |3.6.2 we can extend each ,, to u.c.p maps

LG : Mk(n)((C) oC— B

By another application of [Pau02, Corollary 2.9], zzn is a c.c.p map. We
compute directly that if a € A and A € C then

(@0 gn)(a+ A1) = Bla+ ALy ~
< 19 © @) (@) = (@) + N (8 0 2) (1) = O(1)|
= (% 0 @u)(@) — (@) | + MlI15 — Lo
= (% 0 @0)(@) — B(a) | 0

in the limit over n. In the first equality above, we used the fact that the
maps ¢, o ¢, and # are unital. By Theorem |3.5.10, we find that 0 is a

nuclear map.

Next assume that both A and B are not unital. The unique unital

extension 0 : A — B is given by applying Theorem torof:A— B,
where ¢+ : B < B is the inclusion map, which is a c.c.p map. By a similar
argument to the proof of the first statement, we obtain unital c.c.p maps

D A Mk(n)(C) @ C.
By applying Theorem to the composite ¢ 0 ¥y, : M) (C) — B, we
obtain unital c.c.p maps

1/;71 : Mk(n)(C) e C — B
Hence, if a € A and )\ € C then

(a0 @n)(a+A15) = Oa+Alg)]

< [1($n © @) (@) = @)l + M[|($n 0 @) (17) — (L 1)
(Lo thn o wn)(a) = (Lo b)(a)| +[All[15 — 15l

< |[(¥n 0 @n)(a) = 0(a)l| = 0

By Theorem [3.5.10, we deduce that 6 is nuclear as required. O

Theorem [3.6.3] is commonly used to assume that C*-algebras are unital in
arguments involving nuclear maps. The next theorem allows us to further
reduce these arguments to the case of unital maps.
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Theorem 3.6.4. Let A be a unital C*-algebra and ¢ : A — M, (C) be a
completely positive map. Then, there exists a u.c.p map ¢ : A — M, (C)
such that if a € A then

. 1 - 1
¢la) = &(1a)2p(a)p(1a)?.

Proof. Assume that A is a unital C*-algebra and that ¢ : A — M, (C) is a
completely positive map. There are two cases to consider:

Case 1: ¢(14) € M,(C) is invertible.

If the matrix ¢(14) € M, (C) is invertible then we define the map ¢ by
p: A — M, (C)
a = o(la) 29(a)p(la)72.
Then, ¢ is a unital linear map such that if a € A then

P(a) = ¢(1a)2p(a)p(1a)?.
To see that ¢ is completely positive, assume that m € Z-, and
(a;j) € M,,(A). We compute directly that

[N

om((ai)) = (P(14)2@(ai)3(14)7) = diag(@(14)7)(G(ay))diag(P(14)?).

Hence, ¢,,,((a;;)) is positive by property 4 in Theorem [2.2.2, Therefore, ¢ is
a completely positive map.

Case 2: ¢(14) € M,(C) is not invertible.

We will apply the reasoning in the first case to deal with this case. Let P
be the projection operator onto ker $(14) C M,,(C). Let I,, € M,(C) be the
unit and P+ = I,, — P be the projection operator onto the orthogonal
complement (ker $(14))*.

To show: (a) If @ € A then ¢(a) = PLp(a) = @(a) P+,

(a) By Theorem it suffices to prove the assertion in the case where
a € A is positive. By the proof of Theorem if a € A is positive then
0 < a < ||a||14. By linearity, we may assume that ||a|| = 1 so that

0 <a < 14. Since ¢ is positive then 0 < @(a) < @(14).
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We will show that ker $(14) C ker ¢(a). We identify M, (C) with B(C").
Assume that & € ker p(14) € C" so that ¢(14)¢ = 0. By assumption,
&(14 — a) is a positive operator and consequently,

Since ¢(a) is a positive operator then (p(a)€, &) > 0 and consequently,
(#(a)¢, &) = 0.

Now define the map

F: C"xC"* — C
&p) = (Pla)d, p).

Then, F'is a sesquilinear form. By the polarization identity, we find that if
&, 1 € ker p(1,4) then

(P(a)s, m) = F(& 1)

3
1 . ) .
=1 D M FE+ g +itp)
k=0

3

*F(Bla) (€ +iFp), € +iFp) =0

1

4
k

because € + ¥ € ker p(14). Now if @ € C" and € € ker p(1,) then

0= (p(a)§, Pa) = (Pg(a)§, a)
since im P = ker ¢(14). Since aw € C" was arbitrary, we deduce that if
¢ € ker p(14) then Pp(a)é = 0 and subsequently, Pp(a)P = 0. In
particular,
P+p(a)P = ¢(a)P and P@(a) P+ = Py(a).
So if € € ker p(14) then PL@(a)é = @(a)é and
P(a)€ — p(a)PrE = P(a)PE = ¢(a)¢ € ker §(14)
However, ¢(a)¢ € (ker p(14))t because PL@(a)é = @(a)€. Therefore,

P(a)g € ker §(14) N (ker §(14)) " = {0}
and ker ¢(14) C ker ¢(a) as required.
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Using this fact, we now have

p(a) = p(a)P + p(a) P+ = p(a) P+
and by taking adjoints, ¢(a) = P+p(a).
The idea is that since ¢(a) = ¢(a) P+ = P+@(a) then we can think of @ as
a c.p map from A to PtM,(C)PL. By applying the proof of the first case,

we obtain a u.c.p map ¢; : A — PL M, (C)P* satisfying the statement of
the theorem. Note that ¢;(14) = P+,

Now let n: A — C be a state on A and define the map
p: A — M, (C)
a — ¢i(a) ®nla)P.

Since 7 is a state on the unital C*-algebra A then n(14) =1 and
consequently, ¢ is a unital linear map. It is straightforward to check that ¢
is completely positive and that if a € A then

p(a) = Pro(a)PH = ¢(14)2¢(a)p(14)7.
]

Now we will use Theorem to prove a characterisation of unital nuclear
maps.

Theorem 3.6.5. Let A and B be unital C*-algebras and 6 : A — B be a
unital nuclear map. Then, there exist u.c.p maps

©On A= My (C) and Uy Miny)(C) = B
such that if a € A then

1(¥n 0 @n)(a) = 0(a)]| = 0

mn the limit over n.

Proof. Assume that A and B are unital C*-algebras and that 6 : A — B is
a unital nuclear map. Then, there exist c.c.p maps

@n A — Mk(n)(C) and ¢n . Mk(n) ((C) — B
such that if @ € A then lim,||(¢y, o ¢,)(a) — 0(a)|| = 0.
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By Theorem [3.6.4] there exist u.c.p maps ¢, : A — Mj,)(C) such that if
a € A then

- - 1 - 1
Pn(a) = o(1a)2en(a)(1a)?.
The right u.c.p maps to replace the c.c.p maps 1, are trickier to describe.
First, we note that since @ is a nuclear map then

16(14) = (% 0 Ga)(La)]l = 118 = (dn © @) (1)l = 0
in the limit over n. This means that if n is sufficiently large then the
element

(@n 0 Pn)(1a)

is positive and invertible in B. So, we define

by = Un(@n(1a)) 2 € B and Y, = @n(14)? € My (C).

By the continuous functional calculus on (¢, o @, )(14), we have

~ _1
15 = bull = 115 — ¥n(@n(14)) 2] = 0
in the limit over n. Now define the map 1, by

Q/Jn: Mk(n)(C) — ~ B
T = bathn (Y TY,)b,.

Then, 1, is a u.c.p map (see the fourth statement of Theorem [2.2.2)). If
a € A then

(¥ 0 9a) (@) = 0(a)l| = (bt (Yagn(a)Ya)by — 0(a)]|
= [[batn((14)2 (@) @(14)2)by — O(a)|
= [|b4(¥n © @a) ()b, — O(a)|
||b (%O%)(a)bn—bn(ﬂ}no%)( )”
+Hba (@ 0 @u) (@) — (Wn © G0 (@)
+| (4 0 @a)(a) — B(a)
< bu(@n 0 @a)(@)llllbn = 18]
+H|bw = 1)l (B 0 Ga) (@)l + (B © G0)(a) — O(a)]

—0

in the limit over n. This completes the proof. O]
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Next, we provide two characterisations of unital weakly nuclear maps. Pay

particular attention to the conditions required for each characterisation to
hold.

Theorem 3.6.6. Let A be a unital C*-algebra and N be a von Neumann
algebra. Let 0 : A — N be a unital weakly nuclear map. Then, there exist
u.c.p maps

©n - A— Mk(n)((C) and ¢n : Mk(n) (C) — N

such that if a € A and n € N, is a normal linear functional then

1((¥n 0 @n)(a)) = n(6(a)).

Proof. Assume that A is a unital C*-algebra and N is a von Neumann
algebra. Assume that 6 : A — N is a unital weakly nuclear map so that
there exist c.c.p maps

(ﬁn A — Mk(n) ((C) and wn : Mk(n)((C) — N
such that if a € A then (¢, 0 @,)(a) converges to A(a) in the ultraweak
topology on N. By Theorem [3.6.4] there exist u.c.p maps
©n : A= Mpy(C) such that if a € A then
(tbn(a’> = @(114)5@”(@)@(114)5

Using the fact that 1/~1n and ¢, are contractive, positive maps, we have

0 < @n(la) < ||95n(1A)||1Mk(n)((C) < 1Mk(n)((c)'

and

Dn(@0(14)) < Gn(Lagyey©) < [ Gallly < L.

Furthermore, the net {(gﬁn © @n)(1a)}n converges in the ultraweak topology
on N to 6(14) = 1y because 6 is unital. So, if we define

by = 1y — Un(Bn(14))

then {b,}, is a net of positive operators which converges in the ultraweak
topology on N to 0.

Now let {p, }» be an arbitrary net of states on My,)(C) and define linear
maps 1, by
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Un : M) (C) — N 1 1
T = (Db 4 Un (@n(14)2 TG (14)2).

Firstly, v, is unital because

¢n(1Mk(n)(C)) =1- bn + (J)n o @n)(lA) = 1n.

Since v, is a sum of positive maps then ), is itself a positive map. To see
that 1, is completely positive, note that if m € Z-, and
7 = (Ty) € My (M (C)) then

(V)" (7) = (pa(Ty)) diag(bn) + (D)™ ((20(14)2 Tijon(14)?))

which is the sum of two positive elements in M,,(N) and is hence positive.
Here, we used the fact that the states p, are positive linear functionals by
definition and are thus, completely positive by Example [3.1.2l So, v, is a

u.c.p map.

Now if n € N, is a normal linear functional and a € A then

[N

1((¥n © a) (@) = 7(pn(20(@))bn + P (Gn(14)20n(a) Pn(14)?))

= pn(pn(a))n(b >+77((wn090n)( )
= Pulpn(a))0 +n(b(a)) = n(f(a))

in the limit over n. Therefore, if a € A then the net {(¢,, 0 v,)(a)}n
converges ultraweakly to 6, which completes the proof. O

Theorem 3.6.7. Let M and N be von Neumann algebras and 6 : M — N
be a unital weakly nuclear map. Then, there exist normal u.c.p maps

such that if a € A and n € N, is a normal linear functional then

N((¥n 0 @n)(a)) = n(0(a)).

Proof. Assume that M and N are von Neumann algebras. Assume that

0 : M — N is a unital weakly nuclear map. Assume that € € Ry, F is a
finite subset of M and xy € N* is a finite set of normal linear functionals on
N.

440



By Theorem [3.6.6] there exist u.c.p maps ¢ : M — M,,(C) and
¥ M,(C) — N such that if m € F and n € x then

[n(0(m)) —n((¥ o @)(m))| <e

By construction, ¢ is a normal map. It remains to replace ¢ with a normal
u.c.p map. We turn to [BOOS, Corollary 1.6.3] (which is a consequence of
Arveson’s extension theorem) to obtain a net of normal u.c.p maps {©x}rea
such that if m € M then

Lim|px(m) = o(m)]| = 0.
Select € A such that if m € M then

€

lpu(m) = dm)|| < g——
g 2maxpey 7]

By replacing ¢ with the normal u.c.p map ¢, and using a standard e
argument, we are done. O]

3.7 Nuclearity and exactness via c.c.p maps

Now we are ready to examine nuclear C*-algebras from the point of view of
nuclear maps.

Definition 3.7.1. Let A be a C*-algebra. We say that A is nuclear if the
identity map id4 : A — A is a nuclear map.

We say that A is exact if there exists a faithful representation (w, H) such
that the *-homomorphism 7 : A — B(H) is a nuclear map.

The notion of a nuclear C*-algebra adapts in a straightforward manner to
the context of von Neumann algebras.

Definition 3.7.2. Let M be a von Neumann algebra. We say that M is
semidiscrete if the identity map idy; : M — M is weakly nuclear.

The notion of an exact C*-algebra does not generalise to von Neumann
algebras in the most straightforward way. Indeed, if we say that a von
Neumann algebra M is exact if there exists a faithful representation (w, H)
such that 7 : A — B(H) is a weakly nuclear map then M is a strongly
closed *-subalgebra of B(H) for some Hilbert space H and subsequently by
Theorem [3.5.3] every von Neumann algebra is exact. Generalising the

441



notion of an exact C*-algebra to von Neumann algebras is a delicate topic
which is treated in [BOOS|, Chapter 14].

Nuclear C*-algebras are sometimes called amenable or alternatively, are
said to have the completely positive approximation property. The
completely positive approximation property refers to the diagrammatic
descriptions of nuclear and exact C*-algebras which we state below.

A C*-algebra A is nuclear if there exist c.c.p maps ¢, : A = M, (C) and
Yy Myn)(C) — A such that the following diagram approximately
commutes:

A ida s A

M) (C)

A C*-algebra A is exact if there exist a faithful representation (w, H) and
c.c.p maps ¢, : A = M) (C) and v, : My,)(C) — B(H) such that the
following diagram approximately commutes:

Exact C*-algebras are sometimes called nuclearly embeddable. This is due
to the following simple result on exact C*-algebras.

Theorem 3.7.1. Let A be a C*-algebra. Then, A is exact if and only if
there exists a C*-algebra B and an injective nuclear map ¢ : A — B.

Proof. Assume that A is a C*-algebra. First assume that A is an exact
C*-algebra. Then, there exists a faithful representation (7, H) of A such
that 7 : A — B(H) is a nuclear map. Thus, 7 is an injective nuclear map
from A into the C*-algebra B(H).

Conversely, assume that there exists a C*-algebra B and an injective
nuclear map ¢ : A — B. Let (m,, H,) be the universal representation of B
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which is faithful. Then, m, : B — B(H,) is an injective *-homomorphism
and by Theorem m, (my, o, H,) is a representation of A such that the
composite m, o ¢ is a nuclear map. So, A is an exact C*-algebra as
required. ]

The next basic result on nuclear and exact C*-algebra addresses the issue
that the nuclearity of a linear map depends on its range.

Theorem 3.7.2. Let A be a C*-algebra and (m, H) be a faithful
representation of A. Then,

1. A is a nuclear C*-algebra if and only if the linear map m: A — w(A)
15 nuclear.

2. A is an exact C*-algebra if and only if the linear map w: A — B(H)
s nuclear.

3. If A is a nuclear C*-algebra then A is an exact C*-algebra.

Proof. Assume that A is a C*-algebra and that (7, H) is a faithful
representation of A. First, assume that A is a nuclear C*-algebra. Then,
the identity map id4 : A — A is a nuclear map. The linear map

m: A — m(A) is a c.c.p map because it is an isometric *-homomorphism.
By Theorem [3.5.5] the map m = 7 o id4 from A to 7(A) is a nuclear map.

Conversely, assume that 7 : A — w(A) is a nuclear map. The inverse map
7t 7(A) = Ais a *homomorphism and is thus, a c.c.p map itself. By
Theorem , idy = 7! o7 is a nuclear map and consequently, A is a
nuclear C*-algebra.

The second statement follows immediately from the definition of an exact
C*-algebra. For the third statement, assume that A is a nuclear
C*-algebra. By the first statement of the theorem, the linear map

m: A — m(A) is a nuclear map. Now the inclusion map ¢ : 7(A) — B(H) is
a *-homomorphism and is thus, a c.c.p map. By Theorem [3.5.5] the map
m: A — B(H) is a nuclear map. By the second statement of the theorem,
A is an exact C*-algebra. ]

In general, an exact C*-algebra is not nuclear. In the particular case of
separable factors, the notion of semidiscreteness for von Neumann algebras
happens to be equivalent to a plethora of other conditions, such as
injectivity and hyperfiniteness. This is due to a fundamental theorem by
Connes, which has important consequences for nuclear and exact
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C*-algebras. For instance, one such consequence is [BO0OS, Theorem 9.3.3]
which states that an injective von Neumann algebra is semidiscrete. We
recall the notion of an injective von Neumann algebra from Theorem |3.3.8|.

The notions of semidiscreteness and nuclearity are connected by the
following main result of [BOOS, Section 2.3].

Theorem 3.7.3. Let A be a C*-algebra. If the double dual (or enveloping
von Neumann algebra of A) A*™ is semidiscrete then A is a nuclear
C*-algebra.

As usual, we require a few preliminary results for the proof of Theorem
[3.7.3] The first one concerns unitization.

Theorem 3.7.4. Let A be a non-unital C*-algebra. Let A be the
unitization of A.

1. A is a nuclear C*-algebra if and only if A is a nuclear C*-algebra.

2. A is an exact C*-algebra if and only if A is an ezact C*-algebra.

Proof. Assume that A is a non-unital C*-algebra and that A is its
unitization.

To show: (a) A is a nuclear C*-algebra if and only if A is a nuclear
C*-algebra.

(b) A is an exact C*-algebra if and only if A is an exact C*-algebra.

(a) Assume that A is nuclear. Then, the identity map id; on A is a nuclear
map and by Theorem W? ida = id ;|4 is a nuclear map. So, A is nuclear.

Conversely, assume that A is nuclear so that the identity map id4 on A is
nuclear. Then, there exist c.c.p maps

©n - A— Mk:(n) ((C) and ¢n : Mk(n)((C) — A
such that if a € A then lim,||(¢),, o ¢,)(a) — a]| = 0.

Regard M, ,)(C) as a C*-subalgebra of the direct sum Mj,)(C) & C. By

Theorem , there exist u.c.p maps ¢, : A— M) (C) & C such that
@nla = pn. Note that by [Pau02, Corollary 2.9], ¢, is contractive.
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Let ¢ : A < A be the inclusion map. Since ¢ is a *-homomorphism then ¢ is
a c.c.p map and the composite ¢ 0 ¥, : My,)(C) = Ais a c.c.p map. By
Theorem [3.6.2] there exist u.c.p maps

such that @Z’nle(n)(C) =1 0,.

Finally, if a € A and A € C then

(W © Bn)(a+A13) —a— A z] = (¥ 0 @n)(a) + (Pn © Ga)(AL 1) — a — AL4]|
= H(L 1y 0 %)(a) + /\1/1 —a— )‘1Al|
= [|(¢n 0 ¢n)(a) —al| =0

in the limit over n. By Theorem [3.5.10, we deduce that the identity map
idj; is a nuclear map. So, A is a nuclear C*-algebra.

(b) Assume that A is an exact C*-algebra. Then, there exists a faithful
representation (7, H) of A such that the *homomorphism 7 : A — B(H) is
a nuclear map. By Theorem [3.5.4] the representation (7|4, H) is faithful
and m|4 : A — B(H) is a nuclear map. Therefore, A is an exact C*-algebra.

Conversely, assume that A is an exact C*-algebra so that there exists a
faithful representation (7, H) such that the *-homomorphism

m: A — B(H) is nuclear. Without loss of generality, assume that (7, H) is
a non-degenerate representation of A. By Theorem [3.4.6] there exists a
unique *-homomorphism 7 : A — B(H) such that 7|4, = 7. We claim that
7 is injective.

To show: (ba) ker 7 = 0.

(ba) Assume that a € ker7@ C A. Then, 7(a) = 0 on B(H). This means
that if £ € H and b € A then

m(ab)§ = 7(a)(x(b)§) = 0.
Hence, if b € A then ab € ker 1 = 0. Consequently, a = 0 and 7 is an
injective *~homomorphism.

It remains to show that 7 : A — B(H) is nuclear. Assume that e € R, and
F is a finite subset of A. Let {uy} e be an approximate unit for A. By
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Theorem [2.3.4] the net {m(uy)}rea converges strongly to the identity
operator idy. So, there exists 1 € A such that if £ € H then

€ €

b—bull <5 and ¢ - (] <

3max.cr|c|

Subsequently, we have

€

e _ — < g ——
lids = ()] HS€1|E>1||§ ()l 3max.cr||c||

The set

Fu, ={bu, |be F} C A

is a finite subset of A (because A is an ideal in A). Since 7 is nuclear then
by Theorem [3.5.8] there exist n € Z~q and c.c.p maps

p: A— M,(C) and ¢ : M,(C) — B(H)
such that if b € F then

1% 0 @) (bup) — m(buy) || = [[ (¢ © ) (buy) = 7(b)7(uy)]| < %

because 7|4 = 7. By Arveson’s extension theorem in Theorem [3.3.7, there
exists a c.c.p map ¢ : A — M, (C) such that |4 = ¢. Therefore, if b € F
then

1(¥ 0 @)(b) = w0 < [[(¥ 0 @)(b) = (¢ 0 @) (buy)|| + [[(¢ 0 @) (buy,) — T (b)m (w,)|
Hw (o) () — 7 (®)]
< [[9 0 Glll[b = bupl| + (14 0 @) (buy,) = 7 (0)7 (w)|
HwO) |7 (w,) — idu|
< Ib = buy || + [[(4 0 ) (buy) = 7(b)m ()| + ([0l (uy) — id ]

By Theorem [3.5.8, we deduce that 7 : A — B(H) is a nuclear map. So, A is
an exact C*-algebra which completes the proof. n

The next theorem is an application of the Hahn-Banach extension theorem.

Theorem 3.7.5. Let A be a Banach space and B(A) be the Banach space
of bounded linear operators T : A — A. Let C' C B(A) be convex. Then, the
point-weak and point-norm closures of C' coincide.

446



Proof. Assume that A is a Banach space and B(A) is the Banach space of
bounded linear maps T : A — A. Assume that C is a convex subset of
B(A). We refer to the point-norm and point-weak topologies on C' as PN
and PW respectively.

To show: (a) o™,

(b) ot - oty

(a) Assume that 7" € o™, Then, there exists a net {7;};c; in C such that
if a € A then T;(a) — T'(a) in the limit over z' G I. If n € A* then

n(T;(a)) — n(T(a)). Hence, T € ™ ana ™ ca™",

(b) Assume that T € . Then, there exists a net {7}};c; in C such that
if a € A and n € A* then n(T;(a)) — n(T(a)) in the limit over i € I.
Assume that F = {ay,...,ar} € A is finite and € € R.g. We want to show
that there exists S € C' such that

S(a;) —T(aj)|| <e.
semax [|S(a;) = T(ay)] < e

To this end, consider the net

k
{Tio- o T} ¢ BEDA).

J=1

If je{1,2,...,k} thenlet ¢; : A — @?:1 A be the linear map

ti(a) =0® - ®ad®---DO.

In the above definition, the a appears in the j* direct summand. Now if
¢ € (@521 A)* then
ila) & @ Ti(ay)) — ¢(T(en) & -+ & T(ay))]

(T
Z (60 15)(Ti(ey)) — (¢ 0 1:)(T ()]

| A

IN
ol

(¢ 0 4;)(Ti(g)) — (¢ 04;)(T ()| =0

1

J
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in the limit over i. Here, we used the fact that if j € {1,2,...,k} then the
composite ¢ o 1; € A*. We conclude that the net {T; @ --- & T} }ier
converges in the point-weak topology to @le TeB (@le A). Now let

S={Ti(a1) ®--- @ Ti(ax) | i € I}.
Then,

T(ar) ®T(az) ® - & T(ax) EGBA

WO

. <sWo ——Wor .
is an element of the weak closure S C conv(S) . By the separation

version of the Hahn-Banach extension theorem,

com)(S)WOT = conv(S).

On the RHS, we have the norm closure of the convex hull conv(S).

Before we proceed, let us quickly highlight how this argument works.
Assume that X is a Banach space and that K is a weakly closed convex
subset of X. Since the weak operator topology on X is weaker than the
norm topology, K must be norm closed.

Conversely, assume that K is norm closed. Choose © € X\ K. The
singleton set {z} is convex and compact in the norm topology on X. By
the separation version of the Hahn-Banach theorem in [RS80, Theorem
V.4], there exists a continuous real-valued linear functional 7 : X — R and
t € R such that if y € K then

T(y) <t < 7(x).

The preimage 771((,00)) is a weakly open set which contains z and
satisfies 771((¢,00)) N K = (). It is weakly open because the weak operator
topology in the weakest topology which makes the functionals in X*
continuous. So, X\ K is weakly open and K is weakly closed. By arguing in

a similar manner to Theorem [2.5.11] we deduce that TR
Returning to the proof, we have

T(a1) ® - ®T(ag) € conv(S)
This means that there exists S € conv(S) such that
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|(T(ar)®--- & T(ar)) — S| <e
Since S € conv(S),

S=F(a)® - @ F(ay)
where I’ € conv({T; | i € I}) C C. Hence,

and T € GPN, which finishes the proof. O

Definition 3.7.3. Let A be a C*-algebra and 6 : A — A be a completely
positive map. We say that 6 is factorable if there exist n € Z-q and c.p
maps

p:A— M,(C) and  ¢: M,(C)— A
such that 6 = ¢ o . We call the triple (¢, ¢, M,,(C)) a factorisation of 6.

The point we will make in the next theorem is that the set of factorable
maps on a C*-algebra is convex.

Theorem 3.7.6. Let A be a C*-algebra and F be the set of factorable maps
on A. Then, F is a convex set.

Proof. Assume that A is a C*-algebra and that F is the set of factorable
maps on A. Assume that 6,60, € F and that if i € {1,2} then
(i, i, M, (C)) are the factorisations of 6;.

Assume that ¢t € (0,1). We want to show that t6; + (1 — )6, € F. To this
end, consider the maps

p1Dp2: A = My, (C)® M,,(C)
a = p1(a) ® pa(a)
and
¢: M, (C)e M,,(C) — A
XaY =t (X)) + (1 —6)e(Y).

Since @1, 9,11 and 1y are completely positive maps, ¢ @ w2 and ¢ are
completely positive maps too. Note that the composite

P o (p1 @ o) =0 + (1 —1)0s.
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However, M, (C) & M,,(C) is technically not a matrix algebra. We can
remedy this by arguing in a similar manner to Theorem |3.5.10] We have
the inclusion map

L Mm (C) D M”Q (C) - Mﬂ1+n2 (C>
X
XoY — ( Y)
and the conditional expectation
E: My 0, (C) — My, (C) & M,,(C)
Z = p1Z4pr+ paZps

where p; and psy are pairwise orthogonal projections such that

Mn1 (C) S¥ Mng ((C) = len1+n2 (C)pl + p2Mn1+n2 (C)pZ

Now observe that ¢ o (¢ @ ¢2) and ¢ o E are both completely positive maps
satisfying

poEoro(p D ps)=0do(p1®pr) =10+ (1—1)0;

because E is a conditional expectation. Therefore, t6; + (1 —t)f € F and
F is convex. O

We note that the proof above can be adapted to show that the set of
factorable maps with contractive factorisations is itself convex. We say that
a factorisation (¢, 1, M,(C)) of a c.p map € is contractive if ¢ and v are
both contractive.

We are now ready to prove Theorem [3.7.3

Proof of Theorem [3.7.3. First assume that A is a unital C*-algebra.
Assume that the double dual A** is semidiscrete. Let F' be a finite subset of
A and x be a finite subset of the dual space A* = (A**),. Assume that

We want to show that the identity map id4 : A — A is nuclear. Let CF be
the set of contractive factorable maps on A. The idea is that by the proof
of Theorem [3.7.6] CF is a convex subset of the Banach space B(A) of
bounded linear operators from A to A. By Theorem [3.7.5

PW  5=PN

cF —CF
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where PW and PN are the point-weak and point-norm topologies on CF
respectively. So in order to prove that id, is nuclear, it suffices to show that

1da € CF" because if 1day € CF™" then 1da € CF ™ and consequently,
there exists a contractive factorable map 6 : A — A such that if a € F' then
lla —0(a)|| < e.

Since 6 € CF, there exist c.c.p maps ¢ : A — M,(C) and ¢ : M,(C) — A
such that 6 = ¢ o . Hence if a € F then ||a — (¢ o ¢)(a)|| < € and by
Theorem [3.5.8], we will be done.

To show: (a) There exist c.c.p maps ¢ : A — M,(C) and ¢ : M, (C) — A
such that if @ € F' and n € x then

(o p)(a)) —nla)| <e

(a) Since A** is semidiscrete, the identity map id 4« is a unital weakly
nuclear map. By Theorem [3.6.6, there exist u.c.p maps

p: A" — M,(C) and ¢ : M,(C) —» A™
such that if a € F and n € x then

In((¢' 0 ¢)(a)) —nla)| <e

By [Pau02l, Corollary 2.9], ¢ and v’ are both contractive. The idea here is
to replace 1)’ suitably so that it takes values in A rather than in A**.

Recall from Theorem that the following map is bijective:

Cas» 1 CP(M,(C),A™) — M, (A™);
2 = (eleiy)).
Here, the set {e;; | 7,7 € {1,...,n}} are the matrix units of M, (C). We

also note that M, (A), is ultraweakly dense in M, (A**),. Using this with
the bijections Ca++ and C4, there exists a net of completely positive maps

{¥n : My (C) = A}rea

such that if X € M, (C) then (X ) — ¢/(X) in the ultraweak topology on
A**. Note that if A € A then the linear map 1, is not necessarily
contractive.

We observe that by construction, ¢’ and ¢ are unital maps. So, the net
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{a(1ar,(©) Frea

in A converges weakly to ¢'(1,(c)) = 14. Hence in the net {¢\}rea, we
can select a completely positive map ¢” : M, (C) — A such that if a € F
and 7 € x then

("o @)(a)) —nla)l <e and  [[¢"(Ly, ) — 1all <e
Now if X € M,,(C) then define

1
V(X)) = " (X).
19" (Lara ()l
Then, ¢ : M,,(C) — A is a completely positive map such that
12"l
[0l = 7 =
19" (Laz,, )|l

by [Pau02, Corollary 2.9]. So, it is contractive and if a € F' and n € £ then

(¢ 0 p)(a)) —nla) )Hn((@b”ow)(a)) —n(a)

= |
~liw
o 2)(@) ~ I (Las ) (@)

;‘
(Lo n
< ey (@ e 9)@) = n(e)

Hn(a) = 10" (Lasyi) In(a)])

! "op)(a)) —n(a
< ey (M@ 0 @) = (@)

Il (i) = Lalln(a) +n(a) = n(a)])

(14 |n(a)])
[gesyayln

This completes the proof in the unital case.

<€

For the general case, assume that A is a non-unital C*- algebra. By
Theorem “ A is nuclear if and only if its unitization A is also nuclear.
Note that we have the isomorphism
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To see why this is the case, assume that B is a C*-algebra and J is a closed
two-sided ideal of B. Then, J** is a weakly closed ideal of B** and by
Theorem [3.4.11] there exists a projection p € J** such that

pB** = B**p = J**. So, we have the isomorphism of C*-algebras

Hence, the isomorphism (A)** = A** @ C is obtained by replacing B with A
and J with A. So if A** is semidiscrete then (A)** is semidiscrete and
consequently, A and A are nuclear C*-algebras. This completes the proof
for the general case. [

Next, we will explore various properties of nuclear and exact C*-algebras
which are stated as exercises in [BO0S| Exercise 2.3.1 - Exercise 2.3.15].
First, we will show that a hereditary C*-subalgebra of a nuclear C*-algebra
is again nuclear. In particular, this means that any closed two-sided ideal of
a nuclear C*-algebra is itself nuclear.

We have already used the fact that a closed two-sided ideal of a C*-algebra
is a hereditary C*-subalgebra in Theorem [2.4.17|— this is [Mur90),
Corollary 3.2.3]. Let us return to [Mur90] briefly and prove this fact.

Theorem 3.7.7. Let A be a C*-algebra. Then, the map

F: {Closed left ideals in A} — {Hereditary C*-subalgebras of A}
1 — Inr

is a bijection. In particular, if Iy and Is are closed left ideals of A then
L CLyifand only of LN I C IL,NI;.

Proof. Assume that A is a C*-algebra. Assume that F' is the map defined
as above.

To show: (a) If I is a closed left ideal of A then F(I) =1N1I*is a
hereditary C*-subalgebra of A.

(b) F'is a bijection.
(a) Assume that [ is a closed left ideal of A. Then, F'(I) =1NI*is a
C*-subalgebra of A. To see that F'(I) is hereditary, assume that a € A™,

be (INI*)* and a < b. By Theorem [2.3.3] there exists an approximate
unit {u}rea in the closed unit ball of I*. By property 4 of Theorem [2.2.2]
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0<(1z—una(lz—uy) <(1z—uxn)b(lz—uy).

In order to show that a € I N I*, we will show that az € INI*. We have

i— )l (by Theorem [2.2.5)

in the limit over A. Therefore, az = lim,, azu » and since [ is closed then

a2 € I. Therefore, a is a positive (and thus self-adjoint) element of I and

a € I N I*. Therefore, I N I* is a hereditary C*-subalgebra. This shows that
the map F' is well-defined.

(b) To see that F' is injective, we will show that if [; and I, are closed left
ideals of A then I; C I if and only if F'(I;) C F(I3). The “only if”
direction of the statement is immediate. To obtain the reverse implication,
assume that F'(I;) C F(I;) and a € I;. Let {v,},enm be an approximate
unit for I; N I. Since a*a € I} N I} then

lim[|a — av,||* = lim|| (15 — v,)a"a(1; — v,)|| < lim[la*a(lz — v.)[| = 0.
7 % %
So a = lim, av, and since I N I{ C I, then a € I5. So, I; C I,.

Now observe that if I; NI} = F(I;) = F(Iy) = I N I; then by the preceding
statement, Iy = I,. So, F'is injective.

To see that F'is surjective, assume that B is a hereditary C*-subalgebra of
A. Define

L(B)={a€ A|a"a € B}.

Then, L(B) is closed under scalar multiplication. To see that L(B) is closed
under left multiplication by A, assume that a € A and b € L(B). Then,

0 < (ab)*ab = b*a*ab < ||a|*b*b € B.

Since B is a hereditary C*-subalgebra then (ab)*ab € B and consequently,
ab € L(B). Now assume that by, by € L(B). Then,
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0 < (b1+b2)*(b14ba) < (b1+bo)*(by+b2)+(b1—bs)* (b1 —ba) = 2b7b1+2b3b2 € B.

Therefore, by + by € L(B) and consequently, L(B) is a left ideal of A. It is
closed because B is closed.

It remains to show that F(L(B)) = L(B) N L(B)* = B. Assume that
b€ B. Then, b*b € B. So, b € L(B). Similarly, b* € L(B) and
subsequently, b € L(B) N L(B)*. So, B C L(B) N L(B)*. Conversely,
assume that ¢ € L(B) N L(B)*. Write ¢ = ¢; + ica where

¢ :%(c—l—c*) and 02:%(0—0*).
Then, ¢; and ¢y are self-adjoint elements of L(B) N L(B)*. If ¢ € {1,2} then
write ¢; = f(c;) — g(¢;) where f,g € Cts(o(c;),C) are defined by

f(z) = max(z,0) and g(x) = max(—zx,0).

By Theorem [1.6.10, f(¢;) and g(c;) are elements of the C*-subalgebra
generated by ¢;. Hence, they are positive elements of L(B) N L(B)*.

So, ¢ € L(B) N L(B)* can be written as a linear combination of four
positive elements in L(B) N L(B)*. Hence, we can assume without loss of
generality that ¢ € L(B) N L(B)* is positive. Then, ¢*c = ¢* € B and by the
continuous functional calculus in Theorem , c= (02)% € B. So,

F(L(B))=L(B)NL(B)"=B
and F' is surjective. We conclude that F' is a bijection as required. O

Using the bijection F'in Theorem [3.7.7] we obtain

Theorem 3.7.8. Let A be a C*-algebra and I C A be a closed two-sided
ideal of A. Then, I is a hereditary C*-algebra.

Proof. Assume that A is a C*-algebra and I C A is a closed two-sided ideal
of A. Let F be the bijection in Theorem [3.7.7 Then, F(I) =INI*isa
hereditary C*-subalgebra of A. But by Theorem [1.8.4] I = I*. So,
INI*=11is a hereditary C*-subalgebra of A. O

Now we are ready to prove that hereditary C*-subalgebras of nuclear
C*-algebras are themselves nuclear.
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Theorem 3.7.9. Let A be a nuclear C*-algebra and B C A be a hereditary
C*-subalgebra of A. Then, B is a nuclear C*-algebra. In particular, if I is
a closed two-sided ideal of A then I is a nuclear C*-algebra.

Proof. Assume that A is a nuclear C*-algebra and that B C A is a
hereditary C*-subalgebra of A. The idea behind the proof is to make use of

Theorem B.5.121

Since A is a nuclear C*-algebra then the identity map idy: A — A is a
nuclear map. Let ¢ : B < A denote the inclusion map. Then, ¢ is a c.c.p
map and by Theorem [3.5.5, ¢ = id4 o ¢ is itself a nuclear map. Note that
1(B) = B.

Let {ux}xea be an approximate unit for B. If A € A then define the map

D, : A — B
a > U aAU).

To show: (a) If A € A then ®, is well-defined.
(b) ®, is a c.c.p map.

(a) Assume that a € A. By a similar argument outlined in Theorem [3.7.7]
we may assume without loss of generality that a € A is positive. Then,

0 < unauy < |lal|ui = ||a||us € B.
Since B is a hereditary C*-subalgebra then uyauy € B and ®, is a
well-defined linear map.

(b) To see that ®, is contractive, note that

1Al = Sup [uraux]| < Sup lux*[lall = 1.
al|=1 al|=1
To see that @, is completely positive, assume that n € Z~, and
(a;;) € M,(A) is positive. Then,
O ((ai7)) = (wrazun) = diag(uy) (ai;) diag(uy).
By property 4 of Theorem m, @(An)((aij)) is a positive matrix in M, (B)

and consequently, ®, is a c.c.p map.

Now observe that if b € B then
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[PA(b) = 0| = [lurbuy — b]]
< [lual[[lbux = bl + [Juxb =0
< ||blL)\ — b” + ||u,\b — b” —0

in the limit over A. Thus by Theorem [3.5.12] the map ¢+ : B — Bis a
nuclear map. But, this is just the identity map idg. Therefore, B is a
nuclear C*-algebra as required. O

On the topic of subalgebras, it is quite easy to see that a C*-subalgebra of
an exact C*-algebra is again exact.

Theorem 3.7.10. Let A be an exact C*-algebra and B C A be a
C*-subalgebra of A. Then, B is also an exact C*-algebra.

Proof. Assume that A is an exact C*-algebra and B is a C*-subalgebra of
A. Since A is exact then there exists a faithful representation (7, H) of A
such that the *-homomorphism 7 : A — B(H) is a nuclear map.

Let ¢ : B < A be the inclusion map. Then, ¢ is a c.c.p map and by
Theorem [3.5.5] (7 o ¢, H) is a faithful representation of B such that
mov: B — B(H) is a nuclear map. So, B is exact. O

Although exactness passes to C*-subalgebras as exhibited by Theorem
[3.7.10], the same cannot be said for nuclearity. The above proof breaks
down because by Theorem [3.7.2) A is a nuclear C*-algebra if and only if
there exists a faithful representation (7, H) of A such that 7: A — 7(A) is
a nuclear map. The most one can say is that the composite

mot: B — w(A) is a nuclear map, which is not enough to conclude that the
C*-subalgebra B of A is nuclear via Theorem [.7.2] In general, a

C*-subalgebra of a nuclear C*-algebra is not nuclear.

As explained in [BOO0S8, Section 2.3], one of the main advantages of the class
of exact C*-algebras is that they are defined by an external approximation
property. If A is an exact C*-algebra then there exist a faithful
representation (7, H) and c.c.p maps

©np - A— Mk(n)(C) and wn : Mk(n)((C) — B(H)

such that if @ € A then lim,||(¢, o ¢,)(a) — 7(a)|| = 0. The external
approximation property means that the c.c.p maps 1, take values in B(H),
which is outside of the image 7(A). The external approximation property is
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simpler to verify in certain cases, with one instance of this phenomenon
appearing in the recent proof of Theorem |[3.7.10]

We will give another example of this by completing [BO0S, Exercise 2.3.10].
First, we need the preliminary result outlined in [BO0S8, Exercise 2.3.9].

Theorem 3.7.11. Let H be a Hilbert space and A C B(H) be a concretely
represented exact C*-algebra. Then, there exist c¢.c.p maps

©n - A— Mk(n) ((C) and Q/Jn : Mk(n) (C) — B(H)
such that if a € A then

lin|| (6 © ) (a) — af] = 0.

Proof. Assume that H is a Hilbert space and A C B(H) is a concretely
represented exact C*-algebra. Then, there exists a faithful representation
(m, K) of A such that the *-homomorphism 7 : A — B(K) is a nuclear map.

Now define the map ¢ by

v: w(A) — B(H)
w(a) — a

Then, ¢ is a *~homomorphism and is thus, a c.c.p map. By Arveson’s
extension theorem in Theorem there exists a c.c.p map
i: B(K)— B(H) such that 7] = ¢.

The composite 7o : A — B(H) is a nuclear map by Theorem [3.5.5] So,

there exist c.c.p maps

©np - A— Mk(n)(C) and wn : Mk(n)((C) — B(H)
such that if a € A then

limn|| (4 © ) (@) — (70 m)(@) | = lim]| (4 0 90} (@) — af] =0

Now we state and prove [BOOS, Exercise 2.3.10], which is a “local”
formuation of exactness.
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Theorem 3.7.12. Let H be a Hilbert space and A C B(H) be a concretely
represented C*-algebra which satisfies the following property: If F C A is a
finite set and € € R~ then there exists an exact C*-algebra B C B(H) such
that if f € F then there exists b € B such that

b= fl <e

Then, A is also an exact C*-algebra.

Proof. Assume that H is a Hilbert space and A C B(H) is a concretely
represented C*-algebra which satisfies the property described as above. Let
t: A< B(H) be the inclusion map. Then, (¢, H) is a faithful
representation of A. We must show that ¢ is a nuclear map.

To this end, assume that F' C A is a finite set and € € R.y. Then, there
exists an exact C*-algebra B C B(H) such that if f € F' then there exists
b € B such that [|b— f[| < 3.

By Theorem [3.7.11], there exist c.c.p maps

©n - B — Mk(n)(C) and Q/J : Mk(n)((C) — B(H)
such that if b € B then

(6, 0 ) (8) — bl = .
Thus, there exist c.c.p maps ¢ : B — M,,(C) and ¢ : M,,(C) — B(H) such
that if b € B then
€
I o g)(6) bl < <.

By Arveson’s extension theorem in Theorem [3.3.7] we can extend ¢ to a
cepmap ¢ : B(H) = M, (C). Now if f € F then let by € B satisfy
lby — f]l < €/3. Then,

1e(f) = W o @la) (DIl = (¥ o 2la)(f) = £
< |[[(o@la)(f) = (o @) o)l + (¢ o 2l5)(bs) = byl

+bos = £
= 1o @)(f) = (Lo @)(bp)ll + I+ 0 ) (bys) = byl
+ [loy = £
< 2[[by = fll + (I 0 ) (by) = byl
< %%— § =
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By Theorem [3.5.8] the map ¢ : A — B(H) is a nuclear map. Therefore, A is
an exact C*-algebra as required. O

A similar result to Theorem [3.7.12 holds for nuclear C*-algebras.

Theorem 3.7.13. Let A be a C*-algebra which satisfies the following
property: If ' C A is a finite set and € € R~y then there exists a nuclear
C*-subalgebra B C A such that if f € F then there exists b € B such that

b= fll <e

Then, A is also a nuclear C*-algebra.

Proof. Assume that A is a C*-algebra which satisfied the local property
described in the statement of the theorem. Assume that F' C A is finite and
that € € R.y. Then, there exists a nuclear C*-subalgebra B C A such that
if f € F then there exists b € B such that || f —b[| < 3.

Since B is a nuclear C*-algebra then the identity map idp is a nuclear map.
Using a similar argument to Theorem [3.7.12 we find that there exist c.c.p
maps ¢ : B — M,,,(C) and ¢ : M,,(C) — B such that if b € B then

I o p)®) - bl < 3.

By Arveson’s extension theorem in Theorem [3.3.7] we can extend the c.c.p
map ¢ : B — M,,(C) to a c.c.pmap ¢ : A — M,,(C). Now if f € F then
let by € B satisty ||by — f|| < €/3. Then,

1f = @o@)( Nl =I(od)(f)— fl
< [N@o@)(f) — (b o@)(bp)ll + [[(¥ o )(by) — by
+l[oy —
<o llllby = fIl + (Lo @)(by) = bsll + by — [
<2[[by — fll + [[(¥ o ©)(by) — byl

2¢ €

< - =e
3 T3¢
By Theorem [3.5.8] the identity map id4 is a nuclear map. Thus, A is a
nuclear C*-algebra as required. O]

One major consequence of Theorem is that under the right
circumstance, the direct limit of a direct sequence of nuclear C*-algebras is
again nuclear.
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Theorem 3.7.14. Let {(A,, pn) }nez., be a direct sequence of C*-algebras.
Let lim A,, be its direct limit. Assume that if n € Z~q then A, is a nuclear
C*-algebra and the *-homomorphism ¢, : A, — Ani1 is injective. Then,
@An is also a nuclear C*-algebra.

Proof. Assume that {(A,, ¢n)tnez-, is a direct sequence of C*-algebras.
Assume that if n € Z-( then A, is a nuclear C*-algebra and ¢,, is an
injective *~homomorphism. Assume that li lﬂAn is the direct limit of the

direct sequence {(A,, ¥n) tnezoy-

Recall that

HA —{ann€Z>OEHA

and that we have the canonical map

There exists N € Z~q such that}
apr1 = pelag) for £ > N

v TI2/A — lim A,
(@n)nezso = (an)nezso + 17 ({0).

The C*-seminorm p is given by

p: Ihe'An — R>o
(an)nGZ 0 — hmn%ooHanH
>

If n € Z~( then we also have the natural map ¢", which is the
*_homomorphism

e A, — h_l’l;lAn
a = (@ (a))=1((0,...,0,a, pn(a), Pnnia(a),...)).

To show: (a) If n € Z-( then ¢" is an injective *-homomorphism.

(a) Assume that n € Z-y and a € ker ¢™ so that

L((O, 0,0, 00(a), Onniala), ... )) =0
in hgl A,. By construction of the direct limit liﬂAn7 this means that
p((0,...,0,a,pn(a), Spn,n+2(a)a L)) = nyg;”‘ﬂn,n-&-m(a)” =0.

Recall that if & € Z~( then ¢y, is an injective *~homomorphism and thus
isometric by Theorem [1.6.4. Hence,

lim (o nim(a)] = lim fla]
m—o0 m—o0
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and subsequently we have a = 0. Thus, ©" is an injective *~homomorphism.

Now we will show that lim A,, is a nuclear C*-algebra. Assume that
F C ligAn is a finite set and € € R.,. Recall that

U #m(4,) = lim 4,.

Hence if f € F then there exists by € | J -, ¢"(A,) such that ||by — f|| <.
Since the sequence of nuclear C*-algebras {¢"(A,) }nez., is increasing (with
respect to inclusion) then there exists ¢ € Z, such that if f € F' then

by € ¢*(Ap). By assumption ¢f(Ay) is a nuclear C*-subalgebra of hﬂAn.
By Theorem , we deduce that liﬂAn is nuclear as required. O

Here are some more characterisations of nuclearity and exactness.

Theorem 3.7.15. Let A and {A, }ner be C*-algebras. Assume that there
exist c.c.p maps

on A= A, and U, Ay > A
such that if a € A then lim,||(¢¥, o ¢,)(a) — a|| = 0. If each of the A, is

nuclear (where n € I) then A is a nuclear C*-algebra.

Proof. Assume that A and {A, },c; are C*-algebras. Assume that there
exist c.c.p maps ¢, : A — A,, and ¢, : A, — A such that if a € A then

[(¥n 0 @n)(a) —all =0

in the limit over n € I. Assume that if n € I then A,, is a nuclear
C*-algebra. Then, the identity map ida, : A, — A, is a nuclear map. This
means that there exist c.c.p maps

Gnm  Ap = Minm) (C) and Prm : Mignm) (C) — Ay

such that if z € A,, then lim,,||(pnm © ¢nm)(x) — z|| = 0. Now the
composites ¢pm 0 @n 1 A = Miynm)(C) and 1y, 0 ppm : Mimm) (C) — A are
c.c.p maps such that if a € A then

[[(¢0n © prm © Gnm © n)(a) = all < [[(¥n © prm © nm © n)(a) = (Y © n)(a)]]
+[|(¥n 0 @n)(a) — all
< [[(on.m © dnm)(n(a)) = pn(a)l]
+{[(¥n 0 n)(a) —all =0
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where the limit is taken over all m and n € I. Thus, id4 is a nuclear map
and so, A is a nuclear C*-algebra as required. O

Theorem 3.7.16. Let H be a Hilbert space and A C B(H) be a C*-algebra.
Assume that { Ay }ner are C*-algebras and that there exist c.c.p maps

ont A— A, and v:iA, — A
such that if a € A then lim,||(¢, o p,)(a) — al| = 0. If each C*-algebra A,
is exact then A is an exact C*-algebra.

Proof. Assume that H is a Hilbert space and A C B(H) and {A, },es are
C*-algebras. Assume that there exist c.c.p maps ¢, : A — A, and

tn : A, — A such that if a € A then ||(¢,, o p,)(a) — al]| — 0 in the limit
over n € I.

Assume that if n € I then A, is an exact C*-algebra. Then, there exists a
faithful representation (m,, H,) such that the *~homomorphism

7o @ Ap — B(H,) is a nuclear map. Now let ¢ : A < B(H) be the inclusion
map. We want to show that ¢ is a nuclear map.

Since 7, is a nuclear map then there exist c.c.p maps

qbn,m : An — Mk(n,m) ((C) and Pnm * Mk(mm) ((C) — B(Hn)

such that if z € A,, then lim,, ||(pnm © Pnm)(x) — mp(x)|| = 0. If n € I then
define the map

an: m(4,) — B(H)
T(y) = (Lon)(y) =y
The map «,, is a c.c.p map. By Arveson’s extension theorem in Theorem
there exists a c.c.p map &, : B(H,) — B(H) such that
Q| (An) = Q. S0, the composites ¢y, © @5 0 A = Miy(,m)(C) and
O © Prm © Mynm)(C) = B(H) are c.c.p maps and if a € A then

1(@n © P © Gnam © o) (a) = t(a) || < [[(Gn © prym © Pnan © Pn)(a) = (G © Tn 0 @) (a) |
+[(6n 0 T 0 ) (a) — w(a)]
= [[(@n © pu,m © Pnm © @n)(@) — (G 0 Tn 0 ) (a) ||
+[[(e 0¥ 0 pn)(a) — t(a)]]
< [(Pnm © Sum) (Pnla)) — mlpn(a))ll
+([(¢hn 0 n)(a) — all

—0
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where the limit is taken over m and n € I. Hence, + : A — B(H) is a
nuclear map and consequently, A is an exact C*-algebra as required. O

The formuations of nuclearity, exactness and semidiscreteness asked for in
[BOOS, Exercise 2.3.1] are straightforward applications of Theorem m
and Theorem [3.5.9] Hence, we will simply list them below without proof.

Theorem 3.7.17. Let A be a C*-algebra. Then, A is a nuclear C*-algebra
if and only if the following statement is satisfied: If F C A is a finite set
and € € Ry then there exist n € Z~q and c.c.p maps ¢ : A — M,(C) and
Y M, (C) — A such that if a € F then

(¥ op)(a) —al <e

Theorem 3.7.18. Let A be a C*-algebra. Then, A is an exact C*-algebra
if and only if the following statement is satisfied: There exists a faithful
representation (w, H) of A such that if F C A is a finite set and € € Ry
then there exist n € Zsq and c.c.p maps ¢ : A — M,(C) and

¢ M,(C) — B(H) such that if a € F then

(¥ o p)(a) —m(a)]| <e.
Theorem 3.7.19. Let M be a von Neumann algebra. Then, M s a von
Neumann algebra if and only if the following statement is satisfied: If
F C M and x € M, are finite sets and € € R then there exist n € Z
and c.c.p maps ¢ : M — M, (C) and ¢ : M,,(C) — M such that if a € I’
and n € x then

(o p)(a)) —nla)| <e

Here is another simple condition for nuclearity which involves conditional
expectations, courtesy of [BOOS, Exercise 2.3.3].

Theorem 3.7.20. Let A be a nuclear C*-algebra and B C A be a
C*-subalgebra of A. Assume that there exists a conditional expectation
E:A— B. Then, B is also a nuclear C*-algebra.

Proof. Assume that A is a nuclear C*-algebra and that B C A is a
C*-subalgebra of A. Assume that £ : A — B is a conditional expectation.
By definition of a conditional expectation, E is a c.c.p map. So by Theorem
E = FE oidy is a nuclear map. Applying Theorem [3.5.4] we deduce
that

ElB = idB

is a nuclear map. Therefore, B is a nuclear C*-algebra. ]
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There is also an analogue of Theorem [3.7.20] which applies to semidiscrete
von Neumann algebras.

Theorem 3.7.21. Let M be a semidiscrete von Neumann algebra and

N C M be a von Neumann subalgebra of M. Assume that there exists a
normal conditional expectation E: M — N. Then, N is also a semidiscrete
von Neumann algebra.

Proof. Assume that M is a semidiscrete von Neumann algebra and that

N C M is a von Neumann subalgebra of M. Assume that £': M — N is a
normal conditional expectation. Since M is semidiscrete then the identity
map idy; : M — M is weakly nuclear. So, there exist c.c.p maps

On : M — M) (C) and Yyt Myn)(C) = M
such that if m € M and n € M, then

lim|7((¢n © n)(m)) = n(m)| = 0.

Let ¢ : N < M be the inclusion *-homomorphism which is a c.c.p map. By
the above limit, ¢ is weakly nuclear. Furthermore, idy = Eot. Soif n € N
and 7 € N, then no E is a composite of normal maps and by Theorem

noE e M, and

[N((E o ¢y oppor)(n)) —n(n)
= [n((Eoypopoi)(n) —n((Eor)(n))
= [(no E) (o @eoi)(n)) = (ne E)(u(n))] =0

in the limit over ¢. Hence, idy = E o is a weakly nuclear map (because
N, € M,) and N is semidiscrete as required. ]

The exercise in [BO0S|, Exercise 2.3.6] states that nuclearity and exactness
passes to finite direct sums. We will only address nuclearity in the next
result.

Theorem 3.7.22. Let {A;}f_| be a sequence of C*-algebras. Then, the
direct sum @le A; is a nuclear C*-algebra if and only if Ay, ..., Ay are
nuclear C*-algebras.

Proof. Assume that {4;}F | is a sequence of C*-algebras. First assume that
the direct sum B = @le A; is a nuclear C*-algebra. Then, the identity
map idg : B — B is nuclear. If i € {1,2,...,k} then we have inclusion
maps
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and projection maps

T B — A
(a1,as,...,ar) +— a;.
Ifi € {1,2,...,k} then ¢; and m; are *~homomorphisms and are c.c.p maps.

Furthermore, id4, = m; o idg o t;. By Theorem [3.5.5], idy, is a nuclear map.
We conclude that if i € {1,2,... k} then A; is a nuclear C*-algebra.

Conversely, assume that if i € {1,2,...,k} then A; is a nuclear C*-algebra.
Then, there exist an upwards direct set A; and c.c.p maps

Pim t Ay = M) (C) and Yin M) (C) — 4
where n € A; and if a € A; then

lin| (45 © 1)(a) — al| = 0.

Now define the set A = Ay x --- x Ag. Then, A is an upwards directed set.
If A= (\,..., ) € A then define the c.c.p maps

Yy =1V Doy, Do D Unoa,

and

P =P D22, O DPnn,-
If a = (a1, as,...,a;) € B then
(¥ 0 x)(a) = all = max_[[(pin, o i) es) = il =0
in the limit over A € A. By Theorem [3.5.10 we deduce that idp is a nuclear

map and that B is a nuclear C*-algebra as required. O

Note that in general, an infinite direct sum (called a ¢>-direct sum in
[BO0g|) of nuclear C*-algebras is in general not exact. That is, if {A;}icz.,
is a sequence of nuclear C*-algebras then

D A = {(adiez.y | ai € Ay, 5up [las]| < o0}

i=1 'LEZ>0

need not be a nuclear C*-algebra. This holds even if A; = M;(C).
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3.8 More examples of nuclear C*-algebras

In this section, we give various examples of nuclear C*-algebras; nuclear in

the sense of Definition [3.7.1} We follow [BOOS, Section 2.4].

Theorem 3.8.1. Let A be a finite dimensional C*-algebra. Then, A is a
nuclear C*-algebra in the sense of Definition|3.7.1,

Proof. Assume that A is a finite dimensional C*-algebra. Let I be an
upwards directed set. If n € I then ¢, = id4 and v,, = id4 are c.c.p maps
such that if a € A then

liml| (¢ © o) (a) — al| = 0.

By Theorem [3.5.10, we deduce that A is a nuclear C*-algebra with respect
to Definition B.7.11 O

Theorem 3.8.2. Let A be an AF-algebra. Then, A is a nuclear C*-algebra
in the sense of Definition |5.7. 1.

Proof. Assume that A is an AF-algebra. By Theorem [2.8.3] A is a direct
limit of finite-dimensional C*-algebras. By Theorem [3.7.14, we deduce that
A is a nuclear C*-algebra with respect to Definition O

Recall from the previous chapter that we proved abelian C*-algebras are
nuclear in Theorem [2.13.17] The proof given in Theorem was
incredibly deep and required an entire section worth of preliminary results!
We will see shortly that abelian C*-algebras are nuclear in the sense of
Definition [3.7.1] The proof is much shorter and utilises a partition of unity.

Theorem 3.8.3. Let A be an abelian C*-algebra. Then, A is a nuclear
C*-algebra in the sense of Definition|3.7. 1.

Proof. Assume that A is an abelian C*-algebra. By Theorem it
suffices to prove that A is nuclear in the case where A is unital.

To this end, assume that A is a unital abelian C*-algebra. By Theorem
we may assume that A = Cts(X,C) where X is a compact Hausdorff
topological space.

In order to prove that A is nuclear, we will use Theorem [3.7.17] Assume

that F' C A is a finite set and € € R.y. Take an open cover {Uy,...,U,} of
X such that if f € F, 1€ {1,2,...,n} and z,y € U; then
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[f(z) = fy)l <e

If i € {1,...,n} then let y; € U; and {o4,...,0,} be a partition of unity
with respect to the open cover {Uy,...,U,}. First define ¢ by

p: A — cr

It is straightforward to check that ¢ is a unital *~homomorphism and thus
a u.c.p map (which is contractive by [Pau02, Corollary 2.9]). Next define
the map

Y Ccr — A
(dl, . ,dn) — Z?:l dZO',
To see that ¢ is positive, assume that (ry,...,7,) € (R>0)”. We know that
if 1 € {1,2,...,n} then o; € Cts(X,[0,1]) and has support contained in Uj.
So if x € X then there exists ki,...,k; € {1,2,...,n} such that
r € Uy, N---NUy,; and consequently,

n J

W(ry, ..., rn)(x) = Znai(m) = Zrkzakg(x) € Ryy.

i=1 =1
This shows that ¢ is a positive map. Now the range of 1 is A which is by
assumption an abelian C*-algebra.

To show: (a) v is completely positive.

(a) Assume that k € Z-,. By identifying M, (C") as the direct sum of n
copies of My(C), we find that the map 1)y, is defined explicitly by

Ur: Mi(C") =@, Mk(C) — Mi(A)
e --aT, = Yy i Ti®o;
where if ' € My(C) and 0 € A = Cts(X,C) then T'® o is an element of
M(Cts(X,C)) = Cts(X, My(C)), defined to be the matrix valued function
T®o: X — M(C)
x = o(x)T.

If1,...,T, € My(C) are positive matrices and i € {1,2,...,n} then T; ® o;
are positive functions (because im o; C [0, 1]) and consequently, 1 is a
positive map. So 1 is completely positive. This proves part (a) of the proof.
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To see that 1 is contractive, note that if x € X then

n

(L1 (@) =D o) =1,

i=1
So 1) is a u.c.p map and hence contractive by [Pau02, Corollary 2.9] once

again. Now if f € F' and = € X then there exist ky,...,k; € {1,2,...,n}
such that x € Uy, N--- N Uy,

(0 @)() = F@) = | - Foi(a) = (3 o) f(a)

= |3 (F@) - s

=1

IN
—
=
=

|
=
<

&

q
g
—~

&
=

Therefore if f € F' then

I(Wo@)(f) = fll <e

By Theorem [3.5.10] and Theorem [3.7.17], we deduce that A is a nuclear
C*-algebra with respect to Definition [3.7.1] O

The proof of Theorem is why nuclearity of C*-algebras can be

considered a non-commutative analogue of having a partition of unity,
although note that in [BO0OS, Remark 2.4.3], it is stated that this analogy is
not perfect.

An important consequence of the proof of Theorem [3.8.3] is

Theorem 3.8.4. Let A be a nuclear C*-algebra. If n € Z~o then M,(A) is
a nuclear C*-algebra.

Here is an interesting example of a non-exact von Neumann algebra given
in [BOOS, Lemma 2.4.7].
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Theorem 3.8.5. Let {k(n)}nez., be a sequence in Z~q such that
lim,, o k(n) = 00. Let M be the von Neumann algebra

M= [] Miw(C)={(zn) | 20 € Myuy(C), sup [|a]| < o0}
TLEZ>0 n€Z>0

Then M is not an exact C*-algebra.

Proof. Assume that {k(n)},ez., is a sequence in Z-, which tends to oo.
Assume that M is the von Neumann algebra defined as above.

We invoke [BOOS, Corollary 3.7.12] and [BO0S, Theorem 7.4.1], which
shows that there exists a separable non-exact C*-algebra A and a sequence
of representations

{7+ A= My (C) bneze
such that ™ A— P

A.

M;(»y(C) is a faithful representation of

TLEZ>0 nEZ>0

Now take a representation m,, : A = M;()(C). Since lim,_, k(n) = oo
then there exists m’ € Z~ such that j(m) < k(n). Take a non-unital
embedding ¢y, 1 M) (C) = My (C). By considering the composite

@ Ly © @Wn:A%M

mEZ>0 TLEZ>0

which is injective, we find that M contains a non-exact subalgebra and by
Theorem [3.7.10, M is not exact as required. O

3.9 Discrete groups and the left regular
representation

In the following sections, we will build important examples of C*-algebras
from discrete groups — groups equipped with the discrete topology. Note
that any group can be thought of as a discrete group because we can just
add the discrete topology to it.

Definition 3.9.1. Let H be a Hilbert space. Define the unitary group of
H by

UH)={r € B(H)|x*=2""} C B(H).
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If H is a Hilbert space then U(H) is a group equipped with composition as
its binary operation. This justifies why U(H) is called the unitary group of
H.

Definition 3.9.2. Let G be a discrete group and H be a Hilbert space. A
unitary representation of GG is a group homomorphism 7 : G — U(H).

Definition 3.9.3. Let G be a discrete group. Define £2(G) to be the set

26 ={r:G>c| SIfOP < oo},

yeG

In a similar vein to the classical sequence space

o0
x; € C, le"Q < oo},
i=1

the set (?(G) is a Hilbert space when equipped with the inner product

2(0) = {(@)iezo0

(—,—): P(G)x*(G) — C
(f,9) = Y eq F()g(Y)-
If v € G then let 6, be the map

oy G — C
1, if g=
g o Jbe= (3.6)
0, otherwise.

Then d, € ¢*(G) and the set

{0 [veG}

is an orthonormal basis for ¢*(G).

The importance of the Hilbert space /(@) lies with the construction of a
particularly important unitary representation of G — the left reqular
representation. If v € G then define the map

w: 2G) = 2G)
o= (e f(v )

We will show below that u., € U(¢*(G)). To see that u, is bounded, we
compute directly that
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lus|I* = sup flu, (£)]

lIfll=1

= sup Y [u,(f) ()]
1fl=1 2

= sup > _|f(v ')l
I e

= sup Y |f(n)]° =1.
1fI=1 e

So ||uy|| = 1. The fact that u. is linear follows from direct computation as

usual. Finally to see that u, € U(¢*(G)), we compute directly that if
f,9 € (*(G) then

(W3(f), 9) = (f,uy(9))

So ul = uy-1 = uy 1. Therefore we conclude that if v € G then
u, € U((*(@)). We also note that if v,v,¢9 € G and f € (*(G) then

and
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(w0 uy)(f)(9)

(f)(9)
L))

(y"'vlg) = f((vy)g)
w()(9)-

The latter calculation ensures that the left regular representation defined
below is a group homomorphism.

v(u
(

I
£ —w & =&
_ — 2

Definition 3.9.4. Let G be a discrete group. The left regular
representation of GG is the group homomorphism

u: G — UW*Q))
v Us,.

Note that we can also define the right regular representation of G.
Explicitly it is given by the map

v: G — UAQ))
p = v,
In turn, if p € G then v, € U(¢*(G)) is the map

v, A(G) — (G)
foo= (ne flp).
So far, we have only discussed unitary representations of a discrete group

G. In order to see where the topic of C*-algebras enters the discussion, we
need to recall the definition of a group ring.

Definition 3.9.5. Let GG be a group. The group ring of G, denoted by
C[G], is the set

ClG] = { Z Qg9 ‘ a, € C, all but finitely many «, are zero}.

geG

Addition in C|G] is defined by

Zagg + Zﬁgg = Z(ag + By)g-

geG geG geG
Multiplication in C[G] is defined by

(Y a00) (D Bag) = Y aybrgh.

geG geG g,heG
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The group ring C[G] also has an involution given by

(Zagg)* = Za_gg_l'

geG geG

The important part here is that if G is an arbitrary group then C[G] has an
involution. This means that we can talk about *-homomorphisms from
C|G] to another ring with involution — ring homomorphisms which
additionally preserve the involution maps.

Definition 3.9.6. Let GG be a discrete group and H be a Hilbert space. A
representation of the group ring C[G] is a *-homomorphism of rings
7 : C|G] — B(H).

Now let G be a discrete group and u : G — U(£*(G)) be the left regular
representation. We would like to extend the definition of u to the group
ring C[G]. Define the map u by

U C[G] —  B(*(Q))
D ogec Qg D geq Qgly
That is, if }- ., ay9 € C[G], f € *(G) and 7 € G then
u( D agg) () =D agug(£)m) =Y agflg™n).

geG geqG geqG

(3.7)

The definition above extends u from G to C[G]. We will now demonstrate
that u : C[G] — B(*(G)) is a *-homomorphism of rings with involution.
First we show that u is well-defined. Assume that >_ _, a,g € C[G]. To see

that Y agu, is a bounded linear operator on £*(G), we compute directly
that

(D agg)l* = 11D agu,|?

geG geqG

< (S llagugl)

geG

= (Slaglluh)

geG

= (Z|ag|>2 < 00.

geG
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The last inequality follows from the definition of C[G] — all but finitely
many of the scalars a, are equal to zero. So ) geq Qglg is a bounded linear
operator on ¢*(G) and the map u : C[G] — B(¢*(G)) is well-defined.

To see that u is a *~homomorphism of rings, we proceed with the usual
computations:

U(Z Qgg + Z Be9) = U(Z(ag + By)g) = Z(ag + Bg)ug

geqG geG geG geqG
=u(>_agg) +u()_ By9),
geG geG
u((Y - agg)) =ud_dgg")
geG geqG
=D Ty = )
geG geqG
= (X agus) = (X a00)
geG geG

and

u(O - 0e9) D Beg)) = u( > aybugh)

geG geG g,heG

= Z O‘gﬁhugh

g,heG

= > ayBu(ugun)

g,heG

= (Y ang)u(Y i)

geG heG

Thus, u : C[G] — B({*(G)) is a representation of C[G]. Furthermore it is
injective. Assume that > - ay9, .o B € C[G] satisfy

u(Yagg) =u(Y_ Aih)

geG heG
so that >, agug = 3 cq Bpup. This means that if n € G then

Z(O‘g — Bg)ug(dy) =0

geG
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and if eg € (G is the identity element of the discrete group G then

0= Z(ag — Bg)ug(dy)(ec) = Z(O‘g — By)oy(97") = =1 = Py

geG geG

We conclude that if n € G then o, -1 = 3,-1 and subsequently,

Z g9 = Z Brh.

geG heG

So u is injective and thus we have extended the left regular representation
of G to the faithful representation in equation (3.7).

As alluded to in [BOOS| Section 2.5], the extension of the left regular
representation of GG can be applied to any unitary representation of G.

Theorem 3.9.1. Let G be a discrete group. Then, the following map is a

bijection:

{ Unitary representations of G} <—  {Representations of C[G]}

7:G - U(H) = (Cyeq @99 = Y gec agm(9))
e T ¢ : C|G] — B(H)

The proof follows what was done to extend the left regular representation
from a discrete group G to its group ring C[G].

3.10 C*-algebras associated to discrete
groups
In order to define the C*-algebras associated to a discrete group properly,

we must turn to the issue of endowing its group ring with a norm. We will
follow [Putl9l Section 2.4].

Definition 3.10.1. Let G be a discrete group. We define the /!-norm on
the group ring C[G] by

I=l:  ClG] = C
deGO‘gg = deG’O‘g’-
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It is not too hard to show that ||—||; is really a norm on C[G]. Next we will
take the completion of C[G] with respect to its £!-norm in order to obtain a
Banach space.

Theorem 3.10.1. Let G be a discrete group. The completion of C|G| with
respect to the {*-norm is the Banach space

@) ={f:G=C|lIflh =Y |f(9) <o}

Proof. Assume that G is a discrete group.

(a) Assume that =3~ agg € C[G]. Then we can identify this element
of the group ring with the function g — o,. We denote this function by f,.

To see that f, € ¢*(G), we observe that

Y a9l = eyl < o0

geqG geG

where boundedness follows from the fact that o, = 0 for all but finitely

many g € G. So f, € (*(G) and C[G] C (*(G).

(b) Conversely, assume that ¢ € £'(G) so that 3 _,lé(g)| < oo, If FC G
is a finite subset of G then define

5F,¢>: G — C
P ¢(g), ifger,
0,ifgé&F.

The net {dec drs(9)9}Fce, finite 18 contained in C[G] and if N C G is
finite then

16 = f5, caomotall = D_16(9) = dno(9)l = Y 16(9)l.

geG geG—N

This quantity tends to zero as N becomes larger. Therefore the net
B0 geC 0r6(9)9} PG, finite CONVerges to ¢ in the {*-norm and subsequently,

¢ € C|G]. This demonstrates that ¢!(G) C C[G], completing the proof. [J
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Our next task is to endow ¢*(G) with the necessary structure required for it
to be a Banach *-algebra. Intuitively, the multiplication operation on £*(G)
should be given by convolution. Define the map

x: (HG)x HG) — NG)
(@.8) = (9= Liegah)B(h™'g))
To see that * is well-defined, note that if a, 8 € ¢*(G) then

lax Blle = I(ax B)(g)l

geG

=3[ S amsny)

geG  heG

<Y la®)Y_IB(h ")l

heG geG

= [l

So a* 3 € £'(G). Notice that if v =3 ;g9 and y = 3 Byg are
elements of C[G] and v € G then

(fox 1)) =D falW) o (h7) = anBuory

heG heG

and

f:cy<'7) = fzgﬁeg ag/Bhgh<,y) = Z g fn = Z g g1+

gh="y 9eG

Thus, * restricts to the usual multiplication on the group ring C[G]. The
fact that x satisfies associativity follows from a tedious computation we
omit here.

Next, we define involution on ¢*(G). It is given by
NG — N(@G)
a = (g—ag™)

It is easy to check that if a € ¢*(G) then ||a||; = ||a*|;. Conjugate linearity
is also quite easy to check. Let us show that if o, 3 € £}(G) then

(a* B)* = " x a*.

If g,h € G and v € G then
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(fg* fu)"(v) = (fg * fr) (1)
= folk) fu(k1y1)

keG
B {1, if h =g 'yt

0, otherwise.

=D Sl ()

keG

=D [k [y (k1)

= (fax 15)()-

We have shown that if g, h € G then (f, * fn)* = fi * f;. By linearity, this
must also hold for C[G] and by density, it must hold on all /!(G). Thus we
have made ¢!(G) into a Banach *-algebra.

Since C[G] is dense in £!(G) by construction then it is likely that we can lift
a representation of C[G] to a representation of ¢!(G).

Theorem 3.10.2. Let G be a discrete group. Then, the following map is a
bijection:

{Representations of C|G]} <+— {Representations of (*(G)}
7 : C[G] — B(H) = ([ e fl9)m(9)

¢|<C[G] < @D : EI(G) — B(H)

Proof. Assume that G is a discrete group. If ¢ : (*(G) — B(H) is a
representation then its restriction ¢|cjg) to the group ring C[G] is a
*-homomorphism of rings and consequently, a representation of C[G].

Conversely, assume that 7 : C[G] — B(H) is a representation and let 7
denote the map

7o 00G) — B(H)
fo= e o))

We will show that 7 is a representation of /'(G).
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To show: (a) If f € ¢*(G) then 7(f) € B(H)
(b) 7 is a *-homomorphism.
(a) Assume that f € ¢1(G). We compute directly that

17O = |3 foma)]| < S @lin@l = Y1) < .

geG

The first inequality follows from the fact that if g € G then 7 (g) € U(H)
and ||7(g)|| = 1 by Theorem [3.9.1] The second inequality follows from the
fact that f € (1(G). We conclude that 7(f) € B(H) and that 7 is a
well-defined linear map from C[G| to B(H).

(b) We need to show that 7 respects multiplication and involution. Assume
that f,k € (1(G) and &, u € H. Then

#(Em = O (9)m(9)(©), )

geG

= (flgHm(9)(©), )

geG

= flgD{&m(9) ()

geG

= (&> flgmlg™) (W)

= (&, T(f)u) = (7(f)"E w)-

Therefore 7(f*) = 7(f)*. To see that 7 respects multiplication, we compute
directly that

7(fxk)(€) =D (f*k)(g)m(9)(©)

geG

= (7(f) o w(k))(E)-
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So 7 : {Y(G) — B(H) defines a representation of /!(G). Tt is straightforward
to check that 7|cj = 7. On the other hand, if ¢ : ¢*(G) — B(H) is a

representation of £'(G) and x = Y, agg € C[G] then

Yloe(fe) = Y fo(@)¥leia(9) =) agblg) = 0 agg) = 9(fo).

geG geqG geqG

By density, we conclude that 1|cig) = %. This establishes the required
bijection. n

With Theorem |3.10.2 we will now begin the construction of the
full /universal C*-algebra associated to a discrete group.

Theorem 3.10.3. Let G be a discrete group. Define a norm on C[G] by

—=l: ClG] — R>o

@ = sup|n(a)] (3:8)

where the supremum is over all representations of C[G]. Then, ||—| is a

well-defined C*-norm on C[G].

Proof. Assume that G is a discrete group. To see that the norm
|I—|| : C[G] — Rx is well-defined, we must show that the supremum is
bounded.

The idea here is to use Theorem [3.10.2 — if 7 : C[|G] — B(H) is a
representation then it extends to a representation 7 : ¢*(G) — B(H). If
a € C[G] then

lall = supllw(a)l| = sup 7(a)]| <supllaly = [lafly < oo
m #:01(G)—B(H) 7
The fact that ||—|| is a C*-norm on C[G] follows from the fact that it is the
supremum of norms satisfying the conditions of C*-norms. [

Definition 3.10.2. Let G be a discrete group. The full C*-algebra (or
universal C*-algebra) of G, denoted by C*(G), is defined to be the
completion of C[G] with respect to the norm in equation ((3.8]).

The second C*-algebra we associate to a discrete group stems from the
natural left regular representation on C[G].
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Definition 3.10.3. Let G be a discrete group. Let u be the left regular
representation of G extended to C[G] as defined in equation (3.7). The
reduced C*-algebra of G, denoted by C*(G), is defined to be the
completion of C[G] with respect to the norm

I=ll-: C[G] — R>o
v = u@) ) :SuPanez(G)ﬂHU(I)(f)He?(G)-

Example 3.10.1. In this example, we work with the discrete group Z. We
want to compute the reduced C*-algebra C}(Z). By definition

*(7) = {f .7 C ‘ S0P < oo} - {(xi)iez ] 5 €C, Y Juf? < oo}.

i€z i€z
As stated in [BOOS], the Fourier transform yields the bijection

F *(Z) —  L*(S',Bgi,m)
(o B, 0, T, ) D g T €T
Here, Bg: is the Borel o-algebra on the circle S and m is the associated
Lebesgue measure. Let u be the left regular representation of Z as defined
in equation (3.7). Let Y, _, ann € C[Z], (2;)iez € (*(Z) and y € Z. We also
represent the element (z;);cz € €*(Z) by the function f : Z — C given by
f(i) = x;. Then

u(Yann)((@)(y) = Y anun((z)(y) = ) anfly —n) =) antya.

nez nez nez nez
In terms of sequences u(}_, ., ann) is given explicitly by
u(d,epomn) = P(Z) — %(Z)
(%i)icz ZnGZ n(Tizn)icz

Using the Fourier transform F, u(
operator

nez On7) becomes the bounded linear
u(d,eq0mn) = L*(S', Bgi,m) — L?(SY, Bsi,m)
ZmEZ xme27rimx — ZneZ a, ZmeZ $m€27ri(m+n)m
This means that u(}_, ., a,n) is a polynomial of multiplication operators

on L*(S',Bgi,m). More precisely, if n € Z then define

m, : L2(Sl, le, m) — Lz(Sl, le, m)
6271'@'@:)3 — 627ri(£+n)x‘
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We have

u(z apn) = Z a,m,

nez neL

where we recall that all but finitely many of the «,, are equal to zero so
that the RHS is a well-defined element of L?*(S', Bsi1,m). By definition, the
reduced C*-algebra C}(Z) is the completion of C[Z] and the completion of
the set of polynomials in m,, is the set of continuous functions Cts(S*, C)
by the Stone-Weierstrass theorem. Thus we have identified the reduced
C*-algebra C*(Z) with Cts(S*,C).

An important property about the reduced C*-algebra of a discrete group is
that it always admits a faithful tracial state.

Theorem 3.10.4. Let G be a discrete group and C!(G) be its reduced
C*-algebra. Let u : C3(G) — B((*(Q)) be the left reqular representation.
Define the map

T: CHG) — C
z = (u(2)(0eq ), Oeg)
where (—, —) is the inner product on (*(G), eq is the identity element of G

and O, is defined as in equation (3.6). Then T defines a faithful tracial
state on C:(G).

Proof. Assume that G is a discrete group and that u : C}(G) — B((*(Q@)) is
the left regular representation. Assume that 7 is the map defined as above.
Then 7 is linear because the inner product is linear in the first argument
and w is linear.

To show: (a) T is a tracial state.
(b) 7 is faithful.
(a) To see that 7 is a state, we will first show that 7 is a positive linear

functional. Since C[G] is dense in C(G) then we may assume that
T =73 ,cq 9 € C[G]. We find that
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r(@"2) = (u(@*2)(0.5), 0.0
= (u(Y" Tong " h)(Bes) . b

g,heG
=Y u( Y Tang ' h)(0e6)(1)0e6 (7)
ve€G  g,heG
—u( Y @ang ) (8.0 (ec)
g,heG
= b (Y @ganhlg) = oyl
g,heG geG

which is positive. Hence 7 is a positive linear functional. Next, we bound
the norm of 7 as follows

Il = sup |7 (z)|

[l]l=1

= sup [{u(@)(eg); Oeq )]

H“(~T)||B(g2(c)):1

< sup  flu(@)| sy ll0es11? = 1.
Hu(aﬁ)”B(ﬂ(G)):l

To obtain the reverse equality, we note that

Ir(eq)| = |(ulea) (6, >6G>r
=\Zum ) (M3ec)(7)]

= |Ueg, (0e ) (€ ‘ =1
and
”€G||2 = ||uec;||2B(Zz(G)) = sup [[ueg (f 2 = sup Z|f = SUP ||f||2 =1
|flI=1 Ifl=1 e
Therefore

1 =|r(eq)| < sup |7(x)| = |7

llzll=1
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and ||7|| = 1. So 7 is a state.

Next we will show that 7 is tracial. Assume that y =3 _, 8,9 € C[G]. We
compute directly that

Ty) =Y 18P =0ee( D BePrgh™)

geG g,heG

= Z Ugyqy* (56(; ) (/7)5%; (7)

= (u(yy") (Oeg);s Oe:)
=7(yy").

Therefore 7 defines a tracial state on C}(G).

(b) Assume that z € C(G) satisfies 7(z*z) = 0. Since C[G] is dense in
Cy(G), we may assume that z =3, (,9 € C[G]. Then

(U(2°2)0eq 0eir) = Y _IGol> = 0.

geG

We conclude that if g € G then (; = 0 and 2 = 0. So 7 must be faithful.
This completes the proof. n

We have the following extension result from [Put19, Theorem 2.4.10].

Theorem 3.10.5. Let G be a discrete group and idcyg) be the identity map
on the group ring C[G]. Then there exists a *-homomorphism

p: C*(G) = C;(G) such that p|cig = idcjq-
Proof. Assume that G is a discrete group. Define p : C*(G) — C(G) by
p: CNG) = CG)
f= fr
To see that p is a well-defined map, assume that f € C*(G) and € € R.
Let ||—||s denote the norm on C*(G) (see equation (3.8)). Then there exists
x € C[G] such that
If = zlly = sup||a(f —2)|| <e

where 7 is the extension of the representation m of C[G] to ¢*(G). Now the
left regular representation u : C[G] — B(¢*(G)) in equation (3.7) is a
representation of C[G]. So
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1f =l = [lu(f — )| < supl|a(f — )| = [[f —zlf <e

™

Therefore f € C*(G) and p is well-defined. By inspection, p is a
*-homomorphism such that p|cie = idcq- O

There is also an associated von Neumann algebra to a discrete group.

Definition 3.10.4. Let G be a discrete group. The group von
Neumann algebra of G, denoted by L(G), is the double commutant

L(G) = CL(G)" € B(*(G)).

One characterisation of the group von Neumann algebra is given by [BOOS,
Theorem 6.1.4]; it turns out that if G is a discrete group then L(G) is the
commutant of the right regular representation p : G — B(¢*(G)). That is,

L(G) = p(C[G))"  and  L(G) = p(C[G])".

We will provide another description of the group von Neumann algebra, as
explained in [BOOS8, Section 2.5].

Definition 3.10.5. Let G be a discrete group and T' € B(¢*(G)). We say
that T is constant down the diagonals if the following statement is
satisfied: If s,t, 2,y € G satisfies ts™! = yo~! then

(T'0s,0t) = (T'65,0y).
Theorem 3.10.6. Let G be a discrete group. Then

L(G) = {T € B({*(G)) | T is constant down the diagonals}.

Proof. Assume that G is a discrete group. First we will prove that

L(G) C{T € B(*(@)) | T is constant down the diagonals}.

Assume that s,t, 2,y € G satisfy tst = yz~!. If g € G and
u : C[G] — B({*(Q)) is the left regular representation then
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(ug(8,),8) = D ug(8:)(1)é(7)

yeG

= uy(3,)(t) = 05(97't)
1 ifg=tsT,
B {O, otherwise.
1 ifg =y,
B {O, otherwise.
= (ug(0z), dy)-

We conclude that if g € G then u, € B(*(R)) is constant down the
diagonals. By linearity, all finite linear combinations of the u, are constant
down the diagonals. By density, the elements of the reduced C*-algebra

C¥(G) are constant down the diagonals. Finally by Theorem [2.5.7] we have

(@) = @) = LG

If S € L(G) then there exists a net {S;}icr in C(G) which weakly
converges to S (converges in the weak operator topology on B((*(Q))).
Thus if s,¢, 2,y € G satisfies ts~! = y2~! then

(S6s, 0¢) = Hm(S;0,, 0;) = HUm(S;0,, 6,) = (S0, dy).
Therefore, if S € L(G) then S is constant down the diagonals.
To prove the reverse inclusion, assume that 7' € B(¢?(G)) is constant down

the diagonals. Let p : C[G] — B(¢*(G)) be the right regular representation.
If s € G then

<(Tp8)5g> 5h> = Z(TPS)(59>(7)W

= (T'p,)(3,)(h) = (T 0 5,)(hs)
= (D@
= (1) (0,) (1) (7)

= <(psT)5g7 5h>

Since {d, | g € G} is an orthonormal basis for £*(G), we find that if s € G
then T'ps = psT. By [BOOS, Theorem 6.1.4],
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T € p(C[G]) = L(G).
This completes the proof. O

Another important fact about the left regular representation of a discrete
group is that “tensorially”, it absorbs all other unitary representations of
the discrete group. This result is known as Fell’s absorption principle.

Theorem 3.10.7. Let G be a discrete group and u: G — U((*(G)) denote
the left reqular representation. Let w: G — U(H) be a unitary
representation of G and 1y : G — U(H) denote the trivial representation (if
g € G then 1g4(g) = idy ). Then, the representation u ® m is unitarily
equivalent to u ® 1g.

Proof. Assume that G is a discrete group and that v : G — U(¢*(G)) is the
left regular representation. Assume that 7 : G — U(H) is a unitary
representation of G. We want to show that there exists are unitary
operator pu : (?(G) ® H — (*(G) ® H such that if v € G then

plu @ m)(y) = (u @ idy)(y)p
To this end, define i to be the map

p: CGeH — (G)® H
Y0 ®&) = Yeq(r @ m(t)Er)
As usual, p is extended to all of 2(G) ® H via linearity.

To show: (a) p is a unitary operator on (*(G) ® H.

(a) If 3,00 @& and 3, 05 ® vy are elements of £*(G) ® H then
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M(Z 5t ®§t)7 268 oY VS> = <Z 615 ® ﬂ-(t>£t7 255 & Vs)

te@ s€G te seG
- Z <5t ® ﬂ-(t)ftv 68 & Vs>
s,teG
= Z (06, 0) () (T ()&, vs) 1
steG
= Z ()& ve)m = Z(&,ﬂ(t)_lyt>H
teG teG
Zfst@ﬂ ft;ZCS ®mw(s)” vs)
teG s€G
= a@&u ' (Y s ou)
teG se@

So p is unitary. This proves part (a).

Now if v € G then

P (u® 1g)( Z&@ft u® 1g)( 251&@77' )&)

teG teG

= 'u*(u,y (29 ZdH)(Z 5t & ﬂ-(t)gt)

teG

=1 (Do @m(t)E)

teG

DI LICOREIOL

teG

= Z 5«,1& ® 7"(7)&

teG

= (U®7T)(Z5t®§t)-

teG
So u® 1y and u ® 7 are unitarily equivalent.

Definition 3.10.6. Let GG be a group and ¢ : G — C be a function. We
say that ¢ is positive definite if the matrix

(w(s_lt»s,teF € Mp(C)

is positive for every finite set ' C G.
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Now let G be a discrete group and ¢ : G — C be a positive definition
function. Let C.(G,C) denote functions from G to C with finite support.
Define the map (—, —),, by

(— =)o C(G,C)xC.(G,C) — C L
(f,9) = Y esea (8T f(t)g(s).
It is straightforward to check that (—, —), defines a sesquilinear form on

C.(G,C). If f € C.(G,C) has finite support F' C G then

(o Fe =D wls 0 F(s) = ((p(s71), epfs Hpey 2 0

seG teG

where the inequality follows from the fact that ¢ is positive definite. So the
sesquilinear form (—, —), is positive semidefinite. By modding out the

j € C.(G,C) which satisfy (7, j), = 0 and then taking the completion, we
obtain a Hilbert space which we denote by £2(G).

If f € C.(G,C) then we let f € (2(G) denote its natural image.

Definition 3.10.7. Let GG be a discrete group and ¢ : G — C be a positive
definite function. Define the map A¥ by

NG o= li(ffo(gl)
N (f S - f)
In turn, the function s - f is given by (s- f)(t) = f(s7't).
As mentioned in [BOO08| Section 2.5], if ¢ : G — C is a positive definite

function then A\¥ is a unitary representation. Using the unitary
representation A\¥  we can recover the function ¢ because if s € G then

—~ —_—

(N(5) (0e)s Oe ) = (5 - Ougs eV

= > (g7 h)d.(h)de, (9)

g,heG
= p(s).

The main point we highlight is that we have the bijective correspondence
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{Positive definite functions on G} < {Umtary representations of G}

with a cyclic vector
0:G—C = (3G = B(A(G)),b.0)

g = (u(9)§,€) o (u: G —UH)E).

This bijective correspondence is used to great effect in the proof of [BOOS|
Proposition 2.5.8] and [BO0S8, Proposition 2.5.9] which we state below.

Theorem 3.10.8. Let G be a discrete group and H C G be a subgroup of
G. Then there exist injective *-homomorphisms v : C*(H) — C*(G) and
Lo CHH) — CHEG)

The existence of ¢; is by the universal property of C*(G) in [BOOS,
Proposition 2.5.2]. The key idea in showing that ¢; is injective is to take a
positive definite function on H and then extend it to a positive definite
function on G (in the obvious fashion; set the extension to be 0 on G — H).
Under the previous bijective correspondence, this amounts to extending a
unitary representation of H to G. Consequently if a € C*(H) then

lal

crry = sup m(a) < sup [G]Hqﬁ(a)H:IMC*(G)

m rep of C[H] ¢ rep of C

and so, ¢ is isometric and hence, injective.

How does one check that the extension of the positive definite function is
again positive definite? The key idea is that if F' is a finite subset of GG then
the matrix [p(s™ )]s er is block diagonal with respect to the left coset
decomposition. So one only needs to check that each block of the matrix
[0(s71t)]s.er is positive with respect to the left coset decomposition. This
is easy if one lets F' C gH for some g € G.

In the reduced case, the key idea is to use the right coset decomposition to
obtain the direct sum decomposition

(G) = (Hyg).

So if u: G — B(f*(@)) is the left regular representation then its restriction
to the subgroup H is just the left regular representation on H multiplied by
the index of H in G. This deals with the existence of ¢y and injectivity of
this map readily follows.
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3.11 The group C*-algebra of the infinite
dihedral group

This section is dedicated to finding a particular example of the full
C*-algebra of a discrete group. We follow [Putl19, Section 2.6] and compute
the full C*-algebra of the infinite dihedral group.

Definition 3.11.1. The infinite dihedral group, denoted by D, is the
group given by the presentation

Do = {a,b|b* = e, bab=a1).

Geometrically, the underlying set associated to D is the set of isometries
on the number line Z C R. For our purposes, the presentation of D is
simple enough to work with.

Definition 3.11.2. Define Dy to be the subalgebra of diagonal matrices in
M5(C). We also define D; to be the subalgebra

D, = {(g g) ’a,BE(C} C My(C).

The subalgebras Dy and D, are closely related by the following theorem.

Theorem 3.11.1. The subalgebra D1 C M>(C) is a commutative
C*-subalgebra of My(C). Moreover, there exists a unitary matriz

U € My(C) such that U= D,U = D,.

Proof. Assume that «, 3,7, € C. Then
a B\ [y 0\ [(ay+pB0 ad+pBy\ _ (v 6\ [a B
B a)\d v) \By+ad Bi+ay) \d v)\B o

Therefore D; is a commutative subalgebra of My(C). To see that it is a
C*-algebra when equipped with the norm from M, (C), it suffices to show
that D, is closed. Assume that A = (a;;) € D; so that there exists a
sequence {By, }nez., in Dy such that lim,_,.||A — B,|| = 0. If n € Z-, then

let
n B
Bn = (ﬁn ocn> '

Assume that € € Ryy. Then there exists N € Z~( such that
||A — By|| < €/2. This means that if i, 7 € {1,2} are equal then
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€
jaij — an| < |4 = Bnl < 5

and analogously, if ¢, 7 € {1,2} are distinct then

€
laij — Bn| < ||A = Byl < 3

By the triangle equality, we must have |a1; — ag| < € and |a1z — ag| < €.
Since € € Ryq was arbitrary then ay; = as2, a2 = ag; and A € D;. Hence
Dy is closed and so, D; is an abelian C*-subalgebra of Ms(C).

To see that D, is unitarily equivalent to Dy, we note that the matrix
I
U=| 3 e M,(C)
V2 V2
is unitary and if a, 5 € C then

(o B\, [(a-=0
v <ﬁ a)“( a+ﬁ>‘

Therefore U1 D,U = Dy as required. O

The main result of [Put19, Section 2.6] gives explicit characterisations of
the full C*-algebra of D.,. We state it below.

Theorem 3.11.2. Let U be the unitary matrix

V2 V2

and cy be the conjugation map on Dy given by

1 1
U=<ﬂl «f)eMm

Cy D1 — DO
A — UTAU.

Let

By = {f € Cts([0,1], M>(C)) | f(0), f(1) € Do}

and

By ={f € Cts([0,1], Ma(C)) | £(0), f(1) € D1}

Then the following maps are isomorphisms:
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R N e

e (@)

We observe that py = ¢y o p1. In order to prove Theorem [3.11.2] it suffices
to prove that p; is an isomorphism (of C*-algebras).

Here is the strategy behind the proof. As mentioned in [Putl9, Section 2.6]
and [BOO8, Example 2.5.1], if G is abelian group then the full C*-algebra
C*(G) can be identified with the space C'ts(G, C) where G is the dual
group of G'— the group of group homomorphisms ¢ : G — S'. In turn, G
can be identified with the irreducible representations of G. So the map used
to construct the required isomorphism sends g € G € C*(G) to the function

~

fg: G = C
x = x(9)
In order to prove Theorem |3.11.2] we will adhere to a similar principle. The
reason why the space [0, 1] is used is because there is an entire family of
unitary irreducible representations of D, parametrised by ¢ € (0, 1) as we
will see shortly.

Theorem 3.11.3. Define the map p) by

Py Dy — By

eiﬂ't
@ o (m( ))
e



Ift € [0,1] then the map p|(=)(t) : Do — Mo(C) = B(C?) is a unitary
representation of Dy. Moreover, if t € (0,1) then p|(=)(t) is irreducible.

Proof. Assume that p) is defined as above. Note that p} is extended to a
group homomorphism on all of D.,. In order to make sure this works, we
must show that p/(a) and p}(b) satisfy the same relations as a and b
respectively.

To show: (a) p)(a), py(b) € By.

(a) First observe that

p'l(a)(()):((l) ?) and pl(oz)(l)Z(_O1 _01)

which are both elements of D;. Since the functions t — e and t — e~ are
both continuous then pj(a) : [0, 1] — M5(C) is continuous and p}(a) € B;.

The function p}(b) is constant and hence continuous. Moreover
/ / O 1
AO)O0) =pB)M) = (] o) €D
So p)(b) € By. This completes the proof of part (a).

It is quite easy to see that if ¢t € [0, 1] then p}(a)(t) and p}(b)(t) both
unitary matrices. We also have p}(b)(t)? = p/(e)(t) and

soos@oson =0 ) (7 ) () 0)
(77 ) =t

We conclude that

p(0)? =pi(e) and  pi(b)pi(a)pi(b) = pr(a™t).
This means that p}(b) and p}(a) satisfy the same relations as expected of b
and a respectively, as outlined in the presentation of D.,. So if t € [0, 1]
then p}(—)(t) : Do — M>(C)) is a unitary representation of D.

To ascertain the irreducibility of the representation p)(—)(¢), there are two
cases to consider:
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Case 1: t € {0,1}

If t € {0,1} then pi(a)(t) = £ where Iy € My(C) is the identity matrix.

In this case, the subspace
1 2
span ) cC

is a non-trivial subspace of C? invariant under p/(a)(t) and p}(b)(t). So the
representations in this case are reducible.

Case 2: t € (0,1).

In this case, the matrix p}(a)(t) has eigenvectors

(e () wa e ()

The subspaces span{e;} and span{es} of C* are not invariant under
P4 (b)(t). Hence pj(—)(t) is an irreducible representation of D, as
required. ]

By Theorem [3.11.3| and Theorem [3.9.1] we can extend the group
homomorphism p) : Dy, — By to a *-homomorphism p; : C[D| — B;.

In order to extend g, to p which is defined on C*(Dy,), we must show that
the image p1(C[Dy]) is dense in Bj.

The closure p;(C[Dy]) contains as elements

pi(e): [0,1] — My(C)

10
e (o))

pi(a) +pi(a™t): [0,1] — : ]\{2((?)
2 cos(mt 0
t < 0 2cos(7rt)>
and
—ipi(a) +ipi(a™t) s [0,1] — M;(C)

Lo <_281(;l(m) 25ir?(7rt)>'
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By the Stone-Weierstrass theorem, p1(C[Dy]) must contain functions in the

set
S = {tl—> (fét) f?t)) | £ e cislo, 1],@)}.

Upon multiplying these functions by ip1(a) — ipy(a™'), we find that
p1(C[Dy]) contains functions in the set

S, — {tr—> (fét) _J(B(t)) | £ € Crs((0,1),©), F(0) = £(1) = 0}.

Taking sums of functions in Sy and S, we find that p;(C[Dy]) contains
functions in the set

si={om (19 ) |19 Cs0.01.0), 10 = 900) 51) = 9(1) |

Multiplying the functions in S3 by p1(b) and then adding to them functions
in S5, we deduce that By C p1(C[Ds]). This is because if

(fét) g?t)) €5,

then

(f(lo_t) g<10—t>) % Al) (f(lo_t) g<10—t>):(f<1o—t> e ﬂ)

and
(fg) g?t))+(f(10_t) "y t)> o

Therefore p;(C[Dw]) = By and by density we can extend the
*-homomorphism p; : C[Dy] — Bj to the *-homomorphism
p1: C*(Dy) — By in the statement of Theorem [3.11.2] Note that p; is

surjective.
It remains to show that p; is isometric so that p; is injective and hence, an

isomorphism of C*-algebras. First, we need the result [Put19, Theorem
2.4.8].
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Theorem 3.11.4. Let G be a discrete group. If H is a Hilbert space and
u: G — U(H) is an irreducible representation of G then define m, by

T - C[G] — B(H)
EQGG Qg9 = EQEG agu(g).
If a € C[G] C C*(Q) then

|la|| = sup{||m,(a)|| | w is an irreducible representation of G}.

where the norm ||—|| is the one in equation ({3.8)).

The key result we will prove is the following, which concerns any irreducible
representation of D, and links it the irreducible representations we already
know from Theorem B.11.3

Theorem 3.11.5. Let (w, H) be an irreducible representation of Du,. Then
there exists t € [0,1] and a subspace N C C? which is p1(—)(t)-invariant.
Consequently, the representation w is unitarily equivalent to the restricted
representation p1(—)(t)|n.

Proof. Assume that (7, H) is an irreducible representation of D.,. Then
7(b) € B(H) must be self-adjoint and unitary because b* = e. There are
multiple cases to consider:

Case 1: 7m(b) = idg.

If 7(b) = idy and x € B(H) then x commutes with the image m(D,,) if and
only if x commutes with 7(a). Since 7 is irreducible then the restriction
7|(a) is also irreducible where (a) is the group generated by a. Since (a) is
an abelian group then 7|,y is a one-dimensional representation of Do.

Now let T={z€ C||z] <1} and 2 = 7(a) € T. Since bab = a~* and
7(b) = 1, we deduce that z = 27! and z = 1. So there are two possible
choices for w. First, we have

m(a) = 7(b) = 1.
But if N = {(a,a) | @« € C} then

paoi =g 9 mammon= (3 )= (5 9)
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where we recall briefly the definition of p; as stated in Theorem [3.11.2} So
in this case m = p1(—)(0)|n.

The second choice for 7 is w(a) = —1 and w(b) = 1. But,

p@l= (3 5)  ad amol= (Y g)x=(5 9)-

So in this case, m = p1(—)(1)|n.
Case 2: m(b) = —idy.

This case proceeds similarly to the first case. There are two possible
irreducible representations given by m(a) = 1, 7(b) = —1 and

m(a) = w(b) = —1. These two irreducible representations are the restrictions
of p1(—)(0) and p;(—)(1) to the subspace N = {(«a, —a) | a € C}.

Case 3: w(b) # Lidy.

If w(b) # Lidy then it is easily verified that

- %(W(b) +idy)

is a non-zero projection in B(H). Let £ be a unit vector in the image pH.
Then

E=pE= SO+ ad () =¢

Let us put this computation aside for now and consider the element

a+a' € C[Dy). This element commutes with a and since bab = a™ !,

(a+aHb=ab+a'b=0ba"'+ba=bla+a?).

Notice that w(a + a~') € B(H) is self-adjoint and
|m(a+a™ V)| < |I7(a)]] + ||7(a™1)|| < 2 because 7(a) and 7(a™"') are both
unitary operators on H.

We conclude that the operator 7(a) + 7(a™') 4 2idy is a positive operator
which commutes with the image mD,,. Since 7 is irreducible then

m(a) + m(a™t) + 2idy must be a scalar operator by Theorem [1.10.7]
Suppose that A € C satisfies m(a) + 7(a™') + 2idg = Nidy. Then
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1 1 A ‘
gt w(a™) = 5(w(@) + 7(a)") = (§ — Vi
Let @ = 3 — 1. Since 3(m(a) + m(a)*) then its spectrum must be contained

in R. So a e [-1,1]. Let t € [0, 1] be such that cos(nt) = a. Analogously,
let 8 = sin(nt) so that o + 3% = 1 and v = a + 3. By direct computation,
we have

w(a)  —y=m(a)" —a—if =a—mn(a) —if = —7(a) + 7.
We also have 7(a) — v = —m(a)* +7. Now something interesting happens
when we consider the vectors (7w(a) — )z and (7(a)* — v)z. The
computations are in [Put19, Page 83] and they make use of the relations
m(a) —v=—m(a)*+7 and 7(a)* — v = —7(a) +7. We summarise the
findings below:

1. (m(a) —v)¢ and (7(a)* — v)¢ are orthogonal.

) —
(
(

2. m(a)(m(a) = 7)§ =7(n(a) = 7)€
3. m(a)(m(a)* —7)§ = (m(a)” = )¢
4. 7m(b)(m(a) =7)§ = (w(a)” = 7)¢
5. w(b)(m(a)* —7)& = (m(a) = 7)E.

The subspaces spanned by the vectors (7(a) — )¢ and (w(a)* — 7)€ are
invariant under 7. The unitary operator 7(b) maps from one of these
subspaces to the other. Hence, ||(7(a) —v)¢|| = |[(7(a)* — y)&||.

If ||(m(a) — )] = 0 then 7(a) = 7€ and 7(a)*§ = 7€. So v = %1 and

therefore span{{} is an invariant subspace of 7. Finally, if

Il(m(a) — v)&]|| # 0 then we can rescale (7(a) — )¢ (and (7w(a)* — 7)) it so
that it has unit length and with respect to the newly formed orthonormal

basis, we have found an invariant subspace where m = p(—)(¢). This
completes the proof. n

By Theorem [3.11.5| and Theorem [3.11.4] if ¢ € C[D] then

llc|]| = sup{||mu(c)|| | w is an irreducible representation of G'}
= sup{[[p(c)(®)]| [ £ € [0, 1]}
= [lp1 ()]
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So the map p; : C*(Dy) — By is an isomorphism of C*-algebras. This
completes the proof of Theorem |3.11.2]

As remarked in [Putl9, Section 2.6], the infinite dihedral group D is
composed of two abelian subgroups Z and Z,. Essentially, we obtained
complete information about the irreducible representations of D, from the
same information about Z and Z,. This phenomenon is called the “Mackey
machine” — if H is a normal subgroup of a group G then we can
exhaustively construct the irreducible representations of G' from those of H.

3.12 Amenable groups

In this section, we follow [BOOS|, Section 2.6]. Amenable groups have many
different characterisations and are inextricably linked to the nuclearity of
group C*-algebras.

Definition 3.12.1. Let GG be a discrete group. Define the Banach algebra

2(G) ={f:G—=C| Slelglf(g)l < oo}

We note that multiplication in £*°(G) is given by pointwise multiplication
and that involution in ¢>°(@G) is given by complex conjugation. The group G
acts on (*°(G) by left multiplication as follows: if g, h € G, ¢ € (*°(G) then

(9-9)(h) = ¢(g™"h).
We say that G is amenable if there exists a state p : (*°(G) — C (positive
linear functional with norm 1) such that if g € G and ¢ € (*°(G) then

g - &) = (o).
The state p is called an invariant mean.

Definition 3.12.2. Let G be a discrete group. The space of probability
measures on G, denoted by Prob(G), is defined by

Prob(G) = {5 € €/(G) | B(G) SRz, Y Blg) =1} C £7(G).

geG

The space of probability measures is invariant under the action of G on
(= (@) because if § € Prob(G) and ¢, h € G then

(g-B)(h) =B(g~"h) =0
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and

Y (kB9 =D Bk g) =1

keG keG
Hence, we will use 5+ ¢ - to also refer to the action of G on Prob(G).

We will now give two examples of amenable groups.

Example 3.12.1. Let G be a finite group. We claim that G is amenable.
If g € G then let xyy) : G — C denote the function which sends g to 1 and
every other element to zero. Define the map u by

p: °(G) — C
Xigt P

Of course, p is extended to all of £°(G) by linearity. The functional p is a
positive linear functional with norm

lll = sup [u(f)]

[flloo=1
= Sup ZM {h}’

1floo=1 ! £t

<> sup 1) uCxn)|

o=

<Z sup ||f||oo =

heg 1 flleo Gl

To see that the reverse inequality holds, note that the element
dec X{g} € £>°(G) has norm 1 and satisfies

1 x| = [ X )| = 1

geG geG

So ||p|| = 1. Finally, if g € G and ¢ = Y, . (k) xqxy € £°(G) then

M(!J'@ZMZ(Q k)X k) Z¢g E)i(xqry)

kEG keG
Z¢ (g7'k) = Z¢>
| keG | keG
= 1> o(k)xry) = p(9)-
keG
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Therefore p is an invariant mean and G is amenable as required.

For our next example of amenable groups, we require the Markov-Kakutani
fixed point theorem which is listed in [Con90, Theorem 10.1].

Theorem 3.12.1. Let X be a locally convex topological vector space and
K C X be a compact convex set. Let S be a family of mappings from K to
K which satisfy the following properties:

1. If ke K and ¢, € S then (¢ o) (k) = (¢ o ¢)(k).
2. If € (0,1), z,y € K and ¢ € S then

TOz+ (1=Ny) =\T(z)+ (1 = NT(y).
Then there ezists kg € K such that if 1» € S then ¥ (ko) = ko.

Theorem 3.12.2. Let G be an abelian group. Then G is amenable.

Proof. Assume that G is an abelian group. First we endow the dual space
(>(G))* with the weak-* topology. Let S(¢>°(G)) be the set of states on
(>°(G). By Theorem 2.12.8) S(¢*°(G)) is a non-empty weak-* compact and
convex subset of (>(G)*.

Now we will construct a family of maps & on S(¢>°(G)) which satisfies the
properties given in the statement of Theorem [3.12.1] If ¢ € G then define

g SUP(G) —  S(=(G))
o > ((;5 — alg - ¢))
Also define

S ={py : SUZ(G)) = S(Z(G)) | g € G}
Ifg,h € G, a€S(P(G)) and ¢ € {>°(G) then
(on 0 9g)(@)(9) = pg(@)(h - ¢) = algh - ¢) = alhg - §) = (g © ¢n)(a)(¢).
If A€ (0,1) and «, 5 € S(¢>°(G)) then

pg(Aa+ (1 =X1)B)(¢) = (Aa+ (1 =N)B)(g9)
= Xa(g-¢)+ (1 =XN)B(g-9)
= Apg(a) (@) + (1 — Ny (8)(9)-
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Therefore, S satisfies the properties listed in Theorem [3.12.1] By applying
the Markov-Kakutani fixed point theorem in Theorem [3.12.1} there exists a
state p € S(¢*°(@G)) such that if g € G and ¢ € ¢>°(G) then

(@) = py(p)(9) = ulg - d).

So G is an amenable group. O

3.13 Paradoxical groups and
non-amenability

The goal of this section is to prove that paradoxical groups are not
amenable. This will then be used to give an example of a non-amenable
group. First, we define paradoxical groups as in [DKI18, Section 17.1].

Definition 3.13.1. Let X be a set, Bij(X) denote the group of bijections
on X and G be a subgroup of Bij(X). Let A and B be subsets of X. We
say that A and B are G-congruent if there exists g € G such that

g(A) = B. In this situation, the restriction g¢| 4 is called a G-congruence
from A to B.

Definition 3.13.2. Let X be a set, Bij(X) denote the group of bijections
on X and G be a subgroup of Bij(X). Let A and B be subsets of X and
¢ : A — B be a bijection. We say that ¢ is a piecewise G-congruence if
there exists a partition of A and B into non-empty parts

A=A U UA;, B=DB U ---UB,

such that if i € {1,2,...,k} then the restriction ¢|,, is a G-congruence
from A; to B;. We say that A and B are piecewise G-congruent if there
exists a piecewise G-congruence from A to B.

Definition 3.13.3. Let X be a set, Bij(X) denote the group of bijections
on X and G be a subgroup of Bij(X). A subset £ C X is called
G-paradoxical if it satisfies the following properties:

1. E is non-empty.

2. There exists a partition £ = E’' U E” such that E is piecewise
G-congruent to both E' and E”.
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Let us break down what a G-paradoxical subset of X means. Explicitly,
there exist partitions
E'=FE/U---UE, E'"=FE/U---UE/
and bijections ¢’ : E' — E and ¢" : E” — FE such that if i € {1,2,... k}
and j € {1,2,...,¢} then the restrictions
¢le  Ef— ¢'(E) CE and ng”|E;/ B} = ¢"(Ej) CE
are all G-congruences. The subsets E; and E7 are called pieces of the
G-paradoxical decomposition
EjU---UE,UE/U---UE]
of F.

Definition 3.13.4. Let X be a non-empty set and G be a group which
acts on the left of X. We say that the group action is paradoxical if the
set X is paradoxical with respect to the action. That is, there exists a
G-paradoxical decomposition of X

X=XUX"=(Xju---UX)u(Xyu---uXy)

and ¢',g” € G such that if i € {1,2,...,k} and j € {1,2,...,¢} then the
restrictions

X! and 9" |xy
J

i

9

are (G-congruences.

We say a group G is paradoxical if it is paradoxical as set with respect to
the G-action of left multiplication.

Theorem 3.13.1. Let G be a discrete group. If G is paradozical then G is
not amenable.

Proof. Assume that G is a paradoxical discrete group. Then there exists a
G-paradoxical decomposition of G

G=GUG" =G U---UG)U(GiU---UGY)

and g1, ..., Gk, h1,...,he € G such that if i € {1,2,... k} and
j€{1,2,...,¢} then
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G:glG/ll_l---l_lng; and G:hlG/llu"'UthZ.

Suppose for the sake of contradiction that GG is amenable. Then there exists
an invariant mean p : (>*°(G) — C. If A is a subset of G then let
14 € (>°(G) be the characteristic function on A. Then

We conclude that 1 = pu(1g) = 2u(1g) which is a contradiction. Therefore
G is not an amenable group. O

Using Theorem [3.13.1], we can now give an example of a non-amenable
group.

Example 3.13.1. Let F, be the free group of rank 2 with generators a and
b. We will show that Fy is paradoxical. If u € F, then define

W, = {w € Fy | w has prefix u}.
If x € F5 then we define the map L, by left multiplication:

LIZ F2 — FQ

Naively, we have the decomposition

Fo={1} UW, UW,-1 UW, UWp-1.

This is not a paradoxical decomposition of F;, because we only have

F2 = LaWafl L Wa and F2 = Lbbel L Wb.
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The idea is to modify this decomposition so that the empty word 1 € F5 is
included into one of the other four subsets. To this end, let
(a) = {a™ | n € Z} be the subgroup generated by a. Define

W, =W, —(a)  and ' =W,-1 U {a).

a1

Then 1 € W!_, and the decomposition

Fy =W, UW, 1)U W, UW,-1).

satisfies

F2 = LaW(/lf1 LJ W(/z and F2 = LbWb—l L Wb.

Hence we have a G-paradoxical decomposition of Fy where G is the image
of the left multiplication map w — L,,. So F, is a paradoxical group and is
thus not an amenable group by Theorem |3.13.1}

3.14 Basic constructions involving amenable
groups
In this brief section, we aim to understand how amenability is affected by

certain constructions of groups. The most basic construction is to take a
subgroup of an amenable group.

Theorem 3.14.1. Let G be a discrete group and H be a subgroup of G. If
G is amenable then H is also amenable.

Proof. Assume that G is a discrete amenable group. Assume that H is a
subgroup of G. Let p: £*°(G) — C be an invariant mean. If ¢ € (>°(H)
then define ¢g € (>°(G) by
og: G — C
if H
. o {¢<g>, if g € H,

0, otherwise.

Now define the map pug by

pg . (°(H) — C
¢ = u(oa)

Since p is a positive linear functional then py is also a positive linear
functional. To see that uy is a state, first note that if ¢ € ¢°°(H) then
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[@lle iy = suple(h)| = suploa(h)] = suploa(g)] = ll¢alle=(o)-
heH heH 9eG

Therefore the norm of py is

lpull = sup  |un(9)]
llBll oo (£1y=1

= sup |u(oq)|
11l goo (£ry=1

= s Julda)l =1
l6G oo (y=1

Finally to see that py is invariant under left multiplication by H, assume
that h € H. Then

pr(h-¢) = p((h-d)a) = W(da) = pu (o).
So py is an invariant mean on ¢*°(H) and H is amenable. O
Next, amenable groups are closed under taking quotients.

Theorem 3.14.2. Let G be a discrete group and N be a normal subgroup
of G. If G is amenable then the quotient group G/N is amenable.

Proof. Assume that G is a discrete group and N is a normal subgroup of G.
Assume that G is an amenable group. Let u : (*°(G) — C be an invariant
mean. Let 7 : G — G/N denote the projection group morphism. It induces
the *-homomorphism

™ (>*(G/N) — >(Q)
o > (gr—>a(7r(g))).

Hence define pg/n to be the composite
(°(G/N) == 1~(G) —— C

Then pg)n is the composite of linear maps and is itself linear. It is also
positive because it is the composite of positive maps.

We already know that g/ is contractive because 7* is a *-homomorphism

(and is contractive) and the norm of 4 is 1. So in order to see that g/ is
a state, it suffices to show that pg/n(Lg/n) = 1. We compute directly that

pe/n(Leyn) = (pom)(la/n) = (len o) = pu(lg) = 1.
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Therefore i/ is a state on £°(G/N).

Finally to see that jq/y is invariant under left multiplication by G//N,
assume that g + N € G/N and a € {>*°(G/N). Then

pan((g+ N)-a)=(pom™)((g+ N)-a)=pu(((g+ N)-a)omn).
If h € G then
((g+N)-a)(w(h)=((g+N)-a)(h+N)=a(g"'h+N) = (aom)(g "h).

So

= (g - (aom))
= plaom) = (pom)(a)
= MG/N(Oé)

We conclude that pig/n is an invariant mean on (*°(G/N) and thus, G/N is
an amenable group. O]

We can also build amenable groups out of a direct/inductive limit of groups.

Theorem 3.14.3. Let {G;}ic; be a direct sequence of groups and
G = @Gi be its direct limit. Assume that if i € I then G; is an amenable
group. Then G is also an amenable group.

Proof. Assume that {G;}ic; is a direct sequence of amenable groups.
Assume that G = lim G; is its direct limit. If ¢ € I then let p; be an
invariant mean on (*(G;). Define the map pio; by

pooi : (X(G) — C

Then pio,; is a positive linear functional because f; is a positive linear
functional. If g € G; and ¢ € £*°(G) then

pooi(g - @) = pi((9 - P)la:) = pi(g - Pla:) = pi(lar) = prooi().
To see that it has norm 1, note that if ¢ € (°°(G) satisfies ||¢||po() < 1
then its restriction ¢|qg, € £>°(G;) and

llela:lle=(c) = sup |¢(g:)| < suple(g)| = [l|lee@) < 1.
i €G; geG

9:€Gy
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So

l0o.i(P)] = lpi(la) | < llpallllla:llee @ <1

and by taking the supremum over all such ¢, we find that ||ps || < 1. To
see that equality is achieved, note that |[1¢||ee(c) = 1 and

fooi(la) = pi(le,) = 1.
In this manner, we obtain a net of means { i }icr contained in the set of
states of £>°(G) which we denote by S(¢>°(G)). Recall from the proof of
Theorem that S(¢>°(G)) is weak-* compact. Therefore the set
{l4oo,i }ier must contain a limit point in S(¢*°(G)) with the weak-* topology.
Call this point pu.

Notice that if i € I, h € G; and ¢ € (*°(G) then

u(h - &) = p(@)| < |p(h - @) = proci(h - @) + |pios,i(@) — p(@)] = 0

in the limit over ¢ € I. Thus p is G-invariant and therefore an invariant
mean on ¢*°(G). So G must be an amenable group. ]

3.15 The Folner condition

If one wanted to show explicitly that a group G is amenable, one strategy
would be to provide a family of sets satisfying the Fglner condition.

Definition 3.15.1. Let G be a discrete group. We say that G satisfies the
Fglner condition if the following statement is satisfied: if E' is a finite
subset of G and € € R. then there exists a non-empty finite subset F' of G
such that the quantity

|sFAF| _
max ——— < €.
sek |F‘
Here, sF' = {st | t € F'} and sFAF denotes the symmetric difference of the
two sets sI" and F.

Furthermore, let {F), }nez., be a sequence of non-empty finite subsets of G.
We say that {F, }nez., is a Fglner sequence if for s € G

VYAV N I
N
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Roughly speaking, the Fglner condition states that the action of the finite
set E does not change F' very much. Let us give an equivalent
characterisation of the Fglner condition. The symmetric difference sFAF
is given explicitly by

sFAF = (sF\(sFNF))U(F\(sFFNF)).
Since |F| = |sF| then

|sFAF| _ |sE\(sF'NEF)|+ |F\(sF'NF)]

|F| |F|
_[sEI+|F]  2[sFNF]|
|F| |F|
|sF'NF|
=2—-2———.
|F|

Therefore the Fglner condition

|sFAF| _
max ————— €.
sek |F|

is equivalent to the condition that
|sF' N F| €
max ————— > 1 — —. 3.9
b |F] 2 (3.9)
As remarked in [BOOS|, Section 2.6], the condition given in equation ({3.9) is
how the Fglner condition is generally used in practice. Note that by the
same argument, a sequence {F), },ez., is a Folner sequence if for s € G
_sE.NF|

1 — 1.
b By

We want to show that a group satisfying the Fglner condition is equivalent
to the group being amenable. There is another equivalent characterisation
of amenability given in [BO0S, Definition 2.6.3] that we would like to
consider.

Definition 3.15.2. Let G be a discrete group. We say that G has an
approximate invariant mean if GG satisfies the following property: if E is
a finite subset of G and € € R then there exists u € Prob(G) such that

max|s - p —plh <e.
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The following remark is important in what follows. If G is a group then the
dual space ¢*(G)* is isomorphic to ¢*°(G) where the isometric isomorphism
is given explicitly by

L: (*(G) — MG
o = (f= Yead@)f(9))
In particular, if h € G and f € ¢*(G) then

(3.10)

L(h-¢)(f) =Y _¢(h'9)f(9) =>_o(g)f(hg) = L(¢)(h" - f). (3.11)

geG geq

Moreover £*(G)* is isomorphic to the double dual ¢*(G)**. The embedding
of *(G) into its double dual

v HG) = MG)*
o = o™
where o**(f) = f(«) is an injective isometry. By equation (3.12)), we can

consider ('(G) and Prob(G) as subsets of the dual space (*°(G)*. This is
what we do in the proof of Theorem [3.15.1] below.

(3.12)

Theorem 3.15.1. Let G be a discrete group. The following are equivalent:
1. G is amenable.

2. G has an approximate invariant mean.

3. G satisfies the Folner condition.

Proof. Assume that G is a discrete group. We will break this proof down
into multiple parts.

To show: (a) If G is amenable then G has an approximate invariant mean.

(b) G has an approximate invariant mean if and only if G satisfies the
Fglner condition.

(c) If G has an approximate invariant mean then G is amenable.
(a) Assume that G is amenable and that p : £*°(G) — C is an invariant

mean. We claim that there exists a net {1, };cr in Prob(G) which converges
to p in the weak-* topology on (*(G)*.
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Suppose for the sake of contradiction that there does not exist a net in
Prob(G) which converges to p in the weak-* topology on ¢>°(G)*. Then

e Prob(G)WT. Since Prob(G) is a convex set, we can apply the
separation version of the Hahn-Banach theorem. So there exists ¢ € (*(G)
and a,b € R with a < b such that if v € Prob(G) then

Re(v(9)) < a <b < Re(u(9)).

Now define ¢ = %(gb + ¢). By the previous inequality, we find that
() <a <b<p(). Next define ¢ =9 + ||¢||c 1, @’ = a+ ||| and
b =b+ ||Y|le. Then ¢ € £>°(G) is positive and

() = p@) + [[Pllcep(le)
= pu(W) + |[[¥ll  (since p is a state)
>b >ad
> () + [[¥]l
= () + [¢llse ¥l Tello
> v(Y) + [¢ller(le) = v(p).

However we have

sup{v(p) | v € Prob(G)} = [|¢] -
by the Hahn-Banach theorem and consequently

l@lloo < a' <V < pu(e) < |¢llso

which is a contradiction. Therefore there exists a net {u;}ier in Prob(G)
which converge to i in the weak-* topology on ¢*°(G)*. This means that if
g € G and € (*(G) then

(9 1:)(9) — pi(9) = (g- ) (@) — p(¢) =0

in the limit over I. We conclude that if E is a finite subset of G then 0 is in
the weak closure of the convex set

Pi(s- 1) —p| ne Prob(G)}.

seE

By the Hahn-Banach theorem, the weak closure of the above set is equal to
its norm closure. Hence, there exists a probability measure ¢’ € Prob(G)
such that
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D ls ) —p—0lh <e.

sek
Therefore, G has an approximate invariant mean.

(b) First assume that G satisfies the Fglner condition. Assume that
e € Ryp and F is a finite subset of G. By the Fglner condition, there exists
a non-empty finite subset I’ of G such that

|sFAF| _
max ———— < €.
sekb |F|
Define the map pp by
HE . G — C

1 .
g m, if g GF,
0, otherwise.
It is clear that ur € (*(G) because ||up||; = ﬁ By construction,
[LF<G) Q RZO and

1
D mrl9) =2 =1

geG feF

Therefore pp is a probability measure. Furthermore if s € £ and g € G
then

(s - i) = prlle = _|(s - pr)(g) = pr(g)l

geG

= lur(s'g) — pr(g)l

geG

_ Z |XsF(9)|];| xr(9)|

geG
|sFAF| _
= <e.
|F]
Therefore maxseg||(s - ur) — pr|l1 < € and G has approximate invariant
mean.

Conversely, assume that GG has approximate invariant mean. Assume that
E is a finite subset of G and that € € R.3. We can choose a probability
measure i € Prob(G) such that
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S (s p) = plh <e.

sek
If f € (}(G) is positive and r € R>q then define the set

F(f,r)={te G| f(t)>r}
Let xp(sr) be the characteristic function on F(f,r). If h € {'(G) is positive
then observe that

Ixr(rn () — xpme ()] =1

if and only if r lies between the non-negative real numbers f(¢) and h(t).
Moreover if f and h are bounded above by 1 then the quantity

1
/ IXP(sr) () = Xpnr(t)| dr
0

is a sum over all r € R>q between f(¢) and h(t). In this case, the sum is

|[F(t) = h()]-

The key idea is to apply this observation to the case where f = s - u and
h = pu. We find that if t € G and s € E then

Summing over all t € GG, we deduce that

I(s - 1) = plh = Y [(s - ) (1) = ()]

teG

_Z/|XF(MT‘ XFur<)|dT

teG
- / [SF (1) SF (g, )| dr
0

Summing over all s € E, we deduce that

[ Sl F ) e < 3G~ < e

seE sEE
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Since p € Prob(G) then

EZGZM(t):EZ/OM(t) dr:e/01|F(u,r)]dr.

teG teG

So

max|sF (1, ) AF (1, r)| < 3l F(, 1)AF (1, 1)] < el F(p )|

seE

and subsequently E satisfies the Fglner condition.

(c) Assume that G has an approximate invariant mean. If G is a finite
group then the fact that G is amenable follows directly from the definition
of an approximate invariant mean. So assume that G is countable. If E is a
finite subset of G and € € R. then there exists ug € Prob(G) such that if
s € E then

€
(s 1p) — pelh < 3

Let F denote the set of finite subsets of G. Then F is a poset with the
operation of inclusion. Now consider the double dual map

W G 22 (G) - C
¢ = (ur)
for £ € F. Since ||ug|1 = 1 then ||x}]| = 1 because the embedding in
equation ([3.12)) is an isometry. Furthermore if o € /*(G)* is a positive
linear functional then pjf (o) = a(ug) € Ry because up itself is a positive
function on G. We conclude that if E € F then uif € S(¢>°(G)) where
S((>(@)) is the set of states on ¢*°(G) (as defined in Theorem [3.12.2)).

Now form the net {3} per in S(°(G)). Since S(¢*°(G)) is compact in the
weak-* topology from ¢*°(G)* (by Theorem then the net must have
a cluster point in S(*°(G)). Let p € S(¢>°(G)) be the cluster point for the
net {3} per. We want to show that u is invariant under left multiplication

by G.

To this end, let g € G and ¢ € (*°(G) = (*(G)*. Pick K € F so that
9,97 € K and if ¢ € £*(G) then

€

() = W) < 3
Putting this all together and using equation (3.11)), we have
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(g - @) — (@) < lulg- @) — (g - o) + g (g - @) — pg (D) + | (@) — (o)
= |plg-¢) — i (g- )+ (g &) ux) — ¢(ur)| + |1 (9) — u(¢)]

= (g 0) — wi(g- o) +16(g" - ux) — o) + |1 () — (o)

< =+ 116l (g™" - pxe) — purclls + =

LZ) € € 3
< - - -

5+ I+ 5
= £+ 4)

Since € € R was arbitrary then u(g - ¢) = u(¢). So p is an invariant mean
and G must be amenable. This completes the proof. O

By Theorem |3.15.1,, we can now use the Fglner condition to prove that
more classes of groups are amenable.

Theorem 3.15.2. Suppose that we have the following short exact sequence
of discrete groups:

1 » N — G —— H > 1.
If H and N are amenable groups then G is an amenable group.

Proof. Assume that the groups N and H in the above short exact sequence
are amenable. Note that H is isomorphic to the quotient group G/N. We
will prove that G is amenable by using the Fglner condition.

To this end, assume that F is a finite subset of G. Then 7(F') is a finite
subset of 7(G) and since G/N is amenable, there exists a finite subset
E’' € G/N such that if e € R.g and p € 7(F) then

|pE'AFE|
||
Now the preimage 7~ !(E’) C G is not necessarily a finite set. However, we
can take a finite subset £ C 7~ 1(E’) such that the restriction 7| is

injective. That is, we select the finite set E so that if ey, e, € E are distinct
then m(e;) # m(ez). By construction, we have

< €.

o (E) A (E))|
7 (E)]

< €.
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The next step of the proof is to understand the structure of pr(E) N7 (E).
Assume that f € F and e € E such that 7(fe) € 7(E). Then we can write

fe=~(f,e)n(f.e)
where v(f,e) € E and n(f,e) € N. Now define the set T by

T'={n(f,e)| feF, ecE, n(fe)en(E)} CN.

The set T is finite. Since N is amenable then there exists a finite subset
M C N such that

[tMAM|
max ——— < €.

ter | M|
Thus if f € F and e € F satisfy 7(fe) € n(E) then

|feMA~(f,e)M| — |y(f,e)n(f,e)MA~(f,e)M]|

y(fe) M| v (f,e)M]|
_ n(f,eMAM|

| M|

<€

because n(f,e) € T. Now define the sets

Jp={ee E|n(fe)en(E)} and Ky ={v(f,e) | eec Js}.
By the previous computation, we have
o [T MOE M|
max
fEF |KfM|
By the definitions of J; and K, we also have (noting that |7(E)| = |E|)

[f I MAFEM|  [fEM\fJM|
|fEM)| |fEM]
_ |fEM\fJsM]|
|[EM|
[fEM\fJs M|
O]
< IT)m(E)\n(E)]
- |7 (E)]

<€

and
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|EMAKfM| B |EM\KfM|
|[KgM| K pM|
_m(E\r(f)m(E)]
| Ky M|
< ITEN\T(f)m(E)]
- |E|
[T (E)\7(f)m(E)|

10 ) I

We claim that the finite set EM C G does the job. We compute directly
that if f € F then

FEM\EM| _ |fEM\K;M|

|EM | - |EM |
\fEMN\fJ; M| |fJM\K;M|
<€+ e =2e

By a similar argument, we also have

[EM\fEM|
—— < 2e.
EM] "
Therefore
|fEMAEM|
S < 4e.
T EM T
By the Fglner condition, G must be amenable. [

The example in [BOOS, Example 2.6.6] yields an entire class of groups
which are amenable.

Definition 3.15.3. Let GG be a discrete group. If F is a finite subset of G
and n € Z> 0 then define

E"={q192---9n | 91,---,9n € E}.

We say that G has subexponential growth if the following statement is
satisfied: if F' is a finite subset of G then

lim sup\E”]% =1

n—o0
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Theorem 3.15.3. Let G be a subexponential group. Then G is an
amenable group.

Proof. Assume that G is a subexponential group. We will show that G is
amenable by showing that it satisfies the Fglner condition.

The idea is to construct an increasing sequence

EgCE CEC...

of finite subsets of GG in the following manner: Begin with a finite subset
Ey € G. If g € E, then add its inverse ¢! to the set Ey. If n € Z~q then
define F,, = Ej. Since G is subexponential then

lim inf| By, | = lim inf| EJ|m = 1.
m—0o0 m—0o0
Moreover, the family of sets { £}, },ez., satisfies the following properties:

1. f m,n € Z<o then E,,E, C E,,1p.

2. If n € Z+g then E; ! = E,.

By making FEj larger as necessary, we may assume that Un€Z>0 E,=G.
Now we claim that there exists a subsequence of {FE, }ncz., which is a
Folner sequence. Indeed, if k,n € Z~g, k <n and g € E) then gF,,_1 C E,

and

So

E.NE, , E,._ . 1
lim sup u > lim sup | d > lim sup —=1

If € € R.( then there exists n;, € Z~ such that

9B NV En| €
| Eny | 2
Since U,z , Bn = G then G satisfies the Fglner condition and G is an
amenable group. O

Another large class of groups which are amenable are solvable groups. As
we will see shortly, this follows from Theorem [3.12.2]
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Definition 3.15.4. Let X be a class of groups and G be a group. We say
that G is poly-X if there exist k& € Z>( and a descending series of normal
subgroups of G

G:GobGlb"'DGkDGk+1 :{1}
such that if i € {0, 1,...,k} then the quotient group G;/G;+1 € X.

We say that G is solvable if X is the class of abelian groups.

Theorem 3.15.4. Let G be a solvable group. Then, G is an amenable

group.

Proof. Assume that G is a solvable group. We will show that if k£ € Z>,

and G admits the descending series of normal subgroups
G:GQDGlb"'DGkDGk_H :{1}

then G is amenable. We will proceed by induction on k € Zxy.

For the base case, assume that £ = 0. Then G = G/G; is an abelian
group, which is amenable by Theorem [3.12.2] This proves the base case.

For the inductive hypothesis, assume that there exists m € Z- such that
the statement holds. Now assume that G admits the following descending
series of normal subgroups:

G:G01>G11>"'>Gml>Gm+1={1}

By the inductive hypothesis, (G; is an amenable group. Since G is solvable
then the quotient group G/G, is an abelian group and hence, amenable. By
Theorem [3.15.2) G is amenable. This completes the induction and the
proof. n

We remark that by Theorem [3.15.4] polycyclic groups and nilpotent groups
are all amenable.

3.16 Amenability and nuclearity

The main result of this section is [BOO8, Theorem 2.6.8], which connects

the two concepts of amenability and nuclearity. Note that we have already
proved part of [BOOS, Theorem 2.6.8] in Theorem [3.15.1]
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Theorem 3.16.1. Let G be a discrete group. The following are equivalent:

1.
2.

6.

G is an amenable group.

There exists a net of unit vectors {& }ier in £2(G) such that if s € G
and \s € B((*(@)) is the left regqular representation then

liier?H)\s(fi) =&l =0.

The universal C*-algebra C*(G) and the reduced C*-algebra C5(G)
are equal.

There ezists a one-dimensional representation (a character) of C5(G).

If E is a finite subset of G then

|z 2
seF

The reduced C*-algebra C5(G) is nuclear.

7. The group von Neumann algebra L(G) is semidiscrete.

We will break down the proof of Theorem [3.16.1| into multiple parts.

Proof. The first statement implies the second:

Assume that G is a discrete amenable group. By Theorem 3.15.1) G
satisfies the Fglner condition. Let {F;};c; be a Fglner sequence of finite
subsets of G. If i € I and xp, is the characteristic function on F; then define

1 1
IERTN I X

gi - XF;, =
@) | Fi|2

If i € I then & € *(G), ||&llee) = 1 and additionally, if s € G then

H)‘S(fz 52"62 Zp‘ 5@ & )’

geG

= 3 (s ) — i)

gEG

geG
_ |SFiAFi’
| Fi
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in the limit over i € I because {F;};cs is a Folner sequence in G. This
proves the assertion.

The second statement implies the third:

We adopt the argument given in [Nel|]. Assume that we have a net {{};e; in
/(@) as in the second statement. Assume that A : C[G] — B((*(G@)) is the

left regular representation of G, defined on the group ring C[G]. If z € C[G]
then

2]l = IA@) | B < 2l

where ||—||, is the norm of the full/universal C*-algebra given by equation
(3.8). This means that the inclusion map ¢ : C[G] — C5(G) extends to all
of C*(G) by density. Furthermore ¢ : C*(G) — C5(G) is surjective by
construction.

It suffices to show that if # € C[G] then ||z||, < ||z||,. Assume that
7 : C[G] — B(H) is a *-representation of G on a Hilbert space H. If n € H
satisfies ||n|| = 1 then

(m(@)n,mym = (m(@)n,m (& &) e
1 (( () @ A(2))(n ® &), n @ &) Her @)

(( M (@)(n ®&),n @ &) Her@)-

By Fell’s absorption principle in Theorem [3.10.7] there exists a unitary
operator u on H x (*(G) such that

idg @A = p(r @ A\

Therefore

(m(x)n,mu = hm((7r @A) (7)1 ® &), n @ &) ree @)
|

< ||( A @) = [lp(m @ M) ()|
= [[(ide @ M)(2)|| = [A(@)]| = [l

Taking the supremum over all n € H with norm 1, we find that

I ()]l = H81||1£1|(7r(x)77,n>H| < [llls-
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Since 7 was an arbitrary representation of C[G] then ||z, < ||z,
Therefore ¢ is an injective *-homomorphism and is thus, a *-isomorphism.

So C*(G) = CX(G).
The third statement implies the fourth:

Assume that C*(G) = C5(G). We have the trivial representation on the
group ring C[G] given by

t: C[G] — C
=2 gec %Y = Digea o
If x € C[G] then ||t(z)|| < ||z||l, by definition of the norm on C*(G) in
equation (3.8]). Therefore ¢ extends to a one-dimensional representation on

C*(G) = C3(G).
The fourth statement implies the first:

Assume that the reduced C*-algebra C5(G) has a one-dimensional
representation. Then, 7 is a state on C5(G) (because 7 is multiplicative).
By the Hahn-Banach theorem, we can extend 7 to a linear functional 7 on
B((*(G)). Since 7 is a state on C5(G) then ||7]| = ||7]| = 1. Also 7(eg) = 1
and so, 7 is a positive linear functional on B(¢*(G)).

Recall that we can think of elements of />°(G) as multiplication operators
in B((*(G)). Hence, the positive linear functional 7 is defined on £>°(G).
Furthermore if s,g € G, f € (*(G) and u € (*(G) then

So s-f=As0foll We also have

7~—<>‘:)‘5) = 7~—(Z‘dEQ(G)) =1= ’%(AS)‘Q

where the last equality follows from the facts that A\, € C5(G) and that
T = 7~'|C;(G) is a *~homomorphism. This means that A, is in the
multiplicative domain of 7. By the bimodule property in Theorem [3.2.1]
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T(s- f) = T(ASA) = T(A)T()T(Xs) = 7(f)-
Therefore 7| ¢ (c) defines an invariant mean. So GG must be amenable.
Since the fifth characterisation of amenability in Theorem |3.16.1| involves a
norm, it makes sense to use the second statement to show it is equivalent to
the other characterisations of amenability.

The second statement implies the fifth:

Assume that G satisfies the second statement so that there exists a net of
unit vectors {& }ier in 2(G) such that if s € G then

liiel?H)\s(fi) - &l =0.

Now assume that E is a finite subset of G and € € R.,. Then there exists
1 € I such that if s € G then

[As(&) — &ill < e.
We have

Iz 2

and since ||&]| = 1,

1
1= E SEZE&
_ ﬁ S (6 - M6 + A6)) |

<l ZE-ne] + ﬁH >n)

< iy 26261+ | 2

Since € € Ry was arbitrary then
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= 1.

1
— A
P>
ek
The fifth statement implies the second:

Assume that if F is a finite subset of G then

1
[z 2
seR

Suppose that E is a finite symmetric subset of G' (symmetric meaning that
E=FE""). Let S = ‘—;3' Y scr As- Since E is symmetric then S is a
self-adjoint operator on ¢?(G). Assume that ¢ € Rq. Since S has norm 1
then there exists {g . € £2(G) such that ||€g || = 1 and

=1

|<S€E,ea§E,e>| >1—e

Now let |z | € £2(G) be the function which sends g € G to [€g.(g)]. We
compute directly that

1 —e < [(S¢pe.épe)| = ‘ Z S€p.pe

geG
< 57 I5¢x.[Exd
geG
1
= (Sleeel e = 1 > lépels [€p.el)-
selk

Since € € R was arbitrary then

11_{% }<>‘8|£E,6|7 |€E,6|>‘ =1

Hence if s € E then H)\S|§E,€| - |§E6|H — 0. The net {|{g.c|} B finite, ccRo
then yields the second condition.

Next we want to show the sixth statement holds; that the reduced
C*-algebra C5(G) is nuclear. This means that we have to construct the
appropriate c.p maps to show that the identity map on C}(G) is nuclear.
As such, we will make use of the concrete formulation of amenability in the
Fglner condition.
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The first statement implies the sixth:

Assume that G is amenable. Then G satisfies the Fglner condition. If
g € G then define the function d, by

dg: G — C
b {1,1fh:g,

0, otherwise.

Let {Fy}rez., be a sequence of Folner sets. If k € Z~ then let
Py, € B(f*(@)) denote the orthogonal projection onto the finite dimensional
subspace

span{dy | g € Fy}.

Now consider the corner P, B((*(G))P,. By definition of Py, we can identify
P.B((*(G)) Py, with the matrix algebra Mg, (C). If {e,,}p4er, denotes the
matrix units of Mg, (C) then

Pk = Z 6p,p-

pELy

Additionally, if s € G then

epqs if p=sq
CppAsCaq =3 Y
0, otherwise.

Therefore if £ € Z~o and s € G then

PP, = E €ppAsCq.q = E €p.s—1p-

p,q€Fy PEFLNsFy,

Now we are ready to define the appropriate c¢.p maps which we will use to
show that C}(G) is nuclear. If k € Z~( then define

er: CX(G) — Mp(C)
By direct computation, ¢ is a u.c.p map. Now define
Ui Mp(C) = C3(G)
e EEG E WS y
P.q [Fn] P\

The map 1, is extended to all of Mp, (C) by linearity. To see that iy is
unital, we compute directly that
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Ur(Pr) = i ( Z €pp) Z 2 |de2(G) idp

pEFy pEFY

To see that 1, is a c.p map, we first compute that if n € Z~ then

1
[n(eij)]ijer, = TN

By Theorem [3.3.1, we deduce that 1, is a c.p map.

A ligen, € MR (CX(G)4-

It remains to check that {¢y}rez., and {Yy }rez., are the required maps.
Note that the subspace span{), | ¢ € G} is norm dense in C5(G). So it
suffices to check the CPAP property on A, where s € GG. To this end,
observe that if s € G then

1@k 0 0r)(As) = Al = 1ok Y epmip) = Al

pGFkﬂst
1
=1 > mApAp*s — Al
pGFkﬂst
1
= || Z s — Asll
| F]
pEFNsFy
|Fk N SFk ’
< — L[|
‘ | F|

= [T =1[[[All =0

as k — o0o. Note that in the limit, we used the Fglner condition. Therefore
idcs(c) is a nuclear map and consequently the reduced C*-algebra C5(G) is
nuclear.

The first statement implies the seventh:

Once again, assume that G is amenable. We claim that the c.p maps
{or}rez-, and {¢y }rez., defined previously demonstrate that the identity
map idp, ) is weakly nuclear. By [BOOS, Remark 2.1.3] (Sakai’s predual
theorem), if we want to show that the group von Neumann algebra

L(G) = C5(G)" is semidiscrete, it suffices to show that if z € L(G) and
g,h € G then

((Vk 0 @) () (), 0n) — (g, On).
More precisely, if g, h € G and w4, is the map
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Wy h B(*(G)) — C
T = (T, 0n)

then the span of {w,, | g, h € G} is dense in the predual L(G),.

Now assume that x € L(G). Then there exist unique scalars {as}seq such
that if s = hg~! then
(g, 0n) = .

Uniqueness is the result of computing the quantity (yd,, d,) for y € C[G].
Now by a direct computation, we have

Fp,NF,
(o)) = 3o, EEEO Ry
seG ’Fkl
So if g, h € G are fixed then
|3FkﬂFk| |hgileﬁFk|
(10 90) ()00, 80) = (3 0 P TN ) = a0

seG

which by the Fglner condition, converges to (zdy, dn) = apg-1 as k — oo.
The sixth statement implies the first:

Assume that the reduced C*-algebra C(G) is nuclear. If ¢ € I then let
©; 1 CX(G) = My, (C) and ; : My;)(C) — C{(G) be u.c.p maps such that
if z € C§(G) then

linl| (91 © 1) (&) — ]| = 0.

By Arveson’s extension theorem in Theorem we may assume that the
u.c.p maps ; are defined on all of B(¢*(G)). If i € I then the composite

®; =10, : B(*(G)) = C;(G) is a w.c.p map such that if z € C}(G) then
O;(x) — .

The net {®;};c; has a cluster point in the weak-* topology, which we will
denote by ® : B({*(G)) — L(G). Note that if z € B(¢*(G)) then it does not
follow that ®(x) € C5(G) a priori. Instead, we have ®(z) € L(G). The map
® restricts to the identity on C5(G). Now let 7: L(G) — C be the
canonical trace on the von Neumann algebra L(G). We claim that the
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composite 7 = 7 0 @y () is an invariant mean.

We compute that if T € B(¢*(G)) and s € G then

(10 ®)ATAS) = 7((A)B(T)P(A)))

T(AP(TIAY)
= T(AAD(T)) = (1 0 ®)(T).

The second last equality follows from the properties of the trace. The
second equality follows from the fact that ® restricts to the identity on
C5(Q). Therefore if T' € (*(G) and s € G then

(s - T) = (10 @)YATA]) = (10 @)(T) = n(T).

So 7 defines an invariant mean and G must be an amenable group.
The seventh statement implies the first:

Assume that the group von Neumann algebra L(G) is semidiscrete. By
[BOO8|, Exercise 2.3.15], L(G) is injective. This means that we can
construct a u.c.p map @ : B(£*(G)) — L(G) which extends the identity
map idre) on L(G). Then we can argue exactly as in the previous part of
the proof in order to demonstrate that GG is amenable. This finally
completes the proof of Theorem [3.16.1] O

Theorem provide us with a wide range of examples of nuclear and
non-nuclear C*-algebras. For example, if I, is the free group with two
generators then the reduced group C*-algebra C5(F3) is a non-nuclear
C*-algebra by Theorem [3.16.1} Furthermore Theorem does not
extend fully to the case of locally compact groups. In particular, nuclearity
or semidiscreteness of the reduced group C*-algebra and the group von
Neumann algebra respectively does not necessarily imply that a locally
compact group is amenable.
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Chapter 4

On operators defined on a
C*-algebra

4.1 The adjoint of a linear operator on a
C*-algebra

There is a rich theory surrounding unbounded operators on a Hilbert space.
A good introduction to unbounded operators on a Hilbert space is [Soll§].
If H is a Hilbert space then B(H) is one of the archetypal examples of a
C*-algebra. A natural question one might ask is whether the theory of
operators on a Hilbert space can be generalised to an arbitrary C*-algebra.
The goal of this chapter is to give a brief account of how such a
generalisation is achieved. We primarily follow the references [WN92] and
[Wor91].

Definition 4.1.1. Let A be a C*-algebra and T : D(T') — A be a linear
operator defined on a vector subspace D(T') C A. We say that T' is
densely defined if D(T) is dense in A.

The adjoint operator of a densely defined operator T, denoted by
T%: D(T*) — A, is defined by the following equivalence for arbitrary
x,y € A:

The elements x € D(T*) and y = T*x if and only if for a € D(T),
(Ta)*z = a*T'x = a*y.

In [WN92| and [Wor91], the adjoint operator is symbolised by 7%. We will
use a different notation in order to not confuse the asterisk with the
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involution operation on A.

Let A be a C*-algebra and T': D(T') — A be a densely defined linear
operator. To see that the adjoint operator T* is linear, assume that
11,79 € D(T?). If a € D(T) then

a*(TH(x1 + x2)) = (Ta)* (21 + x2) = (Ta)*xy + (Ta)*xy = a* (T xy + T xy).

Since D(T) is dense in A then T*(xy + ) = T*z1 + T*zy. So
T%: D(T*) — A is linear operator.

Definition 4.1.2. Let A be a C*-algebra and T : D(T') — A be a densely
defined linear operator. We say that T is closed if its graph

G(T') ={(a,Ta) | a € D(T)}
is a closed subspace of A x A.

Theorem 4.1.1. Let A be a C*-algebra and T : D(T) — A be a densely
defined linear operator. Then T* : D(T*) — A is a closed linear operator.

Proof. Assume that A is a C*-algebra and that 7 : D(T') — A is a linear
operator defined on a dense subspace D(T) C A. To see that the graph

G(T*) is a closed subspace of A x A, assume that (z,y) € G(T%) . Then,
there exists a sequence {(2,, Yn) }nez., in G(T¥) such that

lim ||z, —z]| =0 and lim ||y, —y|| = 0.
n—oo n—oo

Note that if n € Z~q then y,, = T%r,. We claim that y = T*x. If a € D(T)
then

[(Ta)*z — a*y|| < [(Ta)x — (Ta) x| + [[(Ta) zn — a’yull + [[a*yn — a”y||
= [(Ta)* s — (Ta)"z,|| + l|la"yn — a™y||
< [[(Ta)"|l[lx = zall + lla*[[lyn — vl
— 0

as n — oo. We deduce that if a € D(T) then (T'a)*z = a*y. So y = T¥x

and (z,y) € G(T*). Therefore G(T*) is a closed subspace of A x A and T*
is a closed linear operator. O

Theorem 4.1.2. Let A be a C*-algebra and T : D(T) — A be a densely
defined linear operator. If T is bounded then the adjoint operator T* is also
bounded.
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Proof. Assume that A is a C*-algebra and that

|7 = sup ||Tall < oo.
a€eD(T)

Let # € D(T*) and y = T*z. Since D(T) is dense in A then there exists a
sequence {ay, }nez., in D(T") which converges to y. Now observe that

(Ty)'x = JLIEO(Tan)*x = lim ajy = y*y.

n—oo

In the above calculation, we used the fact that the involution * and 1" are
continuous maps. So

IT*2]* = lly1* = ly*yll < ITy) Izl < 1T 1yl

Therefore ||y|| < ||T||||z|| and || T%|] < ||T||. So T* : D(T*) — A is a bounded
operator. O

4.2 Bounded linear operators on a
C*-algebra

Definition 4.2.1. Let A be a C*-algebra. We define B(A) to be the set

B(A)={T:A— A||T|| < oo, T is linear}.

Note that B(A) is a Banach algebra. In particular, the multiplication
operation on B(A) is given by the composition of bounded linear operators

on A.
By Theorem {.1.2] if T € B(A) then its adjoint 7% : D(T*) — A is a

bounded linear operator. However, there is no guarantee that D(T*%) is
dense in A, let alone that D(T%) = A. This motivates the next definition.

Definition 4.2.2. Let A be a C*-algebra. We define the set

M(A) ={T € B(A) | T* € B(A)}.

This section is dedicated to proving some basic properties of M(A). The
next theorem is the first step towards this goal.

Theorem 4.2.1. Let A be a C*-algebra. Then

1. M(A) is a norm-closed subalgebra of B(A).
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2. If T € M(A) then T* € M(A).

3. M(A), together with the adjoint as its involution operation, is a unital
C*-algebra.

Proof. Let A be a C*-algebra. First we will show that M(A) is a
norm-closed subalgebra of B(A).

To show: (a) M(A) is closed under addition.
(b) M(A) is closed under scalar multiplication.
(c¢) M(A) is closed under multiplication.

(d) M(A) is norm-closed.

(a) Assume that S, T € M(A) so that S¥ T* € B(A). If a,x € A then

a*((S+T)'z) = (S+T)(a)*x = (Sa+Ta)*x = (Sa)*z+(Ta)*r = a* (S*2+T z).

This means that (S +T)* = S* + T* € B(A) and consequently
S+T e M(A).

(b) Assume that A € C. If a,z € A then

a*(A\T)fz) = (\T)(a)*z = (\Ta)*z = XN(Ta)*z = a*(\T*z).
So (AT)* = X\T* € B(A). Thus AT € M(A).
(c) Again, we compute directly that if a,z € A then
a*((ST)*x) = (ST)(a)*z = S(T(a))*z = T(a)*(S*z) = a*(T*S*z).
So (ST)¥ = T*S* € B(A) and ST € M(A) as required.

(d) Assume that R € M(A) so that there exists a sequence {R,, } ez, in
M (A) such that lim, || R, — R|| = 0. If n € Z~( then the adjoint
operators Rf, € B(A). We want to show that R* € B(A).
Note that if @ € A then

|Ria — Ball = (R — R)eall < |[Ry — RJl 0
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as n — 0o. So Rfa = lim,,_,o, Rfa and so R* € B(A). Hence R € M(A) and
M (A) is norm-closed in B(A).

To show: (e) If T € M(A) then T% € M(A).

(e) Assume that T € M(A) so that its adjoint 7% € B(A). We want to show
that the double adjoint T% = (T*)* is an element of B(A). It suffices to
show that D(T%) = A. Using the definition of the adjoint, z € D(T*) and
y = T%x if and only if for z € D(T*) = A,
2ty = (T*2) x.
Now assume that z,a € A. We want to show that T%qa exists. Since
A= D(T) = D(T") then
(Ta)*z = a*(T*2) and 2*Ta = (T*2)*a = z*T*a.
Now let {uy}rea be an approximate unit of A. If A € A then
uyTa = u\T"a and
Ta —T"a = liinuA(Ta — T%q) = liinO = 0.
Therefore if T% exists then T# = T € B(A). So we can set T% = T and
subsequently conclude that T* € M (A).

To see that the identity map ids : A — A is an element of M (A), observe
that a € A = D(id",) and b = (id4)%a if and only if for z € A = D(idy),

2*a = (ida(2))*a = 2*b = 2*((ida)*a).

By a similar argument to part (e), we find that a = b and
(ida)* = ids € B(A). Consequently the identity map ids € M(A).

Finally to see that M(A) is a unital C*-algebra, we compute directly that if
T € M(A) then |T*T|| < ||T%||T|| < ||T||* by Theorem and
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|IT*T|| = sup ||T*Tal]
llall=1

= sup [|a’|[[|T*Ta]
Jal=1

> sup [|a*(T*Ta)|
Jal=1

= sup [[(T'a)"Tall

= sup || Tal]* = || T

Therefore | T*T|| = ||T||?> and M(A) is a unital C*-algebra. O

By thinking of A acting on itself via left multiplication, we have the
inclusion map

t: A —  M(A)
a +— (b ab).
Using the definition of the adjoint on M(A), we note that if a € A then
t(a)® = 1(a*). That is, the adjoint of left multiplication by a is simply left
multiplication by a*.

(4.1)

Recall the definition of an essential ideal from Definition 2.9.2]

Theorem 4.2.2. Let A be a C*-algebra and v : A — M(A) be the inclusion
map in equation (4.1). With this inclusion, A is an essential ideal of M(A).

Proof. Assume that A is a C*-algebra and that ¢ : A < M(A) is the
inclusion map in equation (4.1)).

To show: (a) A is an ideal of M (A).
(a) Assume that a,b € A. If x € A then

(t(a) + u(b))(z) = ax + br = (a + b)x = t(a + b).
So v(a) + ¢(b) = t(a +b). Next, assume that T € M(A). Then

(((a)T)(2) = aTx = (T*a")"x = ((T*a")")(w)

which means that ¢(a)T = ¢((T#a*)*) in M(A). By taking adjoints, we
obtain
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Thu(a*) = T*u(a)® = o((T%a*)*)* = o(T*a").
So A is an ideal of M(A).

To show: (b) A is an essential ideal.

(b) Assume that 7' € M(A) and that TA = 0. This means that if a,z € A
then

(Tw(a))(x) = (Ta)(x) =T(a)z = 0.
Let {u)}xea be an approximate unit for A. If a € A then

0= li/I\n T(a)uy =T(a).

Therefore T'= 0 in M (A) and consequently, A is an essential ideal in
M(A). O

The preceding theorem suggests that M(A) is connected to the multiplier
algebra of A, as seen in Theorem [2.9.2] In fact, we will prove that M (A) is
isomorphic to the multiplier algebra of A and as a consequence, justify the
pernicious abuse of the notation M(A). In the proof which follows, we let
M(A) denote the multiplier algebra of A.

Theorem 4.2.3. Let A be a C*-algebra. Then, the following map defines
an isomorphism of C*-algebras:

v M(A) — M(A)
T = (T, a— (T*a*)")

Proof. Assume that A is a C*-algebra and that 1 is the map defined as
above. Let ¢ be the inclusion of A in M(A) as in equation (4.1)).

To show: (a) The map ¢ is well-defined.

(a) Assume that T € M(A). Let T": A — A be the map a — (T%a*)*. By
the proof of Theorem [4.2.2] if a,b € A then

T(ab) = (Tw(a))(b) = ¢(Ta)(b) = T(a)b,

T'(ab) = (T*(b*a"))" = (TPu(b"
= (

(
= a(T*")* = aT'(b)



and aT(b) = (T*a*)*b = T"(a)b. So Y(T) = (T, T") € M(A) and
consequently ¢ is well-defined.

To show: (b) ¢ is a *-homomorphism.

(b) Assume that S, T € M(A) and a € A. Then

(T +5)(a) = (T + 5)(a), (T + 5)'(a))
= ( Ji(a®))*

Ta~+ Sa,((T + S)*(a™))")
= (Ta+ Sa, (T*(a*) + $*(a*))")
= (Ta+ Sa, (T*(a"))* + (S*(a"))")

= ¢(T)(a) +9(5)(a).
If A € C then

We also have

where we recall the multiplication operation on the multiplier algebra
M(A) from Theorem [2.9.2] To see that ¢ respects involutions, first recall

that the involution map on M(A) is given for (L, R) € M(A)

(L, R)" = (R",LT)
where LT € B(A) is defined by



So we compute directly that
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We conclude that 1) is a *-

(b).

omomorphism. This completes the proof of part

To show: (c) % is injective.
(d) v is surjective.

(c) Assume that S, T € M(A) satisfies ¢(S) = (7). Then (S,5") = (T,T")
and S = T as bounded operators on A. Therefore 1) is injective.

(d) Assume that (L, R) € M(A). First, we must show that L € M(A). If
a,b € A then
R(a*)b = a*L(b) = L*(a)"D.

By taking adjoints, we find that if a,b € A then b*R(a*)* = b*L*(a). By
using an approximate unit for A, we find that L*(a) = R(a*)*. The map
a— R(a*)* is an element of B(A). Therefore L € M(A) and

R(a)b = (R(a)*)*b = (L*(a*))*b = L'(a)b.
Thus (L) = (L, L") = (L, R) and so v is surjective.

By combining parts (a), (b), (¢) and (d) of the proof we find that v is a
*_isomorphism. This completes the proof. O

Example 4.2.1. Let H be a Hilbert space. Recall that By(H) is the space
of compact operators on H. We claim that M (By(H)) = B(H). First,
observe that By(H) is an essential ideal of B(H). Assume that u € B(H)
satisfies uBy(H) = 0. If {,7 € H then
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(wo [E)(EDn = ul(n, &) = [ug)(¢] = 0.
So u§ = 0 by Theorem and By(H) is an essential ideal of B(H).

By Theorem [4.2.3| we can think of the unital C*-algebra M (By(H)) as the
multiplier algebra of By(H). This will allow us to take advantage of the
universal property in Theorem [2.9.3] In particular, the inclusion

t: Bo(H) — M(By(H)) extends to a unique injective *-homomorphism

o+ BUH) — M(Bo(H).

We will now show that ¢ is surjective. Assume that (L, R) € M (By(H))
and let v € H satisty ||v|| = 1. Define the linear map

u: H — H
§ = (Lol wh().
To see that u is bounded, we compute using Theorem that it E € H
then

lull < ILINE @Izl = ILINEMI® = ILINIE] < oo.
If ve B(H) then let L, : B(H) — B(H) denote the left multiplication map
(composition by v) and R, : B(H) — B(H) denote the right multiplication
map (precomposition by v). If «, 8,7 € H then

(Lu o [)(B)(7) = [ua){B])(7)

,Y)U

(B,7)
(B, (L ola)(v])(v)
(B,7)

).

Q

Lo = (Lo |e)(B])(7)-
Consequently

Y

Therefore, L, = L on the ideal By(H
(p(u) = (L,R))Bo(H) =0  and  ¢(u) = (L, R).

So ¢ is surjective and hence, a *-isomorphism from B(H) to M (By(H)).

4.3 Linear operators affiliated with a
C*-algebra

In this section, we introduce the central definition of the paper [WN92] —
the notion of a linear operator being affiliated with a C*-algebra. First, we
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need to understand the topological structure of M (A) where A is a
C*-algebra.

Definition 4.3.1. Let A be a C*-algebra. Let {aq}acs be a net in M(A).
We say that {a, }aer converges almost uniformly to 0 if for x € A,

lim|la,z|| = 0 and lim||a? z|| = 0.

The resulting topology on M(A) is called the topology of almost uniform
convergence.

Example 4.3.1. Let A be a C*-algebra and {u,} ca be an approximate
unit for A. Let ¢ : A — M(A) denote the inclusion map. The net {¢(uy)} in
M (A) converges almost uniformly to the identity element of M (A) which is
the identity map ids : A — A. This is because if € A then

li§n||L(u,\)x —ida(x)|| = li/{n||u,\$ —z||=0

and
liinHL(uA)ﬁa: —id"(z)|| = h)r\n||uf\a: -zl = li§n||u,\:1: —z| = 0.

Now we will use Example to prove the following important theorem
relating A and M(A).

Theorem 4.3.1. Let A be a C*-algebra. Viewing A as an essential ideal of
M(A), we have the following equality:

A= {x e M(A) ‘ If {an} is a net in M(A) converging }

almost uniformly to 0 then lim,|la,x| =0

Moreover, A is dense in M(A) (with respect to the topology of almost
uniform convergence).

Proof. Assume that A is a C*-algebra. By definition of almost uniform
convergence, we have the inclusion

AC {az‘ € M(A) ’ If {a,} is a net in M(A) converging } '

almost uniformly to 0 then lim,||la,z| = 0

To prove the reverse inequality, assume that x € M (A) such that if {a,} is
a net in M (A) which converges almost uniformly to 0 then lim,||a,z| = 0.
Let {u)}rea be an approximate unit for A. If A € A then define

ay = ZdA — U)-
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Then {ay}aeca is a net in M(A) which converges almost uniformly to 0 by

Example 4.3.1} So
li§n||a,\x|| = li§n||(idA —uy)z|| = li§n||35 —uyzl| = 0.

Since A is an ideal in M (A) then uyx € A and consequently, © € A because
A is complete. Therefore

A= {g; e M(A) ’ If {a,} is a net in M(A) converging } '

almost uniformly to 0 then lim,||a,z| = 0
To see that A is dense in M (A), assume that y € M(A). If A € A then

upyy € A and the net {u y}rea in _A converges almost uniformly to
y € M(A) by Example 4.3.1, So A = M(A) with respect to the topology of

almost uniform convergence. O]

Theorem 4.3.2. Let A be a C*-algebra and T € B(A). If the adjoint
operator T* : D(T*) — A is densely defined then T € M(A).

Proof. Assume that A is a C*-algebra. Assume that T' € B(A) such that its
adjoint operator T% : D(T*) — A is densely defined. To see that T € M(A),
we must show that 7% € B(A). By Theorem m T* is a bounded linear
operator.

Since D(T*) is dense in A then the continuous linear operator T* can be
extended to all of A. So T* € B(A) and T € M(A). O

Here is the important definition of affiliation.

Definition 4.3.2. Let A be a C*-algebra and T': D(T') — A be a densely
defined linear operator on A. We say that T is affiliated with A and write
TnA if and only if there exists zr € M(A) such that ||zr| <1 and

G(T) = {((ida — zﬁTzT)%a, zra) | a € A}
where we recall that G(T') = {(z,Tz) | x € D(T)} is the graph of T
The element 27 € M(A) is called the z-transform of 7.

By definition, if A is a C*-algebra then z € M(A) is the z-transform of an
element affiliated with A if and only if ||z]| < 1 and the image
(idy — 22)2 A is dense in A.
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Example 4.3.2. Let H be a Hilbert space and A = By(H) so that
M(Bo(H)) = B(H). If T : D(T) — H is a closed densely defined operator
on H then TnBy(H). In fact, its z-transform z7 is given explicitly by

2p =TI +T*T)"2 € B(H) = M(By(H))

where [ is the identity map on H and T™ is the adjoint of T" as defined in
[Sol18, Section 8.2]. See [Soll8, Chapter 9] for the full details on how the
z-transform zp is constructed. This example also constitutes [Wor91,
Chapter 1, Example 3].

If Aisa C*-algebra and T': D(T) — A is a densely defined linear operator
on A such that TnA then T must be closed. To see why this is the case, we
know that there exists zp € M(A) such that the graph

G(T) = {((ida — zﬁTzT)%a,zTa) |a€ A}

The operators (ids — zgﬂzT)% and zp are both bounded and thus continuous
linear operators on A. In particular, they commute with limits. Since A is a
closed subset of itself then G(7") must be a closed subspace of A x A and T'
is a closed operator.

So far in these notes, we have said that the category of C*-algebras consists
of C*-algebras as the objects and *-homomorphisms as the morphisms. In
[Wor91] and [WN92], a more refined definition of the category of
C*-algebras is used.

The objects in the category of C*-algebras are still C*-algebras. However, if
A, B are C*-algebras then the set of morphisms, which we denote by
Mor(A, B), is defined by

Mor(A, B) = {¢ A M(B) | ¢ (4.2)

is a *-homomorphism, }

¢(A)B is dense in B

With the definition of morphisms in equation (4.2)), one might wonder how
composition is defined in the category of C*-algebras. The idea here is that
if € Mor(A, B) then ¢ admits a unique extension to a *-homomorphism

from M(A) to M(B).

Theorem 4.3.3. Let A and B be C*-algebras and ¢ € Mor(A, B). Then,
there exists a unique extension of ¢ to a *-homomorphism from M(A) to

M(B).
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Proof. Assume that A and B are C*-algebras and that ¢ € Mor(A, B).
Then ¢(A)B is a dense subset of B and its linear span spanc ¢(A)B is also
dense in B. If T' € M(A) then we define ¢(7") by the map

o(T) : ¢(A)B — B
P(a)b = Loy — ¢(Ta)b = Lyrap.

where Ly € B € M(B) denotes left multiplication by ¢(a)(b) € B (see
Theorem [4.2.2)). The map ¢(T) is then extended to all of spanc ¢(A)B by
linearity.

To show: (a) ¢|4 = ¢.

(b) ¢(T) is bounded.

(¢) ¢(T) is well-defined.

(a) If a € A then let L, € M(A) denote left multiplication by a. If a,c € A
and b € B then

(L) (9(a)h) = ¢(Le(a))b = ¢(ca)b = ¢(c)(a)b = Ly (é(a)b).
Since ¢(A)B is dense in B then ¢(L.) = L) So Ola = o.

(b) To see that ¢(T) is bounded, let {uy}rea be an approximate unit for A.
Ifay,...,a, € Aand by,...,b, € B then

I6(T) (3 (@bl = 1D é(Tabil| = liml|p_ é(Turai)bil
= lim||¢(Tuy) ; ¢ (ai)bi
<IN élabill < ITIIY_ éai)bill

Therefore ¢(T) is a bounded linear operator on spanc ¢(A)B.

(c) Suppose that a1, as € A and by, by € B satisfy ¢(a1)by = ¢(az)bs.
Arguing in a similar manner to Theorem [3.4.6 we have
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Hence ¢(T) is well-defined.

Now since spanc ¢(A)B is dense in B then ¢(T) extends to a bounded
linear operator on B.

To show: (d) ¢(T) € M(B).

(d) We claim that ¢(T)* = ¢(T%). If a € A and b € B then

By density, we conclude that o(T)* = ¢(T*) € B(B). Therefore
o(T) € M(B).

From here, it is straightforward to verify that ¢ : M(A) — M(B) is a
*-homomorphism (in particular, it respects multiplication and involution).
Moreover, ¢ is unique by density, as ¢(A)B is dense in B. ]

Now let A, B, C' be C*-algebras, ¢ € Mor(A, B) and ¢ € Mor(B,C). By
using Theorem [4.3.3| we can define composition in the category of
C*-algebras by

o: Mor(B,C)x Mor(A,B) —

Mor(A,C)
(¥, ¢) = (a=p(o

()
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Composition of morphisms in the category of C*-algebras is well-defined
because if ¢ € Mor(A, B) and ¢ € Mor(B,C) then ¢(A)B is dense in B
and ¢(B)C is dense in C. Consequently

(10 §)(A)C = P((A)Y(B)C = $(9(A)B)C = (B)C.
Taking closures, we find that (¢ o ¢)(A)C' is dense in C' as required.

4.4 Hilbert C*-modules and complemented
modules

Before we prove some more properties about affiliated elements of a
C*-algebra and their z-transforms, there is one sticking point to address. If
A is a C*-algebra and T': D(T') — A is densely defined linear operator such
that TnA then is the z-transform zp € M(A) unique? It turns out that

zp € M(A) is uniquely determined by [Wor91l, Proposition 2.2]. In this
section, we set up the theory required to prove [Wor91, Proposition 2.1],
which yields some nice properties about the graph of an affiliated operator.

If A is a C*-algebra then let Ay = A @ A. The first thing we need to do is
to endow Ay with its usual Hilbert A-module structure. Let us flesh out
what this means by following [Lan95, Chapter 1].

Definition 4.4.1. Let A be a C*-algebra. An inner product A-module
is a simultaneous C-vector space and a right A-module F such that if
ANeC,r € F and a € A then

AMza) = (Ar)a = z(Aa).
Furthermore, £ has a map (called an inner product)

(—,—): ExE — A
(z,y) = (z,y)

which satisfies the following properties
1. If x,y,2 € E and o, B € C then (z,ay + 8z) = oz, y) + f{x, 2)
2. If x,y € E and a € A then (z,ya) = (x,y)a
3. If z,y € E then (y,z) = (z,y)*

4. If x € E then (x,z) > 0 with equality if and only if = = 0.
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In a similar vein to inner product spaces (which are just inner product
C-modules), the inner product is conjugate linear in its first variable. As
with the situation for inner product spaces, some authors require linearity
in the first variable. In the above definition, we follow the convention in
[Lan95, Chapter 1].

If Ais a C*-algebra and F is an inner product A-module then we define the
map

=l £ = Rx
= (o).
We will show that the map in equation (4.3) defines a norm on E. First, we

require the appropriate version of the Cauchy-Schwarz inequality for inner
product A-modules.

(4.3)

Theorem 4.4.1. Let A be a C*-algebra and E be an inner product
A-module. If z,y € E then

{y, 2)(x,y) < |[{z, 2)[|y, v)-

Proof. Assume that A is a C*-algebra and that E' is an inner product
A-module. Without loss of generality, assume that x,y € F and
|l{x,z)|| = 1. If @ € A then

(za,y) = (y,za)" = ({y,x)a)" = a*(z,y)

and

0 <{(za-—y,xa—1y)
= (za,ra) — (va,y) — (y,za) + (y,y)
=a*(r,r)a — a*(z,y) — (y,v)a + (y,y)
<a‘a—a’(z,y) — (y,x)a+ (¥, y).

The last line follows from the fact that (z,z) is a positive element of A with
norm 1. Setting a = (z,y), we find that

(y, z)(x,y) < (¥, )

as required. O

Theorem 4.4.2. Let A be a C*-algebra and E be an inner product
A-module. Then the map in equation (4.3) defines a norm on E.
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Proof. Assume that A is a C*-algebra and FE is an inner product A-module.
To show: (a) If A € C and z € E then || Az|| = |\|||z]|.

(b) If x € E then ||z|| > 0 with equality if and only if 2 = 0.

(¢) If 2,y € E then [z +y[| < [lz]| + [ly|

(a) Assume that A € C and z € E. Then

IAz]* = Az, Az} || = AP [z, 2)]| = (APl

(b) This follows from the fact that the norm on A is of course positive
definite and from positive definiteness of the inner product on FE.

(c) Assume that x,y € E. By Theorem we have

K )1 < M€z, ) Ky ) 1 = Nl 11y

and subsequently

2 +ylI* = [z +y, .+ y)|
= [z, ) + (. y) + (v, 2) + (v, )|
<l ll® + Iyl + (=, w1l + 11y, )|
= [lz[I” + [lyll* + 2]z, »)|
<l ]* + 2l lyll + lyl1* = (=]l + [ly])>.

By parts (a), (b) and (c) of the proof, we find that the map ||—| : £ — Rxg
defines a norm on E. O

Definition 4.4.2. Let A be a C*-algebra. A Hilbert A-module (or a
Hilbert C*-module over A) is an inner product A-module E which is
complete with respect to the norm in equation (4.3)).

We will now describe the Hilbert A-module structure of Ay = A @ A for a
C*-algebra A. Firstly, A, is a right A-module when equipped with the right
multiplication map

Ay x A — A
((a,0),z) + (aw,br).

Next, the inner product on A, is defined by
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<—, —>A2 : A2 X A2 — A
((a,b),(c,d)) +— a*c+b*d.

One can laboriously check that As is a Hilbert A-module when given the
data above.

Since Hilbert C*-modules have an inner product then we can define the
appropriate notion of an orthogonal complement.

Definition 4.4.3. Let A be a C*-algebra and E be a Hilbert C*-module.
Let G C E. Define the orthogonal complement of GG as the set

G+ ={ec E|If g€ G then (g,e) =0 }.

Definition 4.4.4. Let A be a C*-algebra and F be a Hilbert A-module.
Let F' C E be a closed submodule. We say that F' is complemented if
E = F @ F*. That is, if e € E then there exist unique f € F and f’ € F'*
such that e = f + f'.

Note that by definition, G+ is a A-submodule of E. One major difference
between the theory of Hilbert C*-modules and Hilbert space theory is the
lack of a projection theorem. If X is a closed subspace (closed
C-submodule) of a Hilbert space then it is automatically complemented.
For general Hilbert C*-modules, not every closed submodule of a Hilbert
C*-module is complemented. Explicitly, if F is a Hilbert A-module and
G C FE is a closed submodule then

G CGH and GoGtCE

in general.

In [Lan95, Chapter 3], there are two version of a complemented submodule
— an orthogonally complemented submodule and a topologically
complemented submodule. A complemented submodule in this section
refers to an orthogonally complemented submodule.

Example 4.4.1. Here is an example of this from [Lan95, Chapter 1]. We
work with the C*-algebra Cts(X,C) where X is a compact Hausdorff
space. Let Y be a non-empty closed subset of X whose complement is
dense in X. Consider Cts(X,C) as a Hilbert Cts(X, C)-module and define

F={feCts(X,C) | Y Ckerf}.
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The inner product on Cts(X,C) is

(—,—): Cts(X,C) x Cts(X,C) — Cts(X,C)

(f,9) > fy.

By Urysohn’s lemma, F' is a proper submodule of Cts(X,C). To see that F
is closed, assume that g € F so that there exists {g, }nez., in F such that

Tim lg, —g|I* = lim [|(g, — 9) (9 — 9)llces(x.c) = lim suplg,(z) —g(x)[* = 0.

Ify €Y then

|2 > =0

9P = 9(y) — gu(y)* < ig}glg(ﬂc) — gn(2)

as n — o0. Therefore y € ker g and g € F. So F' must be closed submodule
of Cts(X,C).
Now assume that h € F*. If f € F and x € X then

(f;h)(x) = f(z)h(z) = 0.
Assume that a € X\Y. Since Y is closed in X then we can apply Urysohn’s
lemma to obtain a function ¢, € Cts(X,C) such that ¢(Y) = {0} and
lo(a) = 1.

Notably, if a € X\Y then ¢, € F and so

h(a) = £,(a)h(a) = 0.
Using the fact that X\Y is dense in X, we find that h = 0. So F'+ = {0}.
From this, we deduce that in this case
E+F=F@F*
We are now ready to prove [Wor91, Proposition 2.1] which is stated below.

Theorem 4.4.3. Let A be a C*-algebra and T : D(T) — A be an operator
affiliated with A. Let G = G(T') be the graph of T. Then, G is a closed
submodule of As,

Ay =G Gt

and
Gt ={(-T".y) | y € D(T*)}.
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Proof. Assume that A is a C*-algebra and that 7 : D(T) — A is an
operator affiliated with A. Assume that G = G(T') is the graph of 7. We
already know that 7' is closed which means that G is a closed subset of A,.
It is straightforward to check that GG is a A-submodule of As.

Now let zr be the z-transform of T" and define E : Ay — As by
P idA—zgpzT 1 (idA—zﬁTzT)%zg .
zr(idy — zng)E szgp
We claim that E defines an orthogonal projection from A, onto G. First

note that F is self-adjoint. To see that E is idempotent, we compute
directly that

E2
B idy — zg,zT (idy — Z&ZT)%zﬁT idy — zﬂTzT (idg — zng)%zﬁT
~ \eplidg — 2hep)e A idy — 2hor)e :
r(ida — zp2r)2 22 zr(idg — zp2r)? 22y
_ ((z’dA — zﬂTzT)%idA(z'dAl— dor)e (idg — Zhep)2zh((ida — 2hor)2h + zgpszﬁT))
zr(ida — zﬁTzT)Ez'dA zr(ida — zﬁTzT)zﬂT + (szﬁT)2
B 1dy — Z%ZT (ids — z%zT)%zﬁT
\z (idg — E )3 s
r(ida — zp27)2 272
=F.

Finally if a,b € A then

E (a) _ <(idA — zﬁTzT)% ((z'dA — zﬁTzT)%a + z%b)) G

b ZT((idA - ZgﬂZT)%CL + zﬁTb)

because TnA. We conclude that F € M(As) is the orthogonal projection
onto G.

To show: (b) A, = G & G*.

(b) Let (a,b) € Ay. Then, (a,b) = E(a,b) + (ida, — E)(a,b). To see that
(ida, — E)(a,b) € G+, note that if ¢ € A then
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(050,
<((sz —ngzT )zc ) (a — (idy — 2zp)a — (ida — ZTZT)zsz) >A
(

_ _ _ il
b— zr(ida ZTZT) a— zrzpb ,
idy — 2h2p) )zc ) szTa — (idy — zﬁTzT)zzgﬂb >>
1
)2a) /.

i

2rc (idg — szT )b — zp(ida — 2y 2p

1

ng)

a)

=c* (sz — zﬁTzT) (zﬁTzTa — (ida — zﬂTzT)

+c*z ((sz — szg)b — zp(idg — zﬁTzT)

=0.

= N

So (ida — E)(a,b) € G+ and Ay = G @ G*. The final assertion of the
theorem follows from the definition of the adjoint operator T*. m

The special case of Theorem to a closed densely defined operator on a
Hilbert space is dealt with in [Soll8, Equation 9.7]. To conclude this
section, here is the statement of [Wor91l Proposition 2.2].

Theorem 4.4.4. Let A be a C*-algebra and m, 7 : Ay — A be the bounded
linear maps

7T - A2 — A
(a,b) — a

and

Ty & A2 — A
(a,b) — b

Let G C Ay be a closed submodule satisfying the following properties:
1. m(Q) is dense in A.
2. mo(G*) is dense in A.
5. Ay=Ga& G
Then G is the graph of a linear operator T : D(T) — A affiliated with A.

The idea behind the proof of Theorem [4.4.4]is that if F : Ay — G is the
projection operator onto the closed submodule G then E can be written as
the 2 X 2 matrix
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E= (p 1 ) .
q r
In the proof of Theorem [4.4.4] Woronowicz showed that there exists at
most one z € M(A) such that ||z]| <1, (ids — 2%2)2 A is dense in A and

p=ids— 7'z, q:z(idA—zﬁz)%, r=z2%

This means that z is the unique z-transform of an affiliated operator to A
and consequently, the z-transform of any affiliated operator TnA is unique.

4.5 Functorial properties of the z-transform
and examples

The main result of this section is [Wor91, Theorem 1.2], which
demonstrates that the definition of the z-transform satisfies properties akin
to a functor. In particular, if A and B are C*-algebras then the notion of
affiliation is preserved by arbitrary ¢ € Mor(A, B).

Definition 4.5.1. Let A be a C*-algebra and T': D(T') — A be a densely
defined linear operator. The closure of T, denoted by T, is a linear
operator whose graph is G(T') C A,. By definition, the closure of a linear
operator is closed (if it exists).

Now let T": D(T') — A be such that TnA. Let D be a dense vector
subspace of A. We say that D is a core of T'if D C D(T') and T' = T|p.

We have the following straightforward characterisation of a core for
affiliated elements of a C*-algebra

Theorem 4.5.1. Let A be a C*-algebra and T : D(T) — A be a densely
defined linear operator. Assume that TnA. Let D be a dense vector
subspace of A. Then D is a core of T if and only if there exists a dense
vector subspace D' of A satisfying

D = (idy — zﬁTzT)%D'.

Proof. Assume that A is a C*-algebra. Assume that 7': D(T) — A is a
densely defined linear operator which is affiliated with A. Assume that D is
a dense vector subspace of A.

553



To show: (a) If D is a core of T' then there exists a dense vector subspace
D’ of A such that D = (ids — zgpzT)%D/.

(b) If there exists a dense vector subspace D’ of A such that
D = (idy — z427)2 D' then D is a core for T.

/\

) Assume that D is a core of T. Then D C D(T) and the closure
=T'. By definition of the z-transform,

5

(idy — szT) A= D(T)

So there exists a vector subspace D’ of A such that

D = (idy — 221)2 2 ]

Since D is a dense subspace of A then we can approximate an element of
D(T) with elements of D in the norm on A. So if a € A then there exists a
net {d;}iesr such that

I(ida — Zh2r)2a — (ida — Zhor)2d;|| — 0
in the limit over ¢ € I. So D’ is a dense subspace of A.
(b) Conversely, assume that there exists a dense vector subspace D’ of A

such that D = (idy — z427)2D'. Then D C D(T) = (idy — z527)2 A. Since
D’ is dense in A then D(T) C D. Similarly, zzA = im T is contained in the

closure of zp D' = im T'|p and consequently, T'|p = T'. Therefore D is a core
for T. O

We state [Wor91, Theorem 1.2] below.

Theorem 4.5.2. Let A and B be C*-algebras, ¢ € Mor(A, B) and

T :D(T) — A be a densely defined linear operator on A such that TnA.
Then there exists a linear operator ¢(T) on B satisfying the following
properties:

1. ¢(T)nB

2. The subspace ¢(D(T))B is a core of ¢(T).

3. Ifa € D(T) and b € B then ¢(T)(¢(a)b) = ¢(Ta)b.
4. The z-transform of (T satisfies zpry = ¢(2r).
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Moreover, if C is a C*-algebra and 1p € Mor(B,C) then

P(@(T)) = (¢ o @)(T).

Proof. Assume that A and B are C*-algebras. Assume that ¢ € Mor(A, B)
and T : D(T) — A is a densely defined linear operator on A. Assume that
TnA.

To show: (a) ¢(z7) is the z-transform of a linear operator affiliated with B.

(a) Let z be the z-transform of T'. It suffices to show that ||¢(zr)|| < 1 and
the subspace (idg — ¢(27)'¢(27))2 B is dense in B. We remark that

¢(zr) € M(B) is well-defined because ¢ € Mor(A, B) extends to a unique
*_homomorphism ¢ : M(A) — M(B) by Theorem .

Since ¢ is a *-homomorphism then it is contractive and

1
lo(zr)|| < |l2r|l < 1. To see that (idg — ¢(27)*¢(21))2 B is a dense
subspace of B, we compute directly that

(idp — ¢(zr)fé(27))2 B = (¢(ida) — d(27)*é(21)) B
= o((idp — Zr2r)?)B
D ¢((ida — 2h2r)2)p(A)B
= ¢((ida — zg,zT)%A)B
= o(D(T))B

Using the fact that D(T') is dense in A and ¢(A)B is dense in B, we deduce
that ¢(D(T))B is dense in B and consequently that (idg — ¢(zr) ¢ (21))2 B
is dense in B. Therefore ¢(zr) is the z-transform of a densely defined linear
operator affiliated with B. We will call this operator ¢(7').

To show: (b) zgr) = ¢(27).

(c) The subspace ¢(D(T'))B is a core of ¢(T).

(d) If a € D(T) and b € B then ¢(T)(¢p(a)b) = ¢(Ta)b.

(b) Since the z-transform is uniquely determined, we must have by
definition of ¢(T') that zery = ¢(27).

955



(c) Using the definition of the z-transform, we have

1

$(D(T)B = ¢((ids — Zhzr)2 A)B = (idp — 2} 29(7)) 2 6(A) B

and since ¢p(A)B is dense in B then ¢(D(T))B = D(¢(T)) and hence,
¢(D(T))B is a core for ¢(T') by Theorem [£.5.1]

(d) Assume that a € D(T) and b € B. Then there exists € A such that
a = (idy — Z2r)2x and

. 1
¢(a)b = (idp — 25 1 26(1))? P(2)b.
Using this, we compute directly that

N

S(T)(¢(a)b) = ¢(T)((idp — 2}y 260r)
= o(T)((idp — ng(T)%(T))
= 2¢(r)P(2)b = P(27) ()b
= ¢(Ta)b.

¢()b)
¢(z))

S

N

Finally assume that C' is a C*-algebra and ¢ € Mor(B,C). Then

Zy(er)) = (¥ 0 0)(21) = Zpop)(T)
Since the z-transform is uniquely determined, ¥)(¢(T")) = (¢ o ¢)(T'). This
completes the proof. O

The functorial information in Theorem [£5.2] is contained in the fact that a
morphism ¢ € Mor(A, B) sends a z-transform in M (A) to a z-transform in
M (B). Hence, it sends an affiliated element of A to an affiliated element of
B. In this sense, the elements of Mor(A, B) behave as functors.

The archetypal example of the z-transform is detailed in Example [£.3.2]
Now we will provide some more examples of the z-transform.

Example 4.5.1. This example is from [Wor91l, Chapter 1, Example 1]. Let
A be a C*-algebra, a € M(A) and L, € M(A) be the left multiplication
operator

L,: A — A
b — ab.

By definition, D(T) = A which means that L, is a densely defined linear
operator. We claim that TnA. The idea is to use Theorem [4.4.4f and show
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that the graph G(L,) C A, satisfies the conditions of Theorem |4.4.4]

Let m,m : Ay — A be the projection maps onto the first and second

factors respectively. Then m(G(L,)) = A is dense in A. We now have to

compute G(L,)*. So assume that (z,y) € G(L,)*. If b € A then
((b,ab), (z,y))a, =b"z+ba"y=0

and since b € A was arbitrary then x = —a*y. Therefore

G(Lo)* C {(—Lg-c,c) | c € A}
To see that the reverse inclusion holds, we compute directly that if c € A
then
((b,ab), (—a*c,c))a, = —b*a*c+b*a*c = 0.
We conclude that

G(Lo)*" = {(=Lg-c,c) | c € A} and To(G(Ly)") = A
S

which is obviously dense in A. Finally, we show that Ay = G(L,)
To this end, assume that (x,y) € Ay. Then

G(La)*.

(x,y) = (s,as) + (—a*t,t)

where s = (idg + Lo+a) (v + a*y) and t = (idg + Lag+) " (y — az). So
Ay = G(L,) ® G(L,)* and by Theorem {4.4.4] L,nA.

Now we want to find a closed form for the z-transform z;,. From the
decomposition give above, we claim that

_1
2-

21, = La(idg + Lg+q)

To see why this is the case, we compute

ida — 25 2, = ida — (ida + Lowa) "2 Lawa(ida + Lovq) "2
= ids — (ida + Lawa) " ((Laa + ida) — ida)(ida + Lawa) 2
=idy — (ZdA — (ZdA + La*a)_l)
= (ZdA + La*a)71~

Nl N

So
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ZLa = L(Z(ZdA + La*a)_% — La(ldA - Z%GZL(I)%

and since (id4 + La*a)_% has an inverse, we conclude that

G(La) = {((ida — 2% 21,)2b,21,b) | b € A}.

So Lg(ida + La*a)_% is the z-transform of the left multiplication operator
L,. Observe that L, is a bounded operator.

What we have shown above is that if a € M(A) then it is both bounded
and affiliated with A. In fact, the converse also holds. Assume that

T :D(T) — A is a densely defined operator on A such that TnA. Assume
also that T is bounded. We claim that 7" is in fact, a left multiplication
operator. Define

a=zp(ida — zﬂTzT)’% € M(A).
If d € D(T) then there exists e € A such that d = (id4 — z:tirzT)%e and

Td = zre = zp(ida — zﬁTzT)’%d =ad = L,(d).
Therefore T'= L,.

This example constitutes the proof of the following theorem relating the
multiplier algebra to affiliated operators.

Theorem 4.5.3. Let A be a C*-algebra. Then

M(A) ={T : D(T) — A| T is bounded, densely defined and TnA}.
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